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Abstract: In this monograph we prove that the nonlinear Lie algebra representation 
given by the manifestly covariant Maxwell-Dirac (M-D) equations is integrable to a global 
nonlinear representation U of the Poincare group Vq on a differentiable manifold of 
small initial conditions for the M-D equations. This solves, in particular, the Cauchy 
problem for the M-D equations, namely existence of global solutions for initial data in 
Woo at t = 0. The existence of modified wave operators 0_|_ and fi_ and asymptotic 
completeness is proved. The asymptotic representations = fij 1 o U g o fi e , e = ±, 
g G Vo, turn out to be nonlinear. A co homo logical interpretation of the results in the 
spirit of nonlinear representation theory and its connection to the infrared tail of the 
electron is given. 
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1. Introduction 

It is well-known that the construction of the observables on the Fock space of QED 
(Quantum Electrodynamics) requires infrared corrections to eliminate the infrared diver- 
gencies in the perturbative expression of the quantum scattering operator. These correc- 
tions are introduced by hand with the purpose to give a posteriori a finite theory. In this 
monograph we shall prove rigorous results which we have obtained concerning the infrared 
problem for the (classical) Maxwell-Dirac equations. Our belief is that such results can 
a priori be of interest for QED, especially for the infrared regime and combined with the 
deformation-quantization approach [1], [2], [4]. Our results show in particular that, also in 
the classical case one obtains infrared divergencies, if one requires free asymptotic fields as 
it is needed in QED. But before continuing the physical motivation of the paper, we shall 
describe the mathematical context. 

1.1 The Mathematical Framework 

1.1. a The Equations. We shall use conventional notations: electron charge e = 1; Dirac 
matrices 7 M , < \i < 3; metric tensor g^ v , g 00 = 1, g n = —1 for 1 < i < 3 and g^ v = 
for n^y; 7^7^ _|_ _ 2g^ u ; = d/(dy^); □ = d^d^ (with the Einstein summation 
convention and the index raising convention). Then the classical Maxwell-Dirac (M-D) 
equations read: 



nA„ = ^ 7m V, < /I < 3, (1.1a) 
{i^d^ + m)V> = A m7 ^V, m > 0, (1.1b) 
8^ = 0, (1.1c) 

where = ?/> + 7o, being the Hermitian conjugate of the Dirac spinor tfj. We write 
equations (1.1a) and (1.1b) as an evolution equation: 

j t (A^t),A^(t)) = (A^(t),AA^t)) + (0,^(t) 7 ^(t)), (1.2a) 

j t m = wit) - iA,(th°rm, (1.2b) 

where V = - Y?j=i l°l j dj + H°m, A = £? =1 d|, t e R and where A^(t), A^(t): R 3 -> R, 
ip(t):R 3 — > C 4 . The Lorentz gauge condition (1.1c) takes on initial conditions A M (t ), 
Ap(t ), < fj, < 3, and ip(t ) at t = t the form (cf. [10], [8]) 



A°(t o ) + Y t d i A i (t o ) = 0, (1.3a) 

i=i 

3 

AA°(t ) + mt )\ 2 + J2 d ^(to) = 0, (1.3b) 



i=i 

where A^ = g^ v A v . 
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1.1. b Poincare covariance: linear part and representation spaces. Since equations 
(1.1a), (1.1b) and (1.1c) are manifestly covariant under the action of the universal covering 
group Vq = M 4 (X5'L(2, C) of the Poincare group, it is easy to complete the time translation 
generator, formally defined by (1.2a) and (1.2b), to a nonlinear representation of the whole 
Lie algebra p = M 4 GrS[(2, C) of Vo. To do this we first introduce topological vector spaces 
on which the representations will be defined. Let M p , —1/2 < p < oo be the completion 
of S(R 3 , M 4 ) © S(R 3 , M 4 ) with respect to the norm 

ncf,/)iu = (nivr/ii 2 L2(R3)M4) + iiivr 1 /!! 2 ^^)) 172 , (i.4a) 

where ^(M 3 ,!^ 4 ) is the Schwartz space of test functions from R 3 to M 4 and where |V| = 
(-A) 1 / 2 . Let D = L 2 (R 3 , C 4 ) and let E p = M P @D, -1/2 < p < oo, be the Hilbert space 
with norm 

\\(fJ^)\\ EP = {\\(fJ)\\ 2 MP + \\a\\l) 1/2 . (1.4b) 

When there is no possibility of confusion we write E (resp. M) instead of E p (resp. M p ) 
for 1/2 < p < 1. M op is the closed subspace of elements (/, /) G M p , -1/2 < p < oo such 
that 

fo= E fyf" (1.4 r mc) 

l<i<3 

fo = - E lvr 2 ^A, 

l<i<3 

where / = (f , /i, /2, fa) and / = (/ , A, / 2 , / 3 )- A solution of UB^ = 0, < p < 3, 
with initial conditions (/, /) G M p satisfies the gauge condition d^B p — if and only if 
(/, /) G M op . We define E op = M op © D. 

Let IT = {P M ,M a/ 3|0 </U<3, 0<a<,9<3}bea standard basis of the Poincare 
Lie algebra p = 1R 4 G:S[(2, C), where Po is the time translation generator, Pj, 1 < i < 3 the 
space translation generators, Mjj, 1 < i < j < 3, are the space rotation generators and 
Moj, 1 < j < 3, are the boost generators. We define M a p = —Mp a for < (3 < a < 3. 
There is a linear (strongly) continuous representation U 1 of Vq in E p , —1/2 < p < oo, 
(see Lemma 2.1) with space of differentiable vectors E^, the differential of which is the 



following linear representation T 1 of p in E^: 

Th (/,/,«) = (/, A/, Va), (1.5a) 

T 1 Pi {fJ,a) = d i {fJ,a), l<z<3, (1.5b) 

(Tli^ifJi®))^) = ~(xidj -x j d i )(f,f,a)(x) + (n ij f,n lJ f,a ij a)(x) (1.5c) 



1 < i < j < 3, o-y = l/27i7j G su(2), »iy G so(3), 

3 

( T M 0i (/»/»«) = (ai/(a),E 5 j( Xi ^( x ))' x<Pa ( x )) + ( n Oifinoif,o- 0i a)(x), (1.5d) 

1 < z < 3, cr i = l/27o7i, n i G so(3, 1), 
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where x = (#i, #2, #3) are related to contravariant coordinates by Xi = y 1 (we use 
this notation to avoid writing components of vectors in IR 3 with uppper indices that could 
be confused with powers). The explicit form of n a p, < a < f3 < 3, defining a vector 
representation of p in M 4 , is not important here. We remark that U 1 leaves E op invariant. 

Following closely [20], we introduce the graded sequence of Hilbert spaces E p , i > 
0, Eq = E p , where E^ C E p - C i?f for % < j. E? is the space of C'-vectors of the 
representation U 1 . Suppose given an ordering X\ < X 2 < • • • < X w on IT. Then in the 
universal enveloping algebra U(p) of p, the subset of all products X" 1 ■ ■ -X" 10 , < CKj, 1 < 
% < 10, is a basis IT of U(p). If Y = I" 1 • • • X^\ then we define \Y\ = \a\ = Eo<i<io a *- 
Let E? , z G N be the completion of i?^ with respect to the norm 



1/2 

w ik = ( E H^Mlli-) . ( L6a ) 



yen' 



where T Y , Y E f7(p) is defined by the canonical extension of T 1 to the enveloping algebra 
U(p) of p. Let M° p = MfnM°P, E° p = E p C)E op , = M^nM°" and E^ = ^n£°", 
where Mf (resp. M£j is the image of E? (resp. i?^) in M p under the canonical projection 
of E p on M p . Let Di (resp. .Doo) be the image of E? (resp. i?^) in D under the canonical 
projection of E p on D. To understand better what the elements of the spaces E? are, we 
introduce the seminorms q n , n > 0, on E^, where 

q n (u) = (q^(v) 2 + ^(a) 2 ) 1 / 2 , u = (v, a) E E^v E a E 

c(v)=( e \\M^vf MP y /2 , 

\l*\<\v\<n 

«?(«) = ( E ii^«ii!>) 1/2 , 

\n\<n 
\u\<n 



where fx = (^1,^2,^3), v = (^1,^2,^3) are multi-indices, = (di)^ 1 (<92) M2 (ds) Ps and 
M^(x) = x^x^x^ 3 . The norms || • || EP and q n are equivalent (see Theorem 2.9). This 

shows in particular that = S(M 3 ,C 4 ). Moreover, if 1/2 < p < 1 and (/, /) E 
then (see Theorem 2.12 and Theorem 2.13) 

(l + |x|) 3 / 2 -1/(x)|<C||(/,0)|| M ,, (1.6b) 
(1 + M) 5 /2-P+M(|aW(z)| + \d»f(x)\) < C H \\(f,f)\U |+a , (1.6c) 

11 I " l+ 2 

for > 0, 1 < i < 3 and if / E L q , q = 6/(3 - 2p), x a d (3 d l f E L p and x ^/ G L p , 
p = 6/(5 - 2p), |a| < \l3\ < n, 1 < % < 3, then 

ii(/,/)iiM^<c n (E ik a ^/n LP + ii^/ii LP ). (i.ed) 

0<|a|<|/3|<n 0<i<3 
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In particular, it follows that, if 

\d»f(x)\<C H (l + \x\y- 3 / 2 -^- s , (1.6e) 

\d»f(x)\<c H (i + \x\r- 5 / 2 -^- s 7 

for each \u\ > and some e > 0, then (/,/) e M^, 1/2 < p < 1. Thus contains 
long-range potentials. 

1.1. c Nonlinear Poincare covariance. A nonlinear representation (see Lemma 2.17) 
T of p in E 1 ^, in the sense of [5], is obtained by the fact that the M-D equations are 
manifestly covariant: 

T X =T X +T 2 , Xep, (1.7) 
where T 1 is given by (1.5a)-(1.5d) and, for u = (/, /, a) E E^, 

T p ( u ) = (0,a<ya, -*//*7°7 / *a)» 7 = (7o, 7i» 72, 73), (l-8a) 
Tp. = for 1 < i < 3, Tlf.. =0 for 1 < % < j < 3, (1.8b) 

(T 2 Moj (u))(x) = x 3 (T 2 Po (u))(x), 1 < j < 3,x = (x u x 2 ,x 3 ). (1.8c) 
The gauge condition (1.1c) takes on initial data u = (/, /, a) the form 

l<i<3 l<i<3 

The subspace (topological) V^, l/2<p<l, of elements in E^ which satisfy these gauge 
conditions, is diffeomorphic to E^g (see Theorem 6.11). The problem to integrate globally 
the nonlinear Lie algebra representation T therefore consists of proving the existence of 
an open neighbourhood of zero in and a group action U: Vo x Moo —> Moo, which is 
C°° and such that U g (0) = for g £ Vo and U exp ( tX )(u) \ t =o= T x u,X e p. 

Continuing to follow [20], we extend the linear map X 1— > T x , from p to the vector 
space of all differentiable maps from E*^ to E^, to the enveloping algebra U (p) by defining 
inductively: Tj = i", where I is the identity element in U(p), and 

t yx = dt y .t x , Yeu(p),xep. (1.9) 

Here (DA.B)(f) is the Frechet derivative of A at the point / in the direction B(f). 1 ^ 1 It 
was proved in [20] that this is a linear map from U(p) to the vector space of differentiable 
maps from E^ to E^ (see formula (1.10) of [20] and the sequel). For completeness we 
recall the proof in [20]. The vector field T x , X e p, defines a linear differential operator d x 
of degree at most one operating on the space C°°(i?g 3 ) by d x F = DF.T X , F e C 00 (i? 00 ). 
The fact that X \— > T x is a nonlinear representation of p on E^ implies that X \— > <i x is a 

1 - ) We also use the notation (D n A)(f; /i, . . . , / n ) for the n-th derivative of A at / 
in the directions fi,...,f n and the notation D n A.(fi,...,f n ) for the function 
/• -(/^".l )(/:/: /„). 
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linear representation of p on linear differential operators of degree at most one. This linear 
continuous representation has a canonical extension Y \— > d Y to U(p) on linear differential 
operators of arbitrary order operating on C 00 (E§ ). If e Y , Ye U(p), is the part of d Y of 
degree not higher than one, then Y i— > e Y is a linear map of U (p) into the space of linear 
partial differential operators of degree at most one. Let Y G U(p). We write Y = Z + a, 
where a G C ■ I and Z has no component on C ■ I (relative to the natural graduation of 
U(p)). Then the previous definition of T Y gives e Y F = DF.Tz + aF, which proves that 
Y i— > Ty is a linear map on £7(p). Moreover, it was proved in [20] that 

jT Y{t) (u(t))=T PoY{t) (u(t)), YeU(p,) (1.10) 

where 

Y(t) = exp(tad Po )y, ad Po Z = [P , Z], (1.11) 

if 

^(t)=Tp>(t)). (1.12) 

We note that definition (1.11) makes sense since (adp ) n , n > 0, is a linear map from f7(p) 
to C/(p) leaving invariant the subspace of elements of degree at most /, / > 0, in U(p) and 
since then exp(£adp )Y = ^n>o( n adp ) n Y converges absolutely. For completeness 
we also recall the proof of (1.10). Since ^Y(t) = adp Y(t), it follows from (1.9) and (1.12), 
that 



^zy (t) («(t)) = r A y (t) («(t)) + (DT y(t) .r fl ,)(«(t)) 

= T [Po>Y (t)](u(t)) +T Y{t)Po (u(t)) = T PoY(t) . 



Ty, F G C(p), denotes the n-homogeneous part of Ty and we shall identify T Y with 
a n-linear symmetric map and also with a continuous linear map from ® i?^ into T 1 ^, 
where ® is the n-fold complete tensor product endowed with the projective tensor product 
topology. Ty^(-u), T^ n (w) and U™(u) (resp. T°(u), T° n (u) and C/^(u)) is the projection 

of T Y (u), T£(u) and U g (u) on M p (resp. D). We also define Ty, Y G t/(p) by 

T Y =T Y +f Y . (1.13) 

Since it does not bring any contradiction, we shall also denote by T M1 or T 1M (resp. T D1 
or T 1D ) the linear representation of p which is the restriction of the linear representation 
T 1 to M p (resp. D). Similarly, Uf 1 or XJ] M (resp. U^ 1 or U^ D ) denotes the restriction 
of U] to MP (resp. T>). 

1.2 The Infrared Problem 

On the classical level the infrared problem consists of determining to which extent the 
long-range interaction created by the coupling between the electromagnetic potential 
An and the current j M = V'TmV' is an obstruction for the separation, when \t\ — > oo, of the 
nonlinear relativistic system into two asymptotic isolated relativistic systems, one for the 
electromagnetic potential and one for the Dirac field tp. It will be proved here that there 
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is such an obstruction, which in particular implies that asymptotic in and out states do 
not transform according to a linear representation of the Poincare group. This constitutes 
a serious problem for the second quantization of the asymptotic (in and out going) fields, 
since the particle interpretation usually requires free relativistic fields, i.e. at least a linear 
representation of the Poincare group (U 1 in our case). Therefore we have to introduce 
nonlinear representations and of Vq, in the sense of [5], which can give the 

transformation of the asymptotic in and out states under Vq and which can permit a 
particle interpretation. 

There are two reasons which permit to determine the class of asymptotic represen- 
tations Jj( £ \ e = ±. First, the classical observables, 4-current density, 4-momentum and 
4-angular momemtum are invariant under gauge transformations. Second, if the evolution 
equations become linear after a gauge transformation one can use the freedom of gauge 
in the second quantization of the fields. It is therefore reasonable to postulate that the 
asymptotic representations g i— > Ug £ ^ are linear modulo a nonlinear gauge transformation 
depending on g and respecting the Lorentz gauge condition. We shall make precise the 
meaning of this statement at the end of this introduction. 

Moreover to determine the class of admissible modified wave operators it is reasonable 
to postulate that solutions of the M-D equations (l.la)-(l.lc) should converge when t — > 
±00 in E p to free solutions (i.e. solutions of equations (l.la)-(l.lc) but with vanishing 
right-hand side) modulo a gauge transformation, not even respecting the Lorentz gauge 
condition; such transformations are admissible since they leave invariant the observables. 

In mathematical terms the infrared problem of the M-D equations then consists of 

(e) 

determining two diffeomorphisms Q £ : Oso — > U^, e = ±, the modified wave operators, 
where is an open neighbourhood of zero in E£§ and where is a neighbourhood of 
zero in V^, satisfying 

=0- 1 ot/ ff oO £ , geVo,e = ±, (1.14) 

where the asymptotic representations are C°° functions U^:V x -> E£g. In order 
to satisfy the two preceding postulates, we impose supplementary conditions on and 
fi e , which we shall justify at the end of this introduction. Let the Fourier transformation 
/ I— > / be defined by 

/(A:) = (27T)" 3 / 2 f e- ik *f(x)dx. (1.15) 

The orthogonal projections P £ (—id) in D on initial data with energy sign e, e = ±, for the 
Dirac equation are given by: 

1 3 

(P e (-id)a) A (k) = P s (k)a(k) = -(/ + £(-^7V^+m 7 )^(fc)- 1 )d(fc), (1.16) 

where u(k) = (m 2 + Ik] 2 ) 1 / 2 . We postulate that the asymptotic representations have the 
following form: 

U^\u) = (U^ M (u), U^ D (u)), U^ M = U 1M , (1.17a) 
(U^ D (u)) A (k) = e*'< u >-*Qp e (k){U} D a)*{k), g G P , (1.17b) 

e=± 
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where u = (f, /, a) G E%£, the function (g, u, k) i-> <p fl (it, — efc) from P x x I 3 to M 
is C°° and if (h g (u))(t,x) = ip g (u,mx(t 2 - |x| 2 )" 1/2 ), t > 0, |x| < t, then = 0. 

Moreover growth conditions on <p g should be satisfied, so that the main contribution to the 
phase and its derivatives in g and k comes from Ug D , the restriction of U 1 to D. Finally 
we impose the asymptotic condition 



l^exp(tP )(M«)) -UZ {tPo) (fJ)\\ MP (1-17C) 

+ r e xp(tP 0) (M«)) - E j si+){u ^ id)p e{-mz { tP )*\\D - o, 



e=± 

when t — > oo, where it = (f,f,a) G Woo, (it, £, fc) >— > s e + (u,t, k) is a C°° function from 
Woo x f x M 3 to 1, si (it, t, — i<9) is the operator defined by inverse Fourier transform of 
the multiplication operator k i— > s e (u, £, fc). Moreover Ss (u, t, k) should satisfy growth 
conditions so that its major contribution comes from U^^, t pAu). There are similar con- 
ditions for U^~\ 0_ and si \ s = ±. We note that if si is determined, then 0_|_ is 
determined and so is U^ + \ It was proved in [8], that on a set of asymptotic states (/, /, a) 

such that /, / G C£°(M 3 - {0}) and a G C^(R 3 ) 2 \ it is possible to choose (formula (3.33a) 
of [8]) 

si+\u,t,k) = -$(A i+ \u),(t,-etk/u(k))), (1.18) 

where (u) is a certain approximate solution of the M-D equations absorbing the long- 
range part of A for a solution (A, ip), and where 

0(H,y)= [ H^z)dz», y G R 4 , (1.19) 

JL{y) 

where H: E 4 -> M 4 and L(y) = G M 4 |^ = sy, < s < 1}. The function (t,k) i-> 

s e (it, t, fc) was determined by the fact, that has been proved in [8], that S £ (u,t,k) = 

eu(k)t + si (u, t, k) has to be in a certain sense an approximate solution of the Hamilton- 
Jacobi equation for a relativistic electron in an external electromagnetic potential: 

{^S e (u, t, k) + A (t, -V k S e (u, t, k))f (1.20a) 



-£(** + Mt, -V fc 5 £ (w, t, k))f = m 2 



i=i 

We proved and used the fact that 

y»d^(H,y) = y»HM, (1.20b) 
to establish that S £ (u, t, k) is an approximate solution of the Hamilton- Jacobi equation. 



2) Cjf(X), k>0, denotes the space of k times continuously differentiable functions on 
X with compact support. 



MAXWELL - DIRAC EQUATIONS 



9 



1.3 Presentation of the main results 

1.3. a Some notations. Let u + = (f,f,a) G and let (we do not write explicitely 
the multiplication sign x in formulas extending over more than one line at cut at a mul- 
tiplication) 

4 + \t,x) = {m/tf(u{q{t,x))/mf (1.21) 
^((P £ (-^)a) A (^(t,x)/m))+ 7 V(( J P e (-^))a) A N(t,x)/m), 

e=± 

for t > 0, \x\ < t, where q(t,x) = -mx/(t 2 - l^ 2 ) 1 / 2 and, for \x\ > 0, < t < \x\, let 
j( + \t, x) = 0. Since a G S(R 3 , C 4 ), it follows that 4 +) G C°°((R+ x R 3 ) - {0}) and that 
its support is contained in the forward light cone. We choose x £ C°°(R), x( T ) = f° r 
r < 1, x(r) = 1 for r > 2, < X (r) < 1 for r G R, x G C°°([0,oo[), x (r) = 1 for r > 2, 
< X ( r ) < 1 for r e [0, oo [, and introduce = A^ 1 + A^ 2 by 



(AW\t))(x) = Xo ((t 2 ~ Ixl^iB^mx) 
(A(+V(t))(x) = X ((t 2 - |x| 2 ) 1 /2 )(jB (+)2 (t))(x)? 



for t > \x\ 



and (1.22a) 

for t < \x\, 



(A^(t))(x) =x o (0)(B( +)1 (t))(x), 
(AW 2 (t))(x) = 0, 



where 



B^\t) = cos(|V|t)/ M + IVI" 1 sin(|V|t)/ M , t G R, (1.22b) 

/oo 
|V|- 1 8iii(|V|(t-a))Ji +) (a,-)d«, * > 0- (1.22c) 

The cut-off function x has been introduced to exclude in a Lorentz invariant way the points 
(0, x), x G R 3 from the support of A^" 1 ") 2 . is defined by formulas (1.17a) and (1.17b) 

and by ip g = for g G SX(2, C) and 

¥>,(«, -efc) = tf°°((x ° P)(S (+)1 (' + a) - S (+)1 (-)), (w(fe), -ek)), (1.23a) 
for (7 = exp(a M P M ), k G R 3 , where 

/•OO 

$°°{H,y) = y^H^ds, y G R 4 , and p(t,x) = (t 2 — |x|) 1,/2 . (1.23b) 



We have made the identification convention that B^ x (t, x) = (B^ 1 (t))(x). We note that 
the function y i— > •d°°{H,y) is homogeneous of degree zero, so we could also have taken 
the argument (1, —ek/u)(k)) instead of (oj(k), —ek), which corresponds to the choice in [9]. 

The phase function si in (1.17c), which determines 0+, is defined by formula (1.18) and 
the choice of A^ + > = A^ 1 + A^ 2 given by (1.22a). With the choice % = 1 the function 
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h g introduced after (1.17b) is given by (h g (u))(y) = ?? 00 (S(+) 1 (. + a) - B < ^ +S > 1 (a),y) and 
satisfies Dh g (u) = if (/, /) e i? op . 

1.3.b Statements. We state the main results of this article for the case where t — > +oo. 
There are analog results for t — > — oo. 

Theorem I. Let 1/2 < p < 1. If n > A then U^:V x -> is a continuous 
nonlinear representation ofVo in E° p and, in addition, the function U^:Vo x E 1 ^ — * 
is C°°. Moreover is not equivalent by a C 2 map to a linear representation on E^: 
If and are defined via (1.23a) by two choices of the function Xq, they are 

equivalent. 

Theorem I partially sums up Theorems 3.12-3.14. 

Theorem II. Let 1/2 < p < 1. There exist an open neighbourhood U.^ (resp. oit^ ) of zero 
in V£ (resp. E%g), a diffeomorphism — > Uoo and a C°° function U:Vq x Uqo — > 
Uoo, defining a nonlinear representation ofVo, such that: 

i) 4;U exp{tx) (u) = T x (U exp ( tx) (u)), X e p,t E R, u e Uoo, 

ii) 0+ o u( +) =U g ott + 

iii) t l™ (\\U™ p{tPo) (n + (u)) - U^ (tPo) (fJ)\\ MP 

+ \\U° pm) (n + (u)) - J2 ^ +)(^i ' ^ '- ^^) J Pe(-^a)^ (^Po) a|| D ) = 0, 

e=± 

foru = (fJ,a)eO£ ) . 

This theorem (see Theorem 6.19) solves in particular the Cauchy problem for small 
initial data and proves asymptotic completeness. By the construction of the wave operator 
+ in chapter 6, the solution (A(t, -),A(t, -),ip(t, •)) = ^exp(tp )( u ) of the Cauchy problem 
satisfies 

sup ((1 + \x\ +t) 3/2 - p \A^(t, x)\ + (1 + \x\+t)\d u A^(t, x)\ + (1 + |x| +t) 3/2 |V>(^ < oo. 
t>o 

1.3.c Cohomology. These results and conditions (1.14) and (1.17c) have a natural 
cohomological interpretation. We only consider the case where t — > oo, and since the 
representations defined for different Xo y i a (l-23a) are equivalent, we only consider 

the case where % = 1. A necessary condition for and fi + to be a solution of equation 

(1.14) is that the formal power series development of Ug + \ U g and fi + in the initial 
conditions satisfy the cohomological equations defined in [5]and [6]. In particular (after 
trivial transformations) the second order terms Ug + ^ 2 , U 2 and Vt\ must satisfy 

5Q 2 + = C 2 , 5R {+)2 = 0, (1.24) 
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where 6 is the coboundary operator defined by the representation (g, A) i— > Ug A 2 ((3 2 U g -i) 
of the Poincare group Vo on bilinear symmetric maps A 2 from E^ — > and where 
C 2 = R^ 2 -R 2 is the cocycle defined by R 2 g = U^U^QU^) and R g +)2 = C^ +)2 (C^_ 1 (8) 
C^-i), <7 £ ?V Equation (1.24) shows that the cochain i?( + ) 2 has to be a cocycle and then 
that the cocycle C 2 has to be a coboundary. This is equivalent to the existence of a 
solution U( + \ + of equation (1.14) modulo terms of order at least three. There are 
similar equations for higher order terms: 

SCll = C n , 5R {+)n = 0, (1.25) 

where C n and R^ n are functions of 0,%, . . . , fi™ _1 and U^ 2 , . . . , U^ 71 . 

In a previous article [8], we proved that there exist a modified wave operator and global 
solutions of the M-D equations for a set of scattering data (f,f,a), which is a subset of 

the spaces introduced in the present paper, satisfying f^(k) = f^(k) = for k in a 
neighbourhood of zero, i.e. / M and have no low frequencies component. It follows from 

that paper that the usual wave operator (i.e. = = in (1.17c)) does not 

exist, even in this case where there are no low frequencies. In fact there is an obstruction 
to the existence of such a solution of equation (1.14) for n = 3 due to the self-coupling of ip 
with the electromagnetic potential created by the current ip'j^ip. However, as was proved 
in [8] (see also Lemma 3.2 of the present paper) there exists a modified wave operator 
satisfying (1.25) for n > 2, with = U 1 . Moreover, as we have already pointed out, 
the phase function Se is given by formula (1.18) (see formulas (1.5), (3.28) and (3.33) of 
[8])- 

Thus in the absence of low frequencies in the scattering data, for the electromagnetic 
potential, we can choose fi + such that it intertwines the linear representation U 1 and the 
nonlinear representation U of Vq. Now if (/, /) E M££, 1/2 < p < 1, have nontrivial low 
frequency part, as is the case for the Coulomb potential (f^(k) ~ |&| -2 ) and which is nec- 
essary to assume in order to have asymptotic completeness, then there is a cohomological 
obstruction already for n = 2 if we want to obtain U^ 2 = 0. The essential point now is 
that the cocycle R 2 can be split into a trivializable part — C 2 (a coboundary) and a non- 
trivializable part -R^ 2 , which defines U^ 2 and therefore the whole representation U^ + \ 
We shall call this nontrivial part the infrared cocycle. According to the definition of R^ 2 

and formula (1.23a) it follows that R g +)2 = for g E SL(2, C), R g +)2 = (R g +)2M , R ( g +)2D ), 
#(+)2M = o and 

(R g ^ 2D ( Ul ®u 2 )) A (k) (1.26) 
= \ E (tf°°(5; +)1 (-) - 5l +)1 (- - a), (u(k), -ek))P £ (k)a 2 (k) 

1 e=± 

+ #°°(Bi +)1 (-) - B^\- - a), (oj(k), -ek))P £ {k)*m), 

for g = exp(a At P M ), Ui = (/*, fi, cti) E E%£, i E {1, 2}, and where b\^ 1 is the corresponding 
free field given by (1.22b). 
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When the limit ^(B^ 1 , (t, -tek/u(k)) -> rffi^ 1 , -efc)) exists for t -> oo, 

then the infrared cocycle is in fact a coboundary. In particular, this is the case when / M , 
are equal to zero in a neighbourhood of zero. 
1.4 Physical Remarks 

1.4. a Physical motivation of the asymptotic condition. Next, we return to the physical 
justification of conditions (1.17a)-(1.17c), and to be more specific, as this is the main 
case of this paper, we choose si to be given by (1.18) and to be given by (1.22a)- 
(1.22c) with Xq = 1- According to statement iv) of Theorem 6.16 and Theorem 6.19, the 
asymptotic condition in statement iii) of Theorem II is equivalent to 

\\(A(t),A(t)) - (A L (t),A L (t))\\ MP + \\m - (e-^ L )(t)\\ D 0, (1.27) 

when t -> oo, where (A(t),A(t),^(t)) = U exp{tPo) (n + (u)), (A L (t),A L (t),if> L (t)) = 
Uex P (tP ) u an< ^ wnere f° r a fixed u = (/, /, a) G , (t, x) \— > <p(t, x), (t, x) G IR + x IR 3 is a 
C°° function given in Theorem 6.16. When needed we shall write (u, (t, x)) h- > v 7 ( w ? (A a; )) 
to stress the dependence of (p on u. It follows from Theorem A.l that ip in (1.27) can 
be replaced by $(A( + \-), but for technical reasons we keep (p. In fact, from a heuris- 
tic point of view, since $(A( + \ (t, x)) = -s £ (u,t, -ex / '{t 2 - \x\ 2 ) 1 ^ 2 ), (1.27) with <p re- 
placed by #(A( + ), •) is obtained from the leading term in the stationary phase expansion 

The energy-momentum tensor for the M-D system is, in one of its forms, given by 

= -F^ a F u a + -g^F aP F ap + \(^(id v - A v )ip + ((id" - A")^^), (1.28) 

where 0</U<3, < u < 3 and F^ u = d [l A v — d v A^. The current density vector is given 
by 

f = ^y^, o < n < 3. (1.29) 

t^ u and j M are invariant under gauge transformations: ip' = e lX ip, A'^ = A^ — d^X (not 
necessarily respecting the Lorentz gauge condition that gives here DA = 0). We also 
introduce the energy-momentum tensor and the current density vector for the system of 
free fields Al and ip L by 

C = -n a FU + \g^F Lci pFf + \® L r{id»)^ L + (WWl)1^l), (1-30) 

and 

f L = i>Ll^L, (1-31) 

where F LfIL , = d^A Lu — d u A LfI . Since t^ v can be written as 

t i*> = ^ a F v a + \g^F aP F ap + l(^V(z^ - A' v )ip' + ((^-^)^) 7 Y), 

where ip' = e lv ip, A'^ = A^ — d^ip and F^ v = d^A^ — d u A^, it follows from statement iii) 
of Theorem 6.16 that 



lim / \t^(t,x)-ff(t,x)\dx= lim p'(*)|| Lc 



U L (t)\\ 



D- 
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By unitarity of U 1D , HV'lWIIz? = IMId- Using statement iii) of Theorem 6.16 for ||A(t)|| LO o 
and using statement ii) of Lemma 4.4 for d fJi 'Q{A^ + ' 1 , ■) and estimate (6.246) for d^tp — 
$(A(+^, •)), it follows that \\A'(t)\\ Lx -> 0, when t -> oo. Therefore 

lim / \t^(t,x)-t1 l/ (t,x)\dx = 0. (1.32) 

Similarly 

lim / \j»(t,x)-j£(t,x)\dx = 0. (1.33) 

Limits (1.32) and (1.33) show that, as far as one measures energy-momentum and current, 
the solutions of the M-D system are asymptotically indistinguishable from free solutions 
because of gauge invariance. Condition (1.17c) is therefore natural. A similar discussion 
can be made for the angular momentum tensor; however it is technically more involved, 
so we omit it. 

1.4.b Gauge transformations. A gauge transformation ip' = e ip, A'^ = A^ — <9 M A, 
respecting the Lorentz gauge condition, i.e. DA = 0, transforms a solution (A, tp) of the 
M-D equations (l.la)-(l.lc) into a solution (A',ip') of the M-D equations. Let v G IAqq. 
v is the initial data for the solution (A, ip) of the M-D equations, and if A is sufficiently 
small and regular, the initial data v' for the solution (A' , ip') is in U 001 since is open. 
Let u = ft+^u) and u' = ^(v'). Since X(y) = A(0) +&(A,y), with A M = <9 M A, it follows 
from (1.27) that 

\\(A'(t),A'(t)) - (A' L (t),A' L (t))\\ MP + U\t)-e-^'^H' L {t)\\D^^ (1-34) 

when t -> oo, where (A' L (t), A' L (t), ^' L {t)) = U^ p{tPo) u' and u' = (/',/',«'). ffa) = 

ffi( x ) ~~ (<9 M A)(0, ;r), f'fj,( x ) = f^( x ) ~~ (dfj,do\)(0,x), a' = e lX (°'a. Since we can choose the 
constant A(0) arbitrarily, it follows that the admissible gauge transformations u \— > u' of 
the scattering data are given by 

A' Lli = A Lli -d li \, ip' L = e ic ^ L , (1.35) 

where c G R and A is such that DA = 0, and such that (A(0, •), A(0, •)) G E%g, A M (£, x) = 
(<9 M A) (£,*), A^{t,x) = {d d^X)(t,x). 

We now introduce the notion of gauge-projective map. Let Q: — > E°? be a C°° 
map leaving 06o invariant. More general situations are possible, but to fix the ideas we 
make this hypothesis. If there exists a gauge transformation G of the form (1.35) such 
that 

\\U™ p{tPo) (n + (Q(u))) - U^ (tPo) (fJ)\\ MP (1.36) 
+ \\U° p(tPo) (n + (Q(u))) - ^e^ + H G H,t) Pe( _ za) ^ po)a||D _ 05 

e 

where u = (f, /, a), then we say that Q is a gauge-projective map. 
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To show that the asymptotic representation g h- > E/g" 1 ^ is equal to U 1 modulo a gauge- 
projective map depending on g, we write the asymptotic condition (1.17c), with Ug + \u) 
instead of u: 

\\U^ (tP ^ + (U(+\u))) - U^ {m)) {Ul M UJ))\\ MP (1-37) 
+ II^p(,p )(^ + (^ +) (^))) " E ei4+) ^ +)(M) ' t '" ia) ^(-^)^ 1 xVo)^ +)D WII^ ^ °' 

e 

when t — > oo. Definition (1.23a) of the function defining E/g by (1.17a) and (1.17b), 
shows that 

<p g (u, -ek) - $(B( +)1 (- + a) - (t, -etk/u(k))) -> 0, (1.38) 

when t — > oo, for (7 = exp(a M P M ). We recall that (p g (u) = for g £ SL(2, C) and we note 
that •) = for H{y) = B^ 1 {y + a) - B^ l (y). It follows from (1.37) and (1.38) 

that, if A = #(#,•), then 

ll^xp(tP )((^ + (^ +) «)))-0^o)(^ M (/'/))llM, (1-39) 

e 

when t — > 00, where q(t, k) = \(t, —tk/ui(k)). The definition of and (p(u : (t,x)) give 
that si +) (U^ + \u),t,k) = si +) (Ug-(u),t,k). Since A = 0(A, •), where A M = <9 M A, it follows 
from (1.39) that 

rexp(tP )((^ + (^ +) «)))-Opo)^ 1M (/'/)llM P (1-40) 

+ iiOpo)((^(^ +) -))) - E eiai+>mlu),t, " w) ^(-^)Ofl,)^ 1D «ii^ - °» 

e 

when £ — > 00, where G is the gauge transformation given by A (as in (1.35) with c = 0). 
This shows that Q g = E/g E/*i is a gauge-projective transformation according to (1.36). 
1.4.c Organization of the monograph. 

In chapter 2, we prove that the sequence E? of Hilbert spaces admits a family of 
smoothing operators (Theorem 2.5) in the sense of [17], in order to use an implicit function 
theorem in the Frechet space E^. 

In chapter 3, we prove that is a nonlinear representation (Theorem 3.12) which 
is nonlinearizable (Theorem 3.13). 

In chapter 4, we construct approximate solutions (A n ,(/) n ), n > 0, (see formulas 
(4.135a)-(4.135b)) of the M-D system. They are obtained, essentially by using stationary 
phase methods and by iterating formulas (4.137b)-(4.137c). Their decrease properties are 
given by Theorem 4.9 and Theorem 4.10. They are approximate solutions in the sense 
that a certain remainder term (A^f, A®) (see (4.140a)-(4.140b)) satisfies Theorem 4.11. 
In particular the remainder term for the electromagnetic potential A^f is short-range (it 
belongs to L 2 (R 3 ,M 4 ) for each fixed time). 
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In chapter 5, we prove equal time weighted L r—L and L 2 -L°° estimates for the linear 
inhomogeneous Dirac equation (i^d^ +m — 7 M G M )/i = g, with external field G (Theorem 
5.5 and Theorem 5.8). Combination of these estimates with an energy estimate (Corollary 
5.2) leads to existence of h and to estimates on h, adapted to the nonlinear problems 
treated in chapter 6. 

In chapter 6, we end the construction of an approximate solution (A*,<fi*) (formulas 
(6.1a)-(6.2b) and (6.30)) satisfying the Lorentz gauge condition (Proposition 6.2). The 
existence of the rest term {K, <&) (see formulas (6.30-(6.31c)) follows by the construction of 
a contraction mapping (formula (6.33)) in a Banach space J-'n (Corollary 6.8). In particular 
K(t) G L 2 (M 3 ,M 4 ). The existence of solutions of the M-D equations (Theorem 6.10) and 
the existence of a modified wave operator, denoted temporarily by Q\ (formula (6.172), 
Theorem 6.12) are then proved. The existence of fi^f 1 is shown (Theorem 6.13) by using 
an implicit functions theorem in the Frechet space E^. The disadvantage of fii is that it 
gives a nonexplicit expression for the the asymptotic representation because it requires the 
use of the solutions of the M-D systems. To overcome this problem, we introduce the final 
modified wave operator (formulas (6.227a), (6.227b) and (6.276)) and its extension 

to a Poincare invariant domain. fi + has the advantage of giving a simple expression 
(see (1.17a) and (1.17b)) for the asymptotic representation U^ + \ 

This monograph (at least in so far as the M-D equations are concerned) is largely 
self-contained. A few technical results are borrowed from quoted references. It may be 
read with little or no knowledge of nonlinear group representation theory, but the latter is 
crucial to a real understanding of the methods and choice of spaces. 

1.4.d Final remarks. 

i) It can be natural to think of the underlying classical theory of QED not as the M-D 
equations with c-number spinor components but as a theory with anticommuting spinor 
components. Since the second order terms in the spinor component of the wave operator 
originates in the coupling A^iJj of a c-number free electromagnetic potential and a 
free Dirac field, we believe that the infrared cocycle will remain the same for a theory 
with anticommuting spinor components. Further for higher order terms, the nilpotency 
property ip ce (x) 2 = can ameliorate the infrared problems arising from the self-coupling. 

ii) The observables, 4-current, 4-momentum and 4-angular momentum, defined for the 
asymptotic representation U(+\ which is "gauge projectively linear" , converge when t — > oo 
to the usual free field observables. Therefore there should be no observable phenomena 
which distinguish from U 1 , at least as far as these observables are concerned. Since 
the representation U is equivalent to by we shall call U a "gauge projectively 
linearizable" nonlinear representation. Of course if the Dirac field or the electromagnetic 
potential itself was an observable, then this would no longer be true, i.e. it would then be 
possible to distinguish and U 1 by the observables. 

iii) One should note that the phase factor (3.33a of [8]), which looks as a very familiar 
factor in abelian and non abelian gauge theories, was obtained in [8] in the different context 
of the Hamilton-Jacobi equation associated with the full Maxwell-Dirac equations. Would 
one have taken initial data for the A^ field decreasing slower than r -1 / 2 and suitable initial 
data for jkA^ one would obtain phase factors with higher powers of A^. 
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iv) The same methods can be used for nonabelian gauge theories (of the Yang-Mills type) 
coupled with fermions. The aim here is to separate asymptotically the linear (modulo an 
infrared problem that can be a lot worse in the nonabelian case) equation for the spinors 
from the pure Yang-Mills equation (the part) . The next step would then be to linearize 
analytically the pure Yang-Mills equation (that is known [7] to be formally linearizable) , 
and then to combine all this with the deformation-quantization approach to deal rigorously 
with the corresponding quantum field theories. 
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2. The nonlinear representation T and spaces of different iable 
vectors. 

In this chapter we prove properties of Ty, Y G U(p), and of spaces Ei, i > 0, in order 
be able to use an implicit functions theorem in Frechet spaces. 

To begin with, we introduce the linear representation of V , with differential T 1 , given 
by equation (1.5). We shall denote in the same way the operators G E p , X e g, and its 
closure. It follows that Tp^ are skew-adjoint, so exp(tTp ), f G 1, is unitary on E p . Let 
o M (resp. /?) be the solutions of equation Db^ = (resp. {i^ p d^ + m)(3 = 0) with initial 
conditions a M , d^ (resp. a), where (a, d, a) G We define the representation U 1 of V 
by Ug(a, d, a) = (a 5 , d 5 , a 5 ), (a, d, a) G g = (n, L) G M. 4 <zSL(2, C), and 

a g (y) = A L 6(A" 1 ((0,y)-n)), (2.1a) 

°M = ^{^b{k- L \{y\ y) - n)) y0=Q , (2.1b) 

a 9 (y)=T(L)P(A- L 1 (0,y)-n), (2.1c) 

where L i— > A L is the canonical projection of 5X(2,C) onto £0(3, 1) and T is the Dirac 
spinor representation of SL(2, C). We define A 3 = A^. 

As Tm , 1 < z < 3, is not in general skew-adjoint on E p , we state the following result 
of which we omit the proof as it is straightforward by using Fourier decomposition: 

Lemma 2.1. g Ug is a strongly continuous linear representation of V on E p , with 
p > -1/2, and g h-> (A" 1 © A" 1 © 7)f7^ is unitary in E 1 / 2 . 

In order prove properties of the space of differentiable vectors of U , it will 
be useful to know that the Fourier transform of U 1 is a unitary representation after a 
multiplication by a C°°-multiplier. 

Theorem 2.2. Let h g (p ,p) = (p /(A;V)o)" p+1/2 , (po,£) G R 4 , (7 G P and 
u = (a, d, a) G p > -1/2. Let, 

V g u = (A-^gdVl, -iV)a 9 , Aj^flVl, -iV)d 9 , a ff ), 

where (a s ,d s ,a 3 ) = t/^-u. TTien (7 1— > V g is a unitary representation of Vq on E p .The 
representations (A _1 ©A _1 ©/)L rl on E 1 ! 2 andV on E p are unitarily equivalent. Moreover 
the representations U 1 on E p and V on E p have the same Hilbert space of C n -vectors, 
namely E p , n > 0. 

Proof. The map g i-> H g from V to L°°(R 3 , GX(4,R)), defined by # s (p) = Aj^flpl,^ 
is C°° . It follows then from the definition of E p that the map g 1— > V g u is C n if and only if 
this is the case for the map g 1— > t/^-u. By construction, the space of C n -vectors for U 1 is 
E p . This proves the last part of the proposition. By direct calculation one finds that for 

ueS(l 3 ,K 4 )e5(l 3 ,R 4 )©5(K 3 ,C 4 ) 

Vgu = (|V|- p+1/2 © |V|- p+1/2 © ^(A; 1 © A" 1 © 7)C^(|V| P_1/2 © |V| P " 1/2 © I)u. 
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As |V| p-1 / 2 © |V| p-1 / 2 © /: E p — > E 1 / 2 is an isomorphism and as the representation 
(A -1 ©A -1 ©/) U 1 is a unitary representation on E 1 ^ 2 , it follows that V is unitary in E p . 
This proves the theorem. 

To be able to use the implicit functions theorem in the Frechet space Eco, we shall 
establish the existence of smoothing operators (cf. [17]). As this can be done in a general 
context of unitary representations, in the following lemma and theorem, V will be an 
arbitrary unitary representation of a Lie group Q on a Hilbert space H and S will be the 
corresponding representation on (the space of C°°-vectors) of the Lie algebra q of Q 
by differentiation and IT is a general basis of g. The only fact which is really used is that 
the Laplace operator for the representation V, A = Ylxen(Sx) 2 i n H with domain 
is essentially self-adjoint (see [22] Theorem 4.4.4.3). Let A denote the closure of A. 

Lemma 2.3. The domain of (1 — A) n / 2 is H n (the space of C n -vectors ofV), and the 
norms || • \\ H and ||(1 — A) n / 2 • \\ H are equivalent, i.e. 

Cnl/lk < 11(1 " ±) n/2 f\\ H < C n \\f\\ Hn , C n >0,feH n ,n> 0. 

Proof. Let IT = {Xi, . . . , A r }, r = dimg. The statement is true for n = 0. Let n > 1 and 
let / E H^. Then 

II/H 2 H„<II/IIL_ 1 + E H^ n ...x l „/|| 2 (2.2) 

l<ii,...,i„<r 

= ll/llH n _i + E i.- l T{f-: S X in ---X il X n ---X ln f)-: 

l<i 1 ,...,i n <r 

as Sx, X G 0, is skew-symmetric on ifoo- By successive commutations we obtain 

("l) n E ^„..-A ll A il ---A,„ (2.3) 

l<il,...,i„<r 

= (-l) n E ■ ■ ■ ( X -) 2 + A 2n-1 + --- + A 

l<il,...,i„<r 

= (-A) n + A 2n _ 1 + --- + A 1 , 

where A\ is a (noncommutative) polynomial of degree / in Xj e IT, 1 < j < r. As S'xj is a 
skew-symmetric operator on -f/oo, we have 

\(f,S A J)\<C\\f\\ H \\f\\ H , 0< ? </, (2.4) 

q l — q 

where C depends on Ai. 

Equality (2.3) and inequality (2.4) give 

E ll^ n ...x l „/|| 2 <(/,(-A)-/) + C n ||/|| H J|/||^_ i 

l<ii,...,i n <r 

<(/,(l-A)»/) + C„||/||„ \\f\\ H . 
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It follows from the last inequality and (2.2) that 

\\f\\% n <(f,(l-Arf) + C n \\f\\ H Jf\\ H +II/U2, (2.5) 

n n n — 1 n—1 

<(/,(1-A)»/) + 2C;||/|| h J|/|| Hb _ i . 
Assuming that we have proved that 

\\f\\ Hi <a||(l-A)'/ 2 /llH, /G^oo,0<Z<n-l, 
which is true for / = 0, we get by induction using (2.5) that 

\\f\\% n < ||(1 - A)»/ 2 /ll!r + 2C B ||/|| H J(1 - A)^f\\ H 
for some C n . This inequality implies 

||/|| Hb < (11(1 - A)-/ 2 /|| 2 h + CllKl-A^fWl) 1 / 2 + C n \\(l-A)^f\\ H , 
which by induction proves that (redefining C n ) 

\ H <C n \\(l-Ar/ 2 f\\ H , /Gfroo,n>0. (2.6) 



To prove the second inequality in the theorem for / e H^ we observe that (1 — A) n = Sa' 2 , 
where A' 2n is a noncommutative polynomial of degree 2n in Xj e IT, 1 < j < r. It follows 
now as in (2.4) that 



;i - AY^fWl = (/, (1 - A) n /) = (/, SW) < c 2 



2 



for some C n . 

This inequality and (2.6) give 

Cn 1 \\f\\ Hn < ||(1 - AY/ 2 f\\ H < C n \\f\\ Hn , f e H^n > 0. (2.7) 

As (1 — A) n / 2 is a maximal closed operator, it follows from (2.7) that the domain of 
(1 — A) n / 2 is H n . By continuity (2.7) is then true for / e i? n , which proves the lemma. 

We can now easily prove the existence of smoothing operators for the sequence Hi, 
i > 0, by using the spectral decomposition of (1 — A) 1 / 2 . 

Theorem 2.4. We denote by Lt,(H, ifoo) the space of linear continuous mappings from 
H to endowed with the topology of uniform convergence on bounded sets. There exists 
a C°° one-parameter family T T e Lb(H, H^) , r > 0, such that if f e Hi, I > 0, then 



i)l|r T /|| ffB <C n> i||/|| ff|J n<l, 

~"""V 



ii) lir./II^GMT^ll/ll^, n>l, 

iii) ll(l-r T )/llH„<Cn,/T^||/|| H n<Z, 

iv) ll^r T /||^ < c n ,i r"-'- 1 !!/!!^, n > 0,/ > 0. 
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Proof. Let (1 — A) 1 / 2 denote the positive self-adjoint square root of the positive self-adjoint 
operator (1 — A) > 1. Since, according to Lemma 2.3, the norms || • \\ H and ||(1 — A) n / 2 - \\ H 

are equivalent, it is enough to prove i)-iv) with || • \\ H replaced by ||(1 — A) n / 2 ■ \\ H . 
Let 

/oo 
\de X7 (2.8) 

where A i— > e\ is the spectral resolution of (1 — A) 1 / 2 and let (p G Co°(M), where (p(s) = 1 
for \s\ < 1, (p(s) = for \s\ > 2 and < <p(s) < 1 for s E R. We define T T , r > 0, by 

/oo 
<p(\/r)d(e x f), feH,T>0. (2.9) 

Since the map r i— > v? T , <^ T (A) = <^(A/r), is C°° from ]0, oo[ to L°°(IR), it follows using 
(2.9) that the map t i — ► T T is C°° from ]0, oof to L b (H, H^). 
We have for / belonging to the domain of (1 — A)^ 2 , 

/oo 
X 2n (^X/r)) 2 d\\e x f\\ 2 H (2.10) 



/oo 
A 2 ^)( V? (A/r)) 2 A 2Z rf||e A /|| k 



< sup (A 2 ^-')(^(A/r)) 2 ) ||(1 - A)'/ 2 /|| H , n, / > 0. 

A>1 

If n < /, then 

sup(A 2 ^( V? (A/r)) 2 ) <1, r>0, 

A>1 

which together with (2.10) proves statement i). If n > I, then 

sup (A 2 ( n -^(A/r)) 2 ) =T 2 ^~ l) sup s 2 ^- l \^{s)) 2 

A>1 s^r" 1 

<r 2 ^ sups 2 ^(^)) 2 

< 2 2(n-!) r 2(n-I) j r > 0, 

which together with (2.10) proves statement ii). We have for / belonging to the domain 
of (l-A) z / 2 andn</, 

/oo 
A 2 "(l - <p{\/r)fd\\e x f\\l 

/oo 
(A/r) 2(n-0 (1 _ y?(A/r)) 2 A 2^ ||eA/|| 2^ 

< T 2 ^ SUp S 2 ^(l - ^(S)) 2 ||(l - ~K) l/2 f\\ 2 H . 

seK 
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This inequality gives using that sup s6R s 2 ( n ~ l \l — </?(s)) 2 < 1, n < I, 

||(1 - A)-/ 2 (l - Y T )f\\l < r 2 ^ ||(1 - A V2 /||h, n < /, r > 0. (2.11) 

Inequality (2.11) proves statement iii). 

Finally we have, since r i— > <p T e L°°(M) is differentiable, 

(1 - A)-/ 2 ^r r / = - J X n X/r 2 cp'(X/r)d(e x f), 

where <// is the derivative of (p. If n > 0, / > and / belongs to the domain of (1 — A) 1 / 2 , 
it then follows that 

\\{l-^' 2 ±T T f\\ 2 H = T- 2 f A 2 (-')(A/r) 2 (^(A/r)) 2 A 2 ^||e A/ ||l, 

< T 2(n-/-l) gup ( a 2(„-I+l)( ¥ ,/( a ))2j|| (1 _^i/2 / ||2 r _ 

seR 

By the definition of (p we have <p'(s) = for |s| < 1 and |s| > 2. The last inequality then 
gives 

||(1 - -KY' 2 ^T T f\\l < C^r 2 ^- 1 ) ||(1 - Af 2 f\\ H , n,Z > 0, 

where C n> ; = sup s6M (s 2 ( n ~' +1 )(<//(,s)) 2 ) < oo. This proves the statement iv). 

We are now prepared to prove the existence of a smoothing operator for the sequence 
of Hilbert spaces defined by (1.6). 

Theorem 2.5. There exists a C°° one-parameter family Y T e L^E^E^), r > 0, such 
that if f e -E 1 ;, / > 0, t/ien statements i)-iv) of Theorem 2.4 hold with H n and Hi replaced 
by E n and E\ respectively. 

Proof. According to Theorem 2.2, E n , n > 0, is the Hilbert space of n-differentiable vectors 
of the unitary representation g \— > V g of Vq in E. It follows then from Theorem 2.4 that 
there exists a C°° one-parameter family with the announced properties. 

The existence of a smoothing operator guarantees that the norms II • II F satisfy a 

n 

convexity property, which we make explicit now: 
Corollary 2.6. Let < n<i <n<n\, n\ ^ ri2- Then 



k<C„ ll n a ||/||B 1 " na ll/li; i " na , ft Em- 
Moreover if N < m < N , i = 1, 2, and n\ + ri2 < N + N , then 

Ej9\\E n2 <C N (\\f\\ E J\g\\ EN + \\f\\ E Jg\\ ENo ), f,geE N . 
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Proof. The first statement follows from Theorem 2.2.2 of [17] and statements ii) and iii) 
of Theorem 2.4. To prove the second statement let n\ + ni = N' + N, where N' < Nq and 
let m = aN + (1 - a)N', where < a < 1. Then n 2 = (1 - a)N + aN'. It follows from 
the first statement of the corollary that 



Eni < c N \\f\\ a E N 11/11*;:, h\\ En2 < cm^Me^ 



This gives 



Ejg^^c^Ej^E^mEjg^) 1 - 

<CU*\\f\\Ej9\\E N +^-o)\\f\\ E J\g\\ EN ). 

Since II/IIb < II/IIb » Iblls < \\9\\e > this proves the corollary. 

JV JVo iV' JVo 

To establish estimates it will be useful to have more explicit expressions for the norms 
II • lip , than those given in (1.6). 

n 

For Y = XxX2---X L , L > 1, and X U ...,X L e II, let \Y\ = L and £(Y) be the 
number of factors equal to M Ml/ , < \x < v < 3, in Y. Let C(Y) = and |Y| = 0, for 
Y = I. 

Lemma 2.7. There exist linear maps Y \— > Qj(Y), Y i— > .R^Y), % = 1,2, and Y \— > r(Y) 
/row C/ (p) znfo i/ie space o/ differential operators on M, 3 with polynomial coefficients such 
that 

t y ( u ) = (Qi(y)/ + i?!(y)/, # 2 (y)/ + q 2 (y)/, r(i», (2.12) 



/or u = (/,/,«) 6 t/(p). IfY = I, tfien Q,(Y) = 7, i^(Y) = 0, i = 1,2, 

and r(y) = I, where I is the identity mapping. If Y = X\ • • • Xl, X^ e II, 1 < z < L, 
L>1, then the polynomials Qi(Y, x,£), R^YjX,^) and T(Y,x,£), x,£ G M 3 , associated to 
Qi(Y, x, — iV), Ri(Y, x, — iV) and r(Y, x, — iV) respectively, satisfy for a ^ 0; 

Q,(Y, a" 1 *, a£) = a^l-^Q^Y, x, £), deg Q 4 (Y) < |Y| + £(Y), (2.13a) 
i2 1 (y,a- 1 x,aC) = a |y| " iC(y) " 1 i2 1 (y,x,0, degtf^Y) < |Y|+£(Y)-1, (2.13b) 
i22(y,a _1 x,aC) = a |y| - £(Y)+1 J R 2 (y,x,0, deg i? 2 (Y) < |Y| + £(Y) + 1, (2.13c) 

TTie degree of a polynomial, denoted by deg, is the total degree in (x,£). If deg x (resp. 
deg^j denotes the degree relative to the variable x (resp. £), then 

deg ? r(y,x,0 < |y|, deg x V(Y,x,0 < C(Y). (2.14) 



Proof. Since Tj 1 is the identity operator in E, we have Qj(I) = /, -Rj(I) = 0, i = 1, 2, and 
r(I) = I. For y = Xi ■ ■ ■ Xl, Xi e II, L > 1, we prove the lemma by induction in | Y| = L. 
For |Y| = 1, it follows from definition (1.5) of T\, IgII, that formula (2.12), properties 
(2.13) and (2.14) are satisfied. Suppose (2.12), (2.13) and (2.14) are true for 1 < |Y| = L. 
If Y 1 = YX, X e n, then T Y , = T Y T^, \Y'\ = \Y\ + 1 and C(Y') = C(Y) + C{X). 
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It follows from the induction hypothesis and (2.12) that 

Q X {Y\ x, -iV) = <9i(y, x, -i^Q^X, x, -iV) + ^(y x, -iV)R 2 {X, x, -iV), (2.15a) 

Q 2 (y',x,-iV) = ^(y,!,-^)]?!^^,-^) + Q 2 (y,a;,-zV)Q 2 (X,a;,-zV), (2.15b) 

^(y'^-zV) = g i (y,a;,-zV) J R 1 (X,a;,-zV) + J R 1 (y,a;,-zV)g 2 (X,a;,-zV), (2.15c) 

i? 2 (y', x, -iV) = i? 2 (y x, -zV)Qi(A, x, -iV) + Q 2 (y x, -zV)i? 2 (X, x, -iV), (2.15d) 

r(y' , x, -iV) = r(y, x, -*v) r(x, x, -*v). (2.i5e) 

Let Di (#,£), D 2 (x,£) be two polynomials in x,£ G M 3 with deg-D^ = di, i = 1,2, and let 

It then follows using the Leibniz rule that there is a polynomial D in x and £ such that 
D(x, -iV) = -iV)-D 2 (s, -iV) and 

degD = rfi +d 2 ,£>(a- 1 ;c,0 = a" 1+,/2 D(x,0- (2-16) 

We apply (2.16) to Q 1 (Y') in (2.15a), which gives according to (2.13a) 

degQ^y') <max(degQ 1 (y) + degQ 1 (X),degi? 1 (y) + degi? 2 (X)) 

< max (\Y\ + C{Y) + \X\ + |y| + £(y) - 1 + \X\ + £(A) + l) 

= |y| + |X| + £(y) + £(X) = \Y'\ + C(Y') 

and 

Ql (Y', a-'x, at) = a \Y\-£(Y)+\x\-£(X)Q l(X > t x , 

= « |Y ' | - £(y ' ) Q 1 (n^). 

This proves that (2.13a) is true for L + 1 and i = 1. Application of (2.16) to Q 2 (Y'), 
RiiY'), R 2 {Y'), r(y') in (2.15b)-(2.15e) proves similarly that (2.13a)-(2.13c) are true for 
L + l. 

Let Mi(x,£), i = 1,2, be two polynomials in x,( G M 3 . Using Liebniz rule it follows 
that there is a polynomial M(x, £) such that M(x, — iV) = Mi(x, — zV)M 2 (x, — zV) and 
that 

deg ? M = deg ? M x + deg c M 2 , deg x M = deg x Mi + deg x M 2 . (2.17) 
Formula (2.15e) and relation (2.17) prove (2.14) for L + l. This proves the lemma. 

Lemma 2.8. If u = (/, /, a) G Lf , \ < p < I, then 

0<|/3|<|5|<1 |/3|<1 

I<5|<1 

for some constant C depending only on p. Here Mp{x) = x@ = x^x^x^ 3 . 
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Proof. Let g i— > be the unitary representation of P in i? p defined in Theorem 2.2. Let 
X ^ ( x , be the corresponding Lie algebra representation of p in the space of differential 
vectors of V, which according to Theorem 2.2 is E^. We write 

= u = (f,f,a)eE 00 . (2.18) 

Since, by Theorem 2.2, the Hilbert space of C 1 -vectors of V is E\, we have 

i 

+ H^lll) 5 <C\\u\\ Ei , ueE^, (2.19) 

for some constant C. 

We shall prove the lemma by giving an upper bound for the Laplacian Ag of the 
representation V: 

A E u =J2&u= (A m (/, /), Ana), (2.20a) 
xeii 

where 

Am=E(^) 2 , A D =J2(txf- (2.20b) 
xeii xe~n 

According to Theorem 2.2, the "Dirac part" of T 1 is identical to £ D . Expressions (1.5a)- 
(1.5d) give after rearrangement of the terms 

a d = v 2 + d f+ Yl ( x * d i - x i di + a ^ 2 + Yl ( x * v + a °*) 2 

l<i<3 l<i<j<3 l<i<3 

= 2A - m 2 + ^2 {( x idj ~ %jdi) 2 + 2(xidj - x d di)a i3 - + cr 2 ) 
+ ^2 (x^Xi + XiV[xi, V] + XiVa 0i + Xia 0l V + cr^) . 

i 

Using the fact that 

1 1 

[xi, V] = -707^ = -2cr 0i , {(Jij) 2 = --, (a i) 2 = -, 

we obtain 

Ad = 2A - m 2 + {( x i d j - x jdi) 2 + 2(xidj - Xjd^a^ - -) 

+ Y ( Xi ( A ~ m2 ) x i + Xi[a 0i ,V] + 
A direct calculation gives 

[<r 0j ,V] = im-fj + J2 oiljH - lllj)di 
i L 

= im-fj - 2^2 a jid h 

1+3 
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which shows that 

Xj[<T 0j , V] = im x 3lj ~ 2 Yl a A x A - x i Q j)- 

3 3 3<l 

Therefore 

A D = 2A - m 2 + ^(xidj - xjdi) 2 + ^Xi(A - m 2 )xi + im^xgi. (2.21) 

i<j i I 

Using the fact that 

^^(xidj — Xjdi) 2 = ^^(djXiXidj — diXiXjdj), (2.22a) 

i<3 i,3 

and that 

^2 x i^Xi = ^^djXiXidj, (2.22b) 

i i,3 

we obtain 

A.r> = — m 2 + 2A — m 2 \x\ 2 + 3 djXiXidj — diXiXjdj + im xgi. (2.23) 

It follows from (2.23) that 

(a, -A D a) = m 2 \\a\\ 2 L 2 + 2 ^ \\ d i a \\h +m 2 ^2 ll^^lll 2 (2.24) 

i i 

+ 3 ll^i^j'^llia — || Xidi<y\\ 2 L 2 — m ^^(a, i^ x d a) 

i,3 » 3 

> m 2 (\\a\\ 2 L2 + Y \\ x i a \\h) + 2 ^2\\ d i a \\h 

i i 

+ 2 ||xi9jQ!||^2 — m H^^Hl 2 IMIl 2 - 

i,3 3 

As pointed out in the proof of Theorem 2.2, the unitary representation V in E p is equivalent 
to a unitary representation V in E 1 ! 2 by the isomorphism | V| p_ 2 ©i": M P @D — ■> M 1 / 2 (BD. 

V is a direct sum: V = V MP © V D and V = V M ' /2 © The generators of V M ' /2 are 
given by 

(/,/) = (/, A/), (2.25) 
£|f /2 = 1 < z < 3, 

3 

££"(/,/) = (.r,/.^^.r,^/). 1 < i < 3. 
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The Laplacian A M i /2 is diagonal. Let A M i /2 (/,/) = (Ay 1/2 /, A^ 1/2 j). Using (2.25) a 
direct calculation gives: 

A^ 1/2 = 2A + ^2(2d j x i x i d j - diXiXjdj) -^Xjdj, (2.26a) 
a£ } 1/2 = 2A + ^2(2d j x i x i d j - diXiXjdj) + E xtdi. (2.26b) 

The equivalence of U MP on M p and U Ml/2 on M 1 / 2 shows that A M p = (A { ^ p ,A i2) p ) = 
|V|5-^A M i/ 2 |V| p -i. This fact shows that if v = (/,/) G M£: 

(^A M ^) MP = (|vr + v,A£ ) 1/2 |vr-^/) + (ivr-i/,A2 ) 1/2 |vr-^) (2.27) 

Since ilf p is a real vector space and [xidj, |V| a ] = a| Vl" -2 ^, it follows from (2.26) and 
(2.27) that 

(v, -A MP v) M p = 2\\Vv\\ 2 MP + 2^2\\xidjv\\ 2 MP - || ^Xjdiv\\ 2 MP (2.28) 

+ Ci(p)ll|vr/ll! 2 + c 2 (p)|||vr- 1 /lli 2 , 

where C\{p) and C^p) are two real numbers. This gives the inequality 

(v,-A MP v) MP > 2||Vu||i tfP +^2\\x i d j v\\ 2 MP + C{p)\\v\\ 2 MP , (2.29) 

i,3 

where C(p) = min(Ci(p), C 2 (p)). We define the norm q 1 by 

?i(«) = ( E n^(/»/)ii^+ E ii M ^«ni 2 )" (2 - 30) 

I/3|<|5|<1 |/3|<1 

I*I<1 

i0Tu=(f,f,a)eE§ . 

It follows from inequalities (2.24) and (2.29) that 

(u, -A E u) EP > ^(p) 2 (^(w)) 2 - 2i/i(p)g 1 (u)||u|| B - Mp) 2 \H\ 2 e 

where /j,(p) > and Vi(p) > 0, ^(p) > 0. This inequality gives that 

< -((«, -A B u) + (z/ 2 + + i^i||m||b, // > 0, 

where we have omitted to indicate the dependence on p of the constants. £ x , X e p, is 
skew-symmetric with domain E^, so Xlxen ll£x u lli; = ~^e u )^ u e ^oo- This fact 
and the last inequality show that 

?1 («)<C(E + Nil)*, we^, (2.31) 
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for some constant C. It follows from inequalities (2.19) and (2.31) that (with a new 
constant C) 

q 1 (u) < C\\u\\ Ei , u G Eoq. 

By continuity this inequality is true for u G Ei, which proves the lemma. 

To state the next theorem we introduce the following seminorms q n , n > 0, on E^: 

(Qn(u)) 2 = (qn(v)) 2 + {q°{a))\ u = (v,a) G E^v G M^a G D^, (2.32a) 

M<W\<n 

and 

«?(«)=( E \\M^af D y, (2.32b) 

\n\ <n 
|i/|<n 

where and z/ are multiindices and M M is defined as in Lemma 2.8. As will be proved, q n 
has a continuous extension to E n . 

Theorem 2.9. There exist constants C n > such that 

C~ l \\u\\ En < q n {u) < C n \\u\\ En , n>0. 
Moreover the linear space 

E C = M C ®D C = {(/, /, a) G E^f, f G C °°(M 3 - {0}, C 4 ), a G C °°(M 3 , C 4 )} 
is dense in E^. 

Proof. According to definition (1.6a) of || • \\ E and expression (2.12) for T Y u, Y G IT', 
u = (/, /, a) G -Z?oo of Lemma 2.7 we have 

"*„ = E (ll r (n«ll! 2 + llivr(g 1 (y)/ + i? 1 (y)/)||l 2 (2.33) 

yen' 
|y|<n 

+ |||vr- 1 ( J R 2 (y)/ + Q 2 (y)/)||| 2 ). 

We shall estimate the terms on the right-hand side of (2.33). It follows at once from 
inequality (2.14) in Lemma 2.7 that 

\\T(Y)a\\ L2 <C n q°(a), YeW,\Y\<n, (2.34) 

and from (2.13a) that 

{\\M P Qi(Y)f\\h + lllVl'-'QaOO/lliO' < C n q™ (/,/), Y G IT', \Y\ < n. (2.35) 
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We observe that 

\\M p Ri(Y)f\\h= e iiivr^cn/uis. 

1<?<3 



We have djR 1 (Y)f = R lj (Y)f + Pij(Y)f, where 

_d 

dx 



R Xj {Y, x, = J^RAY, x, 0,Pij(y, = Ri(Y, x, OiHy 



Since R x satisfies (2.13b), the polynomials R u and Pu satisfy condition (2.13a) of 
This shows that 

HIV^Y)/^ <C n J2 \\W P ~ lM »Vf\\h, ^en',|y|<n. (2.36) 

H<M<r» 

It follows from (2.13c) that R 2 (Y, x, £) = J2i<j<3 r j(Y, x, where satisfies condi- 
tion (2.13a) of Q t . Then R 2 (Y)f = Ekks^W^/ = £i<i< 3 d 3 rf\Y)f + i#>(Y)/. 
where R ( 2 ) (Y,x,^),rf ) (Y,x,^), once more satisfies the homogeneity condition in (2.13c) 
and degR 2 < \Y\ + £{Y) ~ 1? with R 2 = if this number is strictly smaller than one. 
We now repeat this argument with R 2 instead of R 2 , R 2 = R 2 until we have R 2 = 
for some L < C(Y) + 1. The corresponding sequence . . . , r^ L \ gives 

L 

R*(Y)f= E d j r j (Y)f,r j (Y,x,0 = J2rf\Y,x,0, (2.37) 

l<j<3 1=1 

where r ■ satisfies (2.13a). Equalities (2.37) and (2.13a) show that 

iiivr^on/H^ < e iiivr^on/ii^ (2.38) 

3 

3 

<Cn{ E ll|VrM M ^/||l 2 )", YeW,\Y\<n. 

H<l"l<« 

It follows from expression (2.33) of ||u||| and inequalities (2.34), (2.35), (2.36) and (2.38) 
that \\u\\ E < C n q n (u), u G E^, n > 0, for some constants C n . This proves the first 
inequality of the theorem. 

To prove the second inequality of the theorem, by induction we note that qg(u) = 
\\ u \\e = \\ u \\e by definition and suppose that q^u) < Ci\\u\\ E for < % < n. It follows 

i 

from definition (2.32a) of qff that 

(Qn+i(v)) 2 = (Qn(v)) 2 + E W v Wm + E W M ^vf M , (2.39) 

\fi\<n \fx\=n+l 
\v\=n+l \u\=n+l 
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where v G M^. We estimate the two last two terms on the right-hand side of this equality. 
According to the induction hypothesis 

E \\M^vf M = C» E E \W d M\ 2 M (2-40) 

\n\<n 1<«<3 \(i\<n 

M=n+1 \u\=n 



l<i<3 

< c:ci e 11^ 



M dl 2 
Pi v \\m„ 



l<i<3 



for some constants C' n and C". For the term with = n + 1, and \u\ = n + 1 it follows, 
using the same argument which led to (2.37), that 



M M ^ = E^7> r^CH^a- 1 ^), degr Zfc < 2n. (2.41) 

Z,fc 

This and Lemma 2.8, with a = 0, show that, for = \u\ = n + 1, 

||M^|| M < E IM fc r[^|| M < CE II^IIm,, (2-42) 

= |z/| = n + 1, where = r^(x, — iV). It follows from property (2.41) of r^, the 
definition of q M and (2.42) that for \/u,\ = \u\ = n + 1, and suitable constants C, C n and 
C" that 

\\m^v\\ m <^E(E n^rMiL + imil) * 

< ^E ( E (K T x M v\\ M + \\[Tk M ,r%]v\\ M ) + \\v\\ M ) 

l,k XeTl 

< C n E ?n(^) + C'Ell[^ M ,< fc >|| M , 

xen «,fc 

where = r^(x, — zV). 

According to the induction hypothesis this gives with new constants 

\\M»d»v\\ M < C;( E (H^IIm„ + C"E ||[T^,rf fe >|| M )) (2.43) 
xen i,k 

< CniMu +1 +c e Eiit T * M ^>iu, 

xen 
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| /x J = \v\ = n + 1, = ri£(x, — iV). Let u = (/, /) G Moo and let r be one of the partial 
differential operators rj^ , = \v\ = n + 1. Definition (1.5) of T 1 restricted to give 
far « = (/,/) 

E HP^VHIm (2-44) 
< C(E \\[di,r]v\\ M + E IIMi - sA'HIm + IUVr-MA.r]/!!^ 

+ £ nivr[^,r]/n L2 + x: nivr-ME^^]/!!^)' r = r(a; ' ~* v) - 

i i Z 

By the same argument which led to (2.37) it follows that there exist polynomials p(X, x, £), 
for X = P^ and for X = Mij, 1 < i < j < 3, and polynomials pW(X, a;, £), for X = M j, 
i = 1, 2, and 1 < j < 3, such that 

[9i,r(x,-iV)] =p(Pi,x,-iV), (2.45) 
[A,r(x,-iV)] = p(P ,x,-iV), 
[xidj - Xjdi, r(x, -iV)] = p(Mij,x, -iV), 1 < z < j < 3, 
[xi,r(x,-iV)} = p {1) (M 0l ,x,-i\7), 
[J2dix t d h r(x, -iV)] = p (2) (M 0l ,x, -iV). 

Since, according to (2.41) r satisfies r(a~ l x,at) = r(x,£) and degr < 2n, it follows from 
(2.45) that 

p(Pi, a^x, at) = ap(Pi, x, £), degp(P) < 2n - 1, (2.46a) 

p(P , a" 1 ^, <) = a 2 p(P , x, 0, degp(P ) < 2n, (2.466) 

p{M lJ ,a~ 1 x, at) = p(M i:i , x, f), degp(My) < 2n, (2.46c) 

^ 1 )(Mo„a- 1 x,aO = a-y i )(M 0l ,x,0, degp«(M 0i ) < 2n - 1, (2.46d) 

p( 2 )(M 0i ,a- 1 x,ae) = ap (2) (M i,x,0, degp^ (M 0l ) < 2n + 1. (2.46e) 
It follows from (2.45), (2.46a) and (2.46c) that 

Ell^^HlM + EllMi-^ArH^Cn^t;). (2.47) 
Due to (2.46b) and (2.46e) we can write: 

a) p(P ,x, -iV) = ^^(Po,^ -iV), degp^Po) < 2n- 1, (2.48) 

i 

p^Pca" 1 ^, O = apj(P ,:r,£), 

b) p^(M 0j ,x, -iV) = Y,diP?\M Qj ,x, -iV), degp[ 2) (M 0j ) < 2n, (2.49) 
p[ 2) (M 0i , a" 1 *, a£) = p[ 2) (M 0i , x, £). 
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It follows from (2.45), (2.48) and (2.49) that, (leaving out the arguments x, - 

IIIVr-MA.rl/ll^ + ^IHVl^E^A^l/IlL" 

j k 

<^iiivr- i ^(p )/ii L2 +^iiivr- i a^ (2) (Mo,)/ii L2 

3 3,1 

< E \\M%(Po)f\\ L * + E \\w p P?\M G3 )f\\ L . 

3 3,1 

<C n ^((/,0)), 

for some constant C n . Due to (2.46d) we can write 

d k [x h r] = d k p^(M oh x,-iV) =p { k 1 \M oh x,-iV), 

degp^CMo,) < 2n, p^(M i, a^x, a£) = p£\M ol , x, £). 
It follows from (2.51) that 

= cJ2\\M p - 1 P ? ) (M 0i )f\\ L2 

i,3 

<C n? f((0,/)). 

We obtain from inequalities (2.44), (2.47), (2.50) and (2.52) that 

E \\i T x M ,r]v\\ M <C nq M(v), 



xen 



for some constant C n . 

It follows from (2.43) and (2.53) that (with new C n ) 



\\M^v\\ M < C n (\\v\\ Mn+i + C («)), M = M = n + 1. 
It now follows from inequalities (2.39), (2.40) and (2.54) that 

Qn + l(v)<C' n (Qn(v)+\MM n+1 ), 

and then by the induction hypothesis that 

Qn+l( V ) < Cn\M M , 

' n-\-l 

for some constant C n . 
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The inequality q^ +1 (a) < C n \\a\\ D is proved in a similar way, but one has only to 

consider the degree of the corresponding polynomials r(x,£) and not their homogeneity 
properties. Since the proof of this part is very similar, we omit it. Together with (2.56) 
we then have 

q n+1 {u) < C n \\u\\ E 

which according to the induction hypothesis proves the second inequality of the theorem. 

To prove that E c is dense in we first observe that Co°(M 3 , C) is dense in S(R 3 , C) 
which after inverse Fourier transform shows that D c is dense in D^. We therefore only 
have to prove that M c is dense in M^. Let <p G C^°(1R 3 ), < ip(k) < 1 for k G M 3 , 
<p(k) = 1 for \k\ < 1, <p(k) = for > 2. Let <p n (k) = ^(n- 1 /c)(l - <p(nk)) for k G M 3 , 
n G N, n > 2, and let ip n = 1 - ip n . Then < ip n (k) < 1 for k G K 3 and ^ n (/c) = 
for 2/n < \k\ < n. Moreover if \a\ > 1 then \k\^\d a ip n (k)\ < 2l Q lq a| for \k\ < 2/n 
and \d a ip n (k)\ < n~' a 'C| a for \k\ > n, where the C\ are constants independent of n and 
k. For (/,/) G Moo we define /»(fc) = <Pn(k)f(k) and f^ n \k) = <p n (k)f(k). Then 

(/ (n) , / (n) ) e M c and /» - / = /< n ) - / = Vn/- The first inequality of the theorem 
and the Plancherel theorem now show that 

ll(/ (n) -/,/ (n) -/)ll^ 

<C'^ Yl I [\k\ 2p \d p {k^ n {k)f{k))\ 2 + \k\ 2 »- 2 \d»{k»i> n {k)f{k))\ 2 ) dk, 

n > 2, where B n = {k G R 3 |2/n < \k\ < n}. The estimates of ip n and commutation of <9 M 
and k u give that 

W(f in) -fJ in) -f)\\ 2 M N 

- C * H I {\k\ 2p \d»{k u f{k))\ 2 + \k\ 2p - 2 \d^{k v f{k))\ 2 ^dk. 

H<IH<^ ~ s ™ 

The last inequality converges to zero when n — > oo since q N ((f, /)) is finite. This proves 
the theorem. 

The elements of the space have important asymptotic decrease properties: 

Lemma 2.10. Let 1 < p < oo and Ze* / G L P (M 3 ) 6e snc/i that M a d^ f G L P (M 3 ), M a (x) = 
x a , for < \a\ < \(3\ < n. If v is a multi-index and (n — \v\)p > 3, then (after a change 
on a set of measure zero ) 

(1 + \x\f'^\\d»f{x)\ < G,p £ H M «^/|| iP . (2.57) 

\a\<\/3\<n 

Proof. A Sobolev embedding gives at once with Ip > 3 that 

llflVIL- < c W^fh, <cJ2 W^fhr, (2-58) 

M<1 \/3\<n 
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and that d u f is a continuous function vanishing at oo. 

Let ip G C£°(M 3 ), <p(x) = 1 for 1/2 < \x\ < 2, <p(x) = for |x| < 1/3, <p(x) = for 
\x\ > 3 and (p(x) > 0, x G R 3 . We define g a (x) = f{ax). Since a^(d u f){ax) = d v g a (x) 
and d u g a {x) = d v {g a <p){x) for 1/2 < \x\ < 2, we obtain from (2.58) 

sup \a\"\d v f)(ax)\ < \\d v g a <p\\ Loo (2.59) 

l/2<\x\<2 

< e w&mwl* 

\(3\<n 

<c n E IK^-X^IL*. 

l/3i| + l/3 2 |<n 

where (n — \v\)p > 3 and where we have used the Leibniz rule in the last inequalities. 
A change of coordinates gives 



\\{d^g a ){d^<p)\\ LP = a^l- 3 /f( f \(d*f)(x)(d*<p)(x/a)\*dx) 



i/p 



Since the integrand vanishes outside the set {x|a/3 < \x\ < 3a}, it follows that 
a 3 /*\\{dtog a )(d*<p)\\ L , < C n , p \\d^<p\\ Laa \\\x\^d^f\\ LP 

|a|<|/?i| 

< c 'n, P E ii^/Hl- 

\a\<\/3\<n 

This inequality and (2.59) show that for 1/2 < \y\ < 2 

a 3/ P+ M| (av)(a2/) | < Cv , p W M ^f\\ LP , 

\a\<\/3\<n 

which with a = \x\ > 0,y = x/\x\, together with (2.58) gives estimate (2.57). This proves 
the lemma. 

Remark 2.11. Lemma 2.10 is still true if p = oo, n = \v\. In this case the proof is trivial. 
Theorem 2.12. // (/, 0) G Mf, 1/2 < p < 1, then 

(l + |x|) 3 / 2 ^|/(x)|<C||(/,0)|| Mf (2.60a) 
and if (/, /) G M£ |+2 , 1/2 < p < 1, tfien 

(1 + |x|) 5 / 2+ l"l-"(|^/(x)| + \d»f(x)\) < C H \\(f, f)\\ M . (2.606) 



34 



FLATO SIMON TAFLIN 



Proof. Let p = 6(3 — 2p) 1 . Then 3 < p < 6 for 1/2 < p < 1. Suppose for the moment 
that / G C£°(M 3 ). The inequality (cf. Theorem 4.5.3. of [11]) 

LP(m <C p |||Vr/|| i2(R3) , p = 6(3-2p)-\ (2.61) 



where the constant C p is independent of the support of /, and inequality (2.57) with 
n — \p\ = 1 > 3/p of lemma 2.10 then give 

(1 + \x\f/ 2 -t>+M\d»f(x)\ < C M , P Yl IHV| p M a 0"/|| La (2.62a) 

|a|<l^l<lMl + l 

<c; )P <| +1 (/,o), 

where g M was defined in (2.32a). It follows from this inequality and Theorem 2.9 that 

(1 + |z|) 3 / 2 -"+ W \&>f(x) | < C,J (/, 0) || M , (2.62b) 

for (/,0) G M 1+H . As a matter of fact, C °°(M 3 , M 4 ) ©C£°(R 3 , M 4 ) is dense in S(R 3 ,M 4 )© 

S^IR 3 ,!! 4 ), which by definition is dense in M£. In particular, with [i = 0, this proves 
(2.60a). 

According to (2.62a) we have 

(l + |x|) 3 / 2 -^H|aW(^)l<^P<| + i(^A0), (2.63) 
where {Qif) = Xif(x). By the definition of q M 

<|+i(^A0) 2 = WM PM ^Qj\\h (2-64) 

M<|/?|<| M j + l 



J2 ww^djM^qjw 



jj \\h- 



|a|<l/3|<lMl + l 

i<i<3 



But djM a d^Q t = Qj a i(x, — iV), where Qj a i(x, £) is a polynomial of degree |ct| + \/3\ + 2 < 
2|//| +4 and ^(a^X) = a^HalQ^^ £). Therefore 

?55 + i(Qi/,o)<c H? 5f l+2 (o,/), 

which together with (2.63) and (2.64) shows that 

(1 + 1x1)3/2-^13^./! <C p ,^Jf |+2 (0,/) <C' p J(0J)\\ K (2.65) 



where the last inequality follows from Theorem 2.9. 
In a similar way it follows from (2.62a) that 



|^/(x)|<C^||(0,/)|| Mr . (2.66) 
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Inequalities (2.65) and (2.66) with \x = prove (2.60b) with v = and / = 0. Since [<9 M , Xj\ 
is a monomial of degree \p\ — 1 in V, it follows from (2.65) and (2.66) by induction that 
(2.60b) is true for \v\ > 0, with / = 0. 

Let = in (2.62b). Then (2.60b), with / = 0, follows from (2.62b). Since 

(2.60b) is true for the particular cases (/, 0) G M^ +2 and (0, /) G M^ +2 , it is also true 

for (/,/) G M> |+2 , because \\(f,0)\\ Mn + \\(0J)\\ Mn < y/2\\(f, f\\ Mn - This proves the 
theorem. 

We shall prove that M p contains the long range potentials which it is expected to 
contain. It follows from the next theorem that (/, /) G if (1 + |x|)° + l I/ l|9' / /(a;)| and 
(1 + \x\) aJrl+ ^\d v f (x)\ are uniformly bounded in x for some a > 3/2 — p. 

Theorem 2.13. Let 1/2 < p < l,p= 6(5-2p)" 1 ,Q = 6(3-2p)" 1 , / G LP and f G IP. 

If M a dPdif G L P (M 3 ,M 4 ) and M a d^f G L P (M 3 ,M 4 ) for < \a\ < \p\,l < i < 3, then 
(/,/) GM n and 

||(/,/)IU„ <Cn( £ ||M a a^J|| LP + ^ \\M a d^f\\ LP ), n>0. 

0<\a\<\p\<n 0<|a|<|/3|<n 
l<i<3 

Proof. Suppose for the moment that / G Co°(IR 3 ). The inequality (cf. Theorem 4.5.3. of 
[11]) 

|||Vr VIIl^) < C P ||/|| LP(R3) , V = 6(5 - 2p)~\ (2.67) 

where C p is independent of the support of /, gives ||(0, f)\\ MP < C p \\f\\ LP , f G Cq°. Since 
is dense L p , for our given p, and dense in 5'(]R 3 ), it follows by continuity and by the 
definition of the space M p that 

||(0,/)IU <C p \\f\\L>, P = 6(5-2p)- 1 ,/GL^, (2.68) 

and that (0, /) G M p for / G IP. 

According to inequality (2.68), Theorem 2.9 and definition (2.32a) of q^f we have 

ll(0,/)|| M ^<Cp,n?f(0,/)<C; )n WM^fhr, (2-69) 

0<|«|<|/3|<n 

p = 6(5- Zp)' 1 , n > 0, if M a d@ f G L p for < |a| < < n. Since ||(/,0)|| M , < 

Cp,n?^(/,0) according to Theorem 2.9 and q™(f,0) < C n J2iQn "(0, &/) usm S definition 
(2.32a) of it follows from (2.69) and the triangle inequality that the inequality of the 
theorem is true. 

Corollary 2.14. Let n > 0, 1/2 < p < 1, f G C n+1 (M 3 ,M 4 ), / G C n (K 3 ,M 4 ) and let 

r„,«(/,/) = £ su P ((i + Mr+M|d i 7(*)|)+ £ su P ((i + |x|r +1+ H|av(x)|). 

|i/|<n+l X M<n ^ 

// r n , a (/, /) < oo for some a > 3/2 - p, inen (/, /) G M£ and || (/, /) \\ M „ < C n T n , a (f, /). 
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Proof. Let a be such that T Uja (f, f) is finite. Then the hypotheses of Theorem 2.13 are 
satisfied and the right-hand side of the inequality in that theorem is bounded by C n T nja , 
after redefining the constants. This proves the corollary. 

Later we shall need estimates of weighted supremum norms of solution of the ho- 
mogeneous wave equation. These estimates follow directly from Kirchhoff's formula and 
Theorem 2.12. 

Proposition 2.15. If n > 1, (/, /) G M p +2 , 1/2 < p < 1, then the solution u of the wave 
equation Uu = 0, with initial conditions u(0,x) = f(x), -§^u(t, x)\ t=0 = f(x), satisfies 

(1 + |x| + \t\) 3/2 - p \u(t, x)\ + (1 + |x| + 

y: (i+iiti-Ni)^-p + M^i^(|)^ ( ^)i 

l<\v\+l<n 

<C n J(fJ)\\ MP 

Proof Give first fje S(M 3 ,M 4 ). Then d a (d/dt) m u(t, x) = u a , m (t,x),a = (ai,a 2 ,a 3 ), 
is the solution of the wave equation with initial conditions / Q , m , f a ,m, where (f a ,m, fa,m) = 
T^ 1 (/, /), where j3 = (m, oji, «2, 0:3), P^ = Pq° P^ 1 P 2 2 -Pf 3 is an element in the enveloping 
algebra U(p) and where T^ 1 denotes the restriction to the space M p of the linear Lie 
algebra representation T\ as defined by (1.5). As the initial data are in 5 , (R 3 ,IR 4 ) it is 
sure that the solution is given by Kirchhoff's formula (cf. [11]): 

up(t,x) = (47T)" 1 / (f p (x + tu) +t y^u l d l fp(x + tu) +tff3(x + tuj))daj. (2.70) 
J\w\=i v V 1 

Let r n;(J be as in Corollary 2.14 and let 

j a (t,x) = (47T)" 1 / (1 + \x + ut\ 2 )~ a,2 du, aeR. (2.71) 

J\u\ = l 

It follows from (2.70) and (2.71) that 

Mi, x)\ < TqM, fp) (j a (t, x) + \t\j a+1 (t, x)) . (2.72) 

The easy explicit evaluation of the integral in (2.71) in polar coordinates leads to 

j a (t, x) < C a (l + \x\ + \t\)~ a for < a < 2, (2.73a) 
j a (t,x) < C a (l + \x\ + \t\)~ 2 (l + I \t\ - \x\\) 2 ~ a for a > 2. (2.73b) 

We choose a = 3/2 - p + \(3\ in (2.72), where 1/2 < p < 1. Then 1/2 + \(3\ < a < 1 + \(3\ 
and it follows from (2.73) that 

j a (t,x) + \t\j a+1 (t,x) < C pM (l + \x\ + |t|)-( 3/2 -"\ \/3\ = 0, (2.74a) 
Ja (t,x) + \t\ Ja+l (t,x) < C pM (l + \x\ + \t\)-\l + \\t\- \x\\)-^ 2 -p+^\ \0\ > l,(2.74b) 
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where a = 3/2 — p + \(3\. 

Estimates (2.72) and (2.74) show that, if 

Q n (u) = sup ((1 + \x\ + \t\f /2 ~ p \u{t, x)\) 



t.x 



+ sup((l + |x| + |t|)(l+||t|-|x||) 1 / 2 -^l /3 l|^(t,x)|), 

l<\/3\<n f ' X 

then 

Q n (u) < C p,\f3\ T 0,3/2-p+\P\(ff3,U)- (2-75) 

0<\/3\<n 

It follows from the definition of T nta and from Tp^ =9" , (3 = (t,a), that 

r 0,3/2-p+|/3|(//3, fp) < ^\/3\,3/2-p(f, f), 

which inserted into (2.75) gives (with new constant) 

Qn(n)<C p , n T n , 3/2 _ p (fJ). (2.76) 

Inserting the result T n ^ 3 / 2 _ p (f, f) < C n , p \\ (/, /) \\ M from Theorem 2.12 into inequality 

(2.76) we obtain for some constant C Pjn 

Q n (u)<C p , n \\(fJ)\\ Mn+2 . (2.77) 

Since S(M 3 ,M 4 ) © S(M 3 ,R 4 ) is dense in the space M n+2 by construction, it follows that 

(2.77) is true for (/, /) e M n+2 . This proves the proposition. 

It follows directly from definitions (1.5), (1.7) and (1.8) of Tx,X e p, that [Tx,Ty] = 
DTx-Ty —DTy .Tx = T[x,y] on the space of C°° functions. The next lemmas and corollary 
prove in particular that Tx, X e p, is a continuous polynomial from to T^, which 
assures that X \— > Tx is a nonlinear representation of p in E^. 

Lemma 2.16. Let N > 0, m = (fi, fi, cti) G E^, i = 1, 2, and let p = 6(5 — 2p) _1 . Then 
\\TI >o (u 1 ®u 2 )\\ En <Cx( J2 WM^atWd^a^hr, 

M<\"l\ + \"2\<N 

+ Yl (l|M M |^/i||^ 2 a 2 ||| L2 + ||M^/ 2 ||^ 2 ai||| L2 )) 



Wl\ + W2\<N 



and 



I T - ^ 

\ 1 M 0j 



H<kil+k2|+i<^+i 
+ (l|M M |^/i||^ 2 a 2 ||| L2 + ||M M |^/2||^ 2 «i||| L2 )). 



|mI<JV+i 

Wl\ + W2\<N 
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Proof. It follows from (1.8a) that 

\\T 2 p {u 1 ®u 2 )\\ 2 En (2.78) 

1 1 

= || (0, -(« 17 « 2 + a 2 7«i))llM„ + || g ( E^^V^ + / 2 ,7V«i)) IId„- 

It follows from Theorem 2.13 and Liebniz rule that 

11(0,7*7^)11^ <C n E IIM^I^^H^^HI^, (2.79) 

l/3|<ki| + k 2 |<n 

where p = 6(5 — 2p) _1 . By definition (2.32b) of and by the first part of Theorem 2.9: 

3 3 

E ll/<M7V«illD„ < ^^^(/^Vai) (2-80) 

<c;' E ii^i^/.ii^^iii^. 

|/3|<n 
ki l + l"2|<n 

The triangle inequality, inequalities (2.78), (2.79) and (2.80) prove the first inequality in 
the lemma. The proof of the second inequality is so similar that we omit it. 

Lemma 2.17. If Ui E E^, i = 1, 2, and X ell, then 

i) \\T%{u 1 ®u 2 )\\ En < C n {\\u 1 \\ En+i \\u 2 \\ Eo + \\ui\\ Eo \\u 2 \\ En+i ), N>0, 

ii) \\T^( Ul <g> u 2 )\\e n < C n (\\u 1 \\ En \\u 2 \\ Ei + HwillsJI^II^) 372 9 

(IMIi^JIHI^ + ll«l||i; o ||w2|| Sjv+i ) P " 1/2 , N >0, 

Proof. Since T\ = if X e II and X 7^ Po, -X" 7^ -^oj, j = 1, 2, 3, we have according to 
Lemma 2.16 for X e II, ttj = (/;, / i; «») G i?^, z = 1, 2, 



ai||a 2 |||i / p (2-81) 

ImI<i 

+ E (IW/ill«2lllL» + ll M /*l/2ll«illW)» P = 6(5-2p)" 1 . 

ImI<i 

Since ||M M |ai||a 2 | Ilz> < H^ill^ ||M M a 2 ||i,9, P = 6(5-2p) _1 , q = 3(l-p) _1 and ||M M a 2 ||i,9 
^ CEh<i II^M^H^, we obtain 

E ||^ m I Q; iII Q; 2|||lp < 

E w 

a 2 || L 2 (2.82) 

kl<i 

< C|l«i|l£)ll«2||£» , P = 6(5 - 2p)-\ 1/2 < p < 1. 
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The inequalities HM^M \a 2 \ || i2 < \\fi\\ LQ \\M^a 2 \\ L3/p , q = 6(3 - 2p)~\ \\h\\ Lq < C 
||(/i,0)|| M (cf. (2.61)) and ||M M « 2 || L3/ , < C£ M <i W M ,a 2 \\ L2 give 

E H M mI/iII«2||| l2 < C||(/i,0)|| M ||a 2 || Di . (2.83) 

ImI<i 

Since ||(/i,0)|| M < \\ui\\ E , \\ai\\ D < \\ui\\ E it follows from (2.81), (2.82) and (2.83) that 

n n n n 

Tx(u 1 ^u 2 )\\ E < C(\\u 1 \\ E \\u 2 \\ Ei + \\ui\\ Ei \\u 2 \\ E ), 

which proves the first statement of the lemma in the case where A = 0. 

Let u = (/, /, a) E Eoo and < 1. It follows from (2.60a) of Theorem 2.12 and from 
the inequality 

ll(l + Nr 1/2 «|| L2 < IKl + lxDall^llall 3 /, 2 -^ \\ar D -^\\a\\T- p , 

that 

l|M M |/||a||| L2 < sup ((1 + |x|) 3 / 2 -"|/(x)|)||(l + \x\r- 1/2 a\\ L2 (2.84) 
<C||(/,0)|| Mi ||a||^ 1/2 ||«|| 3 D /2 -M^|<l. 

It follows from Lemma 2.16 that, for X G IT, ||T^(-ui <g> 1*2) H^i is bounded by a sum of 
terms of the form 

CNWM^M^atWM^a^ = C N I(ji, ^, // 2 , v u u 2 ), p = 6(5 - 2p)~\ (2.85) 

where \p\ < 1, \v\\ + \u 2 \ < A, < \ui\, \/i 2 \ < \v 2 \ and of terms of the form 

C N J(/i, iii, /i 2 , vi, v 2 ) (2.86) 
= C N {\\M^\M^h\\M^a 2 \\\ L . + WM^M^hWM^a^), 

where < 1, + < A, \m\ + \/j 2 \ < A. 

Let first |^i I > \v 2 \ in (2.85). Then (2.82) gives 

WM^M^a^M^a^ < C Wll \\M^a 1 \\ D \\M^a 2 \\ Di (2.87) 

<C\ Vl \\\a^J\a 2 \\ D ^ +i 
<c^ill«ilk u 

l"il k2l+ 1 
= /'(M,H), 



where we have used Theorem 2.9. Since + \u 2 \ + 1 < A + 1, \v\\ < A, |z/ 2 | + 1 < 

A' 
2 



[f ] + 1 < A for A > 1, Corollary 2.6 gives with A = 1 



H) < C' n {\\ Ui \\ Ei \\u 2 \\ En + \\ Ui \\ En \\u 2 \\ Ei ). (2.88) 
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If we now take < \v 2 \, we obtain the same estimate (2.88), so (2.88) is true for 
Wi\ + H < N, N > 1. From (2.85) and (2.88) it follows that 

I{[i,[H,[i 2 ,vi,v 2 ) < C' n (\\u 1 \\ Ei \\u 2 \\ En + \\ui\\ En \\u 2 \\ e J, (2-89) 

with the range of multi-indices defined in (2.85). 

Let \vi | > \u 2 \ in (2.86). We can choose [ii and [i 2 , without changing the value of 
J{[i, [ii, [i 2 , v\, 1^2)1 such that \[ii\ < \v\\, \[i%\ <N — \vi\. Inequality (2.83) then gives 

\\M^\M^h\\M^a 2 \\\ L2 < C\ Mll \\(M^fi,0)\\ M \\M^a 2 \\ Di (2.90) 

<C[„J(fi,0)\\ M ,ll«2||n 

<C' M \\ui\\ E \\u 2 \\ E 

\"l\ l + N-\iy 1 \ 

where we have used Theorem 2.9. An estimate for the second term in (2.86) is obtained 
by permuting ui and u 2 in (2.90). This gives 

J{.[i,[i\,[i2,vi,V2) < C N (\\ui || E ||u2||e n , + IIwiIIb^, ,IK||r ), ki| > H- 

Since |z/i| + |z/ 2 | < AT" and A + 1 — \v\\ < N in this inequality, Corollary 2.6 gives 

J([i,[H,[ii,vi,v-i) < C n (\\u 1 \\ Ei \\u 2 \\ En + \\ui\\ En \\u 2 \\ Ei ), Wi\ > 1^2 1- (2.91) 

Let \ui\ < \v 2 \ in (2.86). As above we can choose \[L\\ < \vi\ and \[i 2 \ < N — \ui\. 
Application of the inequality (2.84) to the two terms in (2.86) gives 



,3/2-p 



J{[i,[ii,[i 2 ,vi,v 2 ) < Cjv(||(/i,0)|| m \\a 2 \\ p D 1/2 II«2|Id' 

V l"ll 1 + N-\ V1 \ I 

It now follows from the definition of the norms that 

J(p,Pi,to,^,V2)<C n (\\ Ul \\ E ,\\M P e~ 1/2 l \M\T~' (2-92) 

V N + l-\v 1 \ N-\v 1 \ 

+ IKIU IKIIiT 1/2 \\ u i\\e 2 ~ p )> kil < H- 

Application of Corollary 2.6 to the terms (||wi||r 11^2 ||r )p~ 1 / 2 and 

1 1/! I iV + l-|"ll 

(II^iIIr II ^2 II K ) 3 / 2- ^ and the corresponding terms with ui and u 2 permuted in 

1 1/! I JV-|"2l 

(2.92), gives 



J{[i,[ii,[i 2 ,vi,v 2 ) < C n (\u x \\ e \\u 2 \\ En ^ + |K|| Sjv+i IKIIi?) (2.93) 

(IKIUJI^II^ + IKII^NII^) 372 ^, N<H- 
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Factorization of the right-hand side of (2.91) into a factor with exponent p — 1/2 and a 
factor with exponent 3/2 — p and the application of Corollary 2.6 to the terms in the first 
factor show that (2.93) is also true for \v\\ > \v 2 \. This proves the second statement of the 
lemma for N > 1. The case A = is the same as in the first statement of the lemma. 

The first statement of the lemma for N > 1 follows from the second by application of 
Corollary 2.6 to the factor with exponent 3/2 — p. 

Finally statement iii) follows from (2.82), application of estimate (2.83) to one of the 
terms ||M m |/i||q!2||| L 2 or ||M m |/2||q!i||| L 2, and application to the other terms of estimate 
(2.84). This proves the lemma. 

Corollary 2.18. If u G E^ and X ell, then 

11^(^)11^ < ^^(II^II^JI^II^) 3/2 -^(ll^ll^ ll^ll^^,)^- 172 , N>1, 

and 

\\T^(u)\\ E <C\\u\\ E \\u\\ E _, A>0. 



J JV ~" " " N+l ' 



We shall need an analogy of Lemma 2.17 and Corollary 2.18 for Ty = T Y +Ty, where 
Y G IF, the basis for the enveloping algebra U(p). 

Lemma 2.19. If ui, . . . ,u n G and Y G IT', then 

i) \\TY(u 1 ®---®u n )\\ EN < Cj^ II IKIIeKJIe^^, 

i l</<n-l 

for n > 1, N > and 

ii) \\TY(u 1 ®---®u n )\\ Eif 

i 1=3 i 1=3 

for n > 2 and \Y\ + N > 1. Here the summation is over all permutation i of (1, ... ,n) 
and the constant C depends on \Y\, n, N, p. 

Proof. We prove the first statement by induction. It is true for Y = I, because Ti(u) = u. 
It follows from Lemma 2.17 that it is also true for Y = X G II. Suppose it is true for 
\Y\ < L. If Y' = YX, \Y\ < L, A G n, then it follows from definition (1.9) of T YX that 
with I q = ® q I, I = identity in E, 

T YX = E T?(I q ®T x ®I n - q -i)T n + J2 T2-\l q ®T x ®I n _ q _ 2 )T n , (2.94) 

0<q<n-l 0<q<n-2 

where r n is the normalized symmetrization operator on ® E (= E®E® ■ ■ ■ ®E, n times). 
By the induction hypothesis we have, after reindexation for n > 2, 

\\Tr P+ \l q ®T X ® I n - q - p )(r n ®? =1 Uj )\\e 



< C ^2\\ u ii\\E - ■ - \\ u i 



N 
2\\E 



Wi n „A\ E \\ T xU ln \\E ]Y]+N + H T x^„-ilUkJl£ |y|+ J 5 P= 1,2, n-p > 0. 
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Since, according to the definition of || • \\ E and Corollary 2.6 

\\ u i n -i \\E\\Tx u in We + \\Tx u i n -i \\E\\ u i n We 

<C (\\Ui „_i II _E H^i n \\E ^ \\ u i n ~i\\E W u i n \\Eh 

VII n 1II.CII n ll-C-|y| +1+Ar II n 1 II | + 1 + JV " rill-W 

and since the case n = 1 is trivial, we obtain 

||Tr P+1 (/ 9 <S> T£ <g) J„_ g _ p )(r„ ®y =1 % )|| Sjv (2.95) 

n-l 

^ C "Z1II K^IKH^^,' n>l,p = l,2,n-p>0. 

i j'=l 

Formula (2.94) and inequality (2.95) prove, after changing the constant C, that the first 
statement of the lemma is true for \Y'\ = L + 1. So, by induction it is true for all \Y\ > 0. 
According to Theorem 2.4 of [20] we have, for X e II and Z e IT', 

T xz = E J^T x (T%®T%)r n + T x T^ n>2, (2.96) 

n 1 +n 2 =n Z,2 

where ^2 Z2 is a sum over a subset of couples (Zi, Z2) with Zj e IT' and < |Zj| < |Z|, 
|Zi| + IZ2I = |Z| and where r n is the normalized symmetrization operator on ® n E. Let 
Y = XZ,X e n, Z e IT, let /, e £^,1 < / < ni ,gj e E^l < j < n 2 , and let 
/ = f\ <S> • • • <S> f ni 7 9 = 9i <8> • • • ® (7n 2 • According to statement ii) of Lemma 2.17, we obtain 

\\T%(T5Hf)®T%(g))\\E N (2-97) 

(II^H^II^JI^^IU + IIT^H^IUIIT^^II^)^ 172 , N>0. 

Let N > 1. Then it follows from the first inequality of Lemma 2.19 which is already proved 
and from the second inequality of Corollary 2.6, that 

K^M^O/)!!*, + IIT-^H^IIT-^II^ (2.98) 
< Cn,u,\z\ E II /'a lb ' ' ' ll/i ni Ibll^ja He • • • \\9j n2 We 

1,3 

(II/iiII^ +|ZiI II^iIIb 1+|Z2| + \\fh\\E 1+lz j9h\\E N+lz J 

^ ^N,n,\z\ E H^ 2 We' " \\fi ni llsll^'2 He " ' \\9j n2 We 

1,3 

(\\flA\E N+ j93A\ El + \\fiA\ E MK + J> N>1. 
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For the last inequality we have also used that \Zi\ + \Z 2 \ = \Z\. We obtain in the same 
way for iV > 0, 



\\TTAf)\\E N jTTA9)\\ E + \\T^(f)\\ E \\TT 2 (9)\\ EN+1 (2-99) 

< CN,n,\Z\ ^2 H/'allfi ' ' ' \\fl ni HeII^IIe ' ' ' \\9n 2 \\ E 



1,3 

(\\fiA\E N+lz J\g s A\E + 11^11.11^11^,^), n>o. 

Let w-i, . . . , u n G -Eqc- Then it follows from inequalities (2.97), (2.98) and (2.99) that 

\\T${T% ®T n z l)r n {®Uui)\\ EN (2-100) 



< Cn,u,\z\ ( ^ H^ii Hs JV+|z| IK2 IIe x IKs He " ' IK™ He 



3/2-p 



y 1 2 

KIIe w|+1 IK 2 |Ie---IKJIeJ 



/v^,, , , , \3/2-p 

< Cn,u,\z\ y H^ii Hs JV+|z| IK 2 \\e 1 IKsIIe ' ' ' IK™ He J 

i 

2^ H^i He jv+|z|+1 IK2 IIEj \\ u is We " ' ll u i„ Wej 5 N > 1. 

i 

Let /i, . . . , / ni , (71, . . . , (7 n2 , /, (7 be defined as previously. Statement iii) of Lemma 2.17 
gives 

II^KT^C/)®^^))^ < Cmin(||T- i H/)|UJ|T-(^)||^; 1/2 ||T-U)||5/ 2 -^ (2.101) 

\\m (/) ir s ; 1/2 iiT-(/) n 3 £ /2 - p iiT- ^ n Bi ) . 

It follows from the first inequality of Lemma 2.19 that 

ll^ 1 H/)|| s J|T-(^)||^ 1/2 ||T-(^)|| 3 i o 2 -'' (2.102) 

< C|z|,n^2^ ll/'i ll^i+i^ WI^We ■ ■ ■ \\Si ni WeWh lls 1+|Z3l 11^2 He • • • ll^„ 2 He J 

1,3 

( 2 ^ H^i ll^i+iz | H/^IIe • • • IIeII^'JIe^ lw 2 He • • • lw„ 2 He J 

Inequalities (2.101) and (2.102) give 
||Tl(T^ ® T^)r n (^ =1% )|| s < C n> | Z | min(Q(|Zi|, \Z 2 \\ Q(\Z 2 \, |Zi|)), n > 2, (2.103) 
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where 



^p-1/2 
3/2-p 



Q(|Zi|, \Z 2 \) = ^2^\\ u ii We 1+]Zi] \Wi2 We 1+}Z2] K 3 We--- KJIs ) (2.104) 

i 

(zZW U hWe^^ \\Ui 2 \\ E , 7 .IKJIe"'!!"* 

\ ^— ' 1 + \ z l I I ^2 I 

i 

If |Zi| = \Z 2 \ = 0, then 

<5(0,0)< ^2^ll Ui ills 1 ll u <2lls 1 ll u i 3 ||B---|pi„llBj (2.105a) 

i 

I 2 II Ui i \\E\\ u i2 \\e 1 \\ u i3 We ' ' ' \\ u i n We J 



^3 We ' ' ' II u i n We 
,p-i/2 

3/2-p 



If \Zi\ = \Z 2 \ > 1, then 1 + \Z\\ < \Z\, so it follows from the second inequality of 
Corollary 2.6 that 

p-l/2 



Q(\Zi\, \Z 2 \) < C'^2^ll u *illB 1+|z| ll u <2ll£; 1 ll«i3llB---|l u inllsJ (2.105b) 

i 

/V^n i i i \ 3/2_p , i i i 

^2JKills | JK2lls 1 IK 3 lls---|KJsJ , |Zi| = |Z 2 |>l. 

i 

If |Zi| < |Z 2 |, then \Zi \ + 1 < \Z 2 \, so it follows from Corollary 2.6 that 

Q(\Zi\, \Z 2 \) < C\y^\\u %1 \\ lMZ \\\u l2 \\ E Ju i3 \\ E - ■ - \\u ln \\ E J (2.105c) 

i 

y W u i\ lis IK2 IKs lis ' ' ' \\ u iu We J > \Zi\<\Z2\. 

i 

It follows from inequalities (2.103) and (2.105) that 

||Tl(T-®T-)r n (^ =1 ^-)ll E (2-106) 

< Cn,|Z| ( ^ ||«ii lls i+ ll U *2 \\e i W U i3 We" ' ll U ir 

3/2-p 



x p-l/2 

Is 



(E 



H-E| Z 11^*2 IISj 11^3 IIS ' ' ' ll U in US 



where \Z X \ + \Z 2 \ = \Z\. Inequalities (2.100) and (2.106) show that 

W T x{ T zl ® T zt) T n{® r j=i u i)\\E N (2-107) 

< Cn,u,\z\ W u n We n+}z] W u i2 \\e 1 W u i 3 We" ' IK™ lis) 

i 

0-1/2 



3/2-p 



y W u i\ lis JK2 HsJKs lis ' ' ' W u i n We J > A > 0, 
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where \Z X \ + \Z 2 \ = \Z\, \Zj\ > 0, n > 2. 

We now prove the second statement of the lemma by induction in \Y\, Y = XZ, 
using formula (2.96). If \Y\ = then the statement is true since T£ = for n > 2. Let 
\Y\ = L + 1. Then, supposing inequality ii) of the lemma true for all \Y\ < L, we get 



\\T l x n{®U u i)\\E N < \\Tz(®U u Me n+1 (2-108) 

ti 3/2 p 

< C\ z \,N,n(Yl W u *We 11^2 lis, II H Ui « We) 

i 1=3 

(yi iiwtiiii^ hi 2 \\ El n \\ u h\\e) 

i 1=3 

It now follows from equality (2.96) and inequalities (2.107) and (2.108) that inequality ii) 
of the lemma is true. This proves the lemma. 

According to Lemma 2.19 Ty, Y G IT', has continuous extensions to spaces larger than 
Eqq. These extensions are denoted by the same symbol Ty. 

Remark 2.20. Let Y E H' and A > 0. Then Ty is a continuous linear map from 

<S> £\2v+|y| to E^. 

Lemma 2.19 immediately gives estimates for the polynomial Ty. 

Corollary 2.21. Ty,Y G II' is a continuous polynomial from En+\y\ to En satisfying: 

i) \\T y (u)\\ En <C n , ]y] (\\u\\ e )\\u\\ En+ ^, 

ii) \\Ty{u)\\ En < C n ^ y \{\\u\\ e )\\u\\ e \\u\\ En+ ^^ 

i") \\Ty(u)\\ En < ^jrKlkll^lkll^llkll^^^^^-lklirX,' 
where Cn,\y\ is an increasing continuous function and Ty = Ty — T Y . 

Let Y i— > a Y be a linear function from U(p) to a Banach space B. We introduce 
(cf. (2.38) of [20]) 

1/2 

Pn{o)= ( Mb) > N ^°- ( 2 - 109 ) 

Yen' 

\Y\<N 



When B = E we write p N instead of p N . According to definition (1.6a) of || ■ \\ E we have 

p N (T 1 (u)) = \\u\\ En , N>0. (2.110) 

We can now prove that the linear representation T 1 of U(p) is bounded by the nonlinear 
representation T, and vice- versa, on a ^-neighbourhood of zero in E^. 
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Theorem 2.22. There is a neighbourhood O of zero in E such that for u G En D O: 

i) p N (T(u)) < C n \\u\\ En , A>0, 

ii) \\u\\ En < C N p N (T(u)), < A < 1, 

iii) Hull^ < F N ( Pl (T(u)))p N (T(u)), A > 0. 

Here Cn is a constant and F^ an increasing continuous function, only depending on the 
neighbourhood O. 

Proof. For K > we define O = {u G E\\\u\\ E < K}. Let Y G IT, \Y\ < A and A > 0. It 
follows from i) of Corollary 2.21 that for u G E N fl O, 

\\T Y {u)\\ E < C 0>m (||«|| B )||«|| B|ir| < C q ,\ y \{K)\\u\\ En . 

Summation over Y G IT', \Y\ < A now gives inequality i) of the theorem for A > 0. 

To prove the second inequality we note that it is true for A = and that, according 
to ii) of Corollary 2.21, 



PiCT(«))<( £ (Co^Y\(\\u\\ E )\\u\\ E \\u\\ E]Y f) 



1/2 



\Y\<1 



< C(K)K\\u\\ E , ueE l nO, 

where C(K) is continuous and increasing in K > 0. For a given x, < x < 1, we choose 
K such that C{K)K < X - Then 

p 1 (f(u))< x \\u\\ E , ueE 1 nO. 



Since \\u\\ Ei = p^u) < pi(T(u)) + pi(T(u)) we obtain ^ < xlMI^ + Pi( T <») 5 
which gives 

\\u\\ Ei <(i-x) _1 Pi(r(«)), wG^nO, (2.111) 

where < x < 1- This proves inequality ii). 

We prove the third inequality by induction. It follows from inequality ii) that it is 
true for A = and A = 1. Suppose it is true up to A — 1, A > 1. Then inequality iii) of 
Corollary 2.21 gives for \Y \ < A, Y G IT, 



3/2— p I, || p— 1/2 



ii2v(«)ii B < c 0> |y|(iioii«ii Bl ii«iis;:rii«ii? 



3/2-p N ||p— 1/2 



A? 



where inequality ii) and the induction hypothesis were used for the second inequality. Since 
< p N (T(u)) + p N (T(u)) we get after summation over Y 

\H\e n < p N {T{u))+H N {p 1 (T(u)))p N _ 1 {T{u)f' 2 -P\\u\\ p E ^ / \ (2.112) 
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where is an increasing continuous function depending only on K. Since p 1 (T(u)) = 
Pn-i(T(u)) = if p N {T{u)) = 0,N > 1, it follows from (2.112) that inequality iii) of the 
theorem is true for p N (T(u)) = 0. Let p N (T(u)) > and let x = \\u\\ E / p N {T{u)). Since 
p N _ 1 {T{u)) < p N (T(u)), inequality (2.112) gives 

x < 1 + A N x p ~ 1/2 , x>0, (2.113) 

where An = Hn(p 1 (T(u))). If x < 1 it then follows from the definition of x that inequality 
iii) of the theorem is true. If x > 1, it then follows from (2.113) that x < 1 + A N x x l 2 , since 
< p < 1/2, which shows that x 1 ' 2 < A N /2 + ((A N /2) 2 + l) 1 / 2 < 2((A N /2) 2 + l) 1 / 2 . 
So x < A 2 N + 4 and \\u\\ E < (A 2 N + A)p N {T{u)), which proves that inequality iii) of the 
theorem is also true for x > 1. This proves the theorem. 
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3. The asymptotic nonlinear representation. 

If we suppose that the limit (1.17c) exists and that t i— > u(t) = Q + (U^^ tP( ^(v)) is 
a solution of the evolution equation (1.2), then we can easily find the explicit expressions 

(1.17a) and (1.17b) of U ( g + \ g e V , since the Maxwell-Dirac equations are manifestly 
covariant. Let T(+) be the Lie algebra representation of p which is the differential of U^ + \ 
In this chapter we shall prove that U { g +) maps into E^, for N sufficiently large, that 
Tx~ maps into E^ and deduce properties of the C n -vectors of U^ + \ We give a direct 

proof (theorem 3.14) of the fact that X \— > is a representation of p. We return to the 
question of the existence of the limit (1.17c) in chapter 6. 

To begin with we study the phase function in (1.23a) of the definition of U^ + K 

Lemma 3.1. Let f be a continuous function on D = {(t, x) E M. x R 3 |t > \x\ and t > 0}, 
which is absolutely Lebesgue integrable on every half-line in D starting at the origin, f is 
defined to be zero outside D Q . Let 

g(k) = f(ru;(k)/m,Tk/m)dT, k e M 3 , w(k) = (m 2 + k 2 ) 1/2 . 
Jo 

i) if f{t, x)=OforO<t<landfe L°°(R+, L 2 (R 3 )), then, 

\\(u(-id))-*g\\ L2 <Csup\\f(t)\\ L2 , 

t>i 

ii) if the function (t,x) i— > (1 + t)(l + t — \x\) e f{t, x) belongs to L°°(D ), where ui{k) = 
(m 2 + k 2 ) 1/2 and u(-id) = (m 2 + | — z^| 2 ) 1 / 2 = (m 2 - A) 1 / 2 , then, 

771 

\g(k)\ < -77T(ln(l + 2(u(k)/m) 2 ) + e" 1 ) sup ((1 + t)(l + t- \x\) s \f(t, x)\), e > 0. 

Proof To prove the first statement of the lemma, let D 1 = {(t,x) G MxR 3 |t > (l+|x| 2 ) 1/2 } 
and let 

/•l poo 

9o(k) = J f(ruj(k)/m,Tk/m)dT, gi(k) = J f{ruj{k)/m,Tk/m)dT. (3.1) 
For gi, Schwarz inequality gives 

a °° <- X 1 / 2 / f°° c \ 1/2 

r- 25 dr) ( J T 26 \f(TUj{k)/m,rk/m)\ 2 dr) 

/ f°° \ I/ 2 

< \Cs J T 2S \f(Tu(k)/m,Tk/m)\ 2 dT) , 6>l/2. 

Plancherel theorem now gives 

||w(-za)" 2 5ri||| 2 = \\uj~ 2 g\\ 2 L2 

<C S [ dk [ dTT 2S \f(ruj(k)/m,Tk/m)\ 2 u(k)- 4 . 
Jr 3 Ji 
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Making the variable transformation t = ruj{k)/m, x = rk/m, with Jacobian equal to 
m 2 T 3 /u(k), in the right-hand side of the last inequality and using the fact that u(k) = 
mt/r, we obtain 

\\u(-id)- 2 gi \\l 2 <C S [ \f(t,x)\ 2 (l - (x/t) 2 ) s t 25 - 3 m- 5 dtdx. 

Jd 1 

Since t > 1 in D 1 we obtain, choosing 1/2 < S < 1, 

\\oj(-id)- 2 gi \\ 2 L2 <C>- 5 sup||/(t)|| 2 L2 . (3.2) 

t>i 

For go, we have by Schwarz inequality 



\9o(k)\ 2 < [ \f(ru;(k)/m,Tk/m)\ 2 dr. 
Jo 



Multiplication by u(k) 4 , integration on k and changing variables as in the case for gi 
give, since D 1 C D , 

\\uj(-id)- 2 g Q \\ 2 L 2 < I \f(t,x)\ 2 t- s m- 5 dtdx. 
Jd - Di 

Since t > 1 in the support of /, we obtain 

\\u{-id)- 2 g \\ 2 L2 < Cm- 5 sup||/(t)||l 2 . (3.3) 

t>i 

Definition (3.1), inequalities (3.2) and (3.3) prove statement i) of the lemma. 
To prove the second statement, let 

C= sup ((l+ t )(l + t-\x\r\f(t,x)\). 

(t,x)eD Q 

It follows from the definition of g that 

POO 

\g(k)\ <C (1 + ™(/c)/m) _1 (l + roj(k)/m - T\k\/m)- e dT. 
Jo 

Since u(k) — \k\ > m 2 /(2u(k)) we obtain, with t = ru>(k)/m, 

poo 

\9(k)\<C^- / (l+t)-\l+tm 2 /(2u(k) 2 ))- s dt 

r 2{u{k)/m) 2 r oo 

<C— - / (l+t)~ 1 dt+ / t-( 1+£ Ut (2(iv(k)/m) 2 ) s ) 

^{k) Wo J2(uj(k)/mY J 



c '^i) (ln(1+2Mfc)/m)2)+£ " 1) ' 
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which proves the last statement of the lemma. 

In the case where / in Lemma 3.1 is a solution of the wave equation and if the spatial 
Fourier transform of / vanishes in a neighbourhood of zero, then g exists and its L°°-norm 
can be estimated directly in terms of weighted L 2 -norms of the Fourier transform of the 
initial data. We recall that M£, p e] — 1/2, oof, was defined in Theorem 2.9, and since 
there is no possibility of confusion we keep the previous notation p(t,x) = (t 2 — Ix] 2 ) 1 ^ 2 
for \t\ > \x\. 

Lemma 3.2. Let (h, h) E M§, let 

f(t, x) = Xo (p(t, x)) (cos((-A) 1 / 2 t)/i + (-A)" 1 / 2 sin((-A) 1/2 t)/i) (x), 
where Xo £ C°°([0, oof), and let g be defined as in Lemma 3.1. 

i) if -1/2 < p, a, b E R, a- p > -1/2, a - p-b < -1/2 and if < x (r) < 1 for 
t E [0, oo[, x (t) = 1 for t > 2, then 

\\g\\ L ~ <C p , a , b \\\V\- a (l + \V\) b (h,h)\\ MP . 

ii) 7/1/2 < p < 1, and if Xo( T ) = for t > 2, then 

\\u^ 2 -Pg\\ Loo <C p \\{Kh)\\ MP . 

Before proving the lemma we remark that the definition of g makes sense. In fact 
if (h, h) is as in the lemma, then / is absolutely integrable on half-lines starting at the 
origin according to Proposition 2.15. Since M£ is dense in according to Theorem 2.9, 
it follows from the inequality in Lemma 3.2 that the linear map (h,h) h- > g has a unique 
continuous extension to the Hilbert space |V|°(1 + |V|) _b M p . 

Proof. To prove statement i), let < r < R be such that the supports of h and h are 
contained in {p E R|r < \p\ < R}. We extend the domain of definition of Xo to M by 
defining X o( T ) = for r < 0. Let <p E S(R), < <p(r) < 1, <p(r) = 1 for \t\ < 1 and 
(p(r) = for \t\ > 2. Let Xi = (1 - v)Xo and let e s W) ( res P- °i e S '( R )) be 
the inverse Fourier transform of V2nXo ( r esp. y/2nxi)- Since the derivative x'i e Co° 
it follows that s i— > s0i(s) is a function in S'(R), so Q\ restricted to R - {0} is a C°° 
function satisfying 9i(s) < A n (l + n > 0, s ^ for some constants A n . Since 

Xo~ Xi ^ Co°(IR— {0}) and since Xo~ Xi has bounded left and right derivatives of all orders 
at zero, it follows that 9 — d\ is an entire function satisfying \6(s) — 0i(s)| < A(l + 
s6i, for some A > 0. Therefore 

\6(s)\ < A\s\~\ s^0, (3.4a) 

for some constant A. 

Since h E S(R 3 ), we get by Fourier transformation 

{e i£T0J ^ v ^ m h){rk/m) 

= (2tt)- 3 / 2 J e iT ^ k ^ £+k - p ^ m h(p)dp, TERSER 3 . 
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This gives 

/oo 
{e ^(k)M/ mh){Tk/m)xo{T)dT 
-oo 

= (2tt)- 3 / 2 J x {r)e lT ^ k) ^ e+k - p)/m h{p)dpdT. 
Since ±(w(k)\p\ + ek ■ p) > {2u{k))- 1 m\p\ > {2oo{k))- 1 mr in the support of h, we obtain 

/oo 
(e ieTUJ ^ v \/ m h)(Tk/m)x (T)dT (3.4b) 
-oo 

= (2tt)- 2 y 6>(m _1 (£w(/c)H + k.p))h(p)dp, 

where according to (3.4a) 

|0(m -1 (£o;(A;)|p| + k ■ p))\ < Am\u(k)\p\ + ek ■ p\~ x < 2Au(k)/(m\p\), \p\ > 0. 
Let d, b G R, d > — 1/2 and d — b< —1/2. Schwarz inequality and Plancherel theorem give 

/oo 
( e «™(fc)|v|/m^( rA ./ m j Xo ( r j dr | (3_ 5 ) 
-oo 

< ( / ^(m-^^Cfc)^! + - P ))| 2 b| 2d (i + b|)- 2fc ^) 1/2 |||vr d (i + |V|)^|L 2 . 

X Jr<\v\<R ' 



'r<\p\<R 

Let F e (s) = e J^°° \6(£)\ 2 d£. Then < F e (s) < B\s\~\ for es > 0, e = ± and some B > 0. 
We have 



I(k)= [ \6{m- l {euj{k)\p\ + k-p))\ 2 \p\ 2d (l + \p\)- 2h dp 

Jr<\p\<R 

pR rlT 

= 2ir / d\p\\p\ 2+2d (l + \p\)- 2b / rfz/sinz/|6'(m- 1 (£w(A;)|p| + cosi/|fc||p|))| : 



= 2tt / rfb||p| 1+2d (l + IpD-^mlfel-^FeCm-^CwCA;) - 

J\p\>r 

-Feim-h^ + lkDlpD). 

This gives I(k) < Cd,b to(k) for \k\ > m. It follows directly from the definition of I(k) and 
from inequality |e(m' _1 (ea;(A;)|p| + -p))| < C|p| _1 for < m, \p\ > 0, that Z(fc) < C' d b 
for | A; | < m. Inequality (3.5) now gives 

/oo 
{e i£Tu; ^ v ^ m h){Tk/m)xo{r)dT\ (3.6) 
-oo 

< C d)& |||V|- d (l + \V\) b h\\ L2 , d > -1/2, d-b< -1/2. 
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Since 



/oo 
f(ruj(k)/m, Tk/m)dr 
-oo 



— oo 



< 



and 

f(roj(k)/m,rk/m) = ^( e «™( fc )l v l/ m ^ - i e «™( fc )l v l/"»|V|- 1 /i), 

2 e=± 

the inequality in the lemma follows from (3.6) with ft and (3.6) with |V| _1 /i instead of h 
and by defining a = d + p. This proves statement i) of the lemma. 

To prove statement ii) of the lemma, we observe that in this case, instead of inequality 
(3.4a), we have 

\0(s)\ < A(l + |s|)-\ seR. 
In the same way as we obtained (3.5), it now follows that 

(e i£TU! ^ v ^ m h)(Tk/m)xo(r)dT\ 

(J |6»(m- 1 (ew(A;)b| + A;-p))| 2 |pr 2 ''^) 1/2 |||V| p ft|| L2 , 1/2 < p < 1. 

The last two inequalities give that 

(e ieTOJ WW/ m h)(Tk/m)xo(T)dT\ 

o 

< C p (u;(k))- 3 / 2+ P\\\V\ p h\\ L2 , 1/2 <p< 1. 

The inequality of statement ii) now follows as in the proof of statement i) . This proves the 
lemma. 

We are now ready to study the phase function in the definitions (1.17a) and (1.17b) 
of lf( + \ For (/, /) e 1/2 < p < 1, we introduce, if X = a^, 

/•OO 

(^ x (fJ))(k)= fl^HB^Klrfr, 0<z/<3, £ = ±, (3.7) 
./o 

where Z° = u(k),P e = -ekj, 1 < j < 3, 

B'+^f) = cosU-A) 1 ^ + (-A)~ 1/2 sin((-A) 1/2 t)/ M , (3.8a) 

< )1 w = |4 +)1 w> ( 3 - 8b ) 

sjJ )1 (t) = a i sW 1 (t), 1<J<3, 

and where Xo e C°°([0, oo[), x ( s ) = 1 for s > 2 and < Xo( s ) — 1- We use Einstein's 
summation convention over ^ and v in (3.7). It follows directly from Proposition 2.15 and 
statement ii) of Lemma 3.1 that k t— > ($> s ,x(f, f))(k) is a C°° function for (/, /) e M^. 
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We denote by $ e (/, /) the linear map X ^ ® e ,x(f, f) from M 4 to C°°(M 3 ). 
To state the next proposition we note that 

V [ m } =- £ 77r^)> 1<*<3,£ = ±, (3.96) 

0i OKj 

are the generators for a representation 7p e ) of so(3, 1) on C°°(IR 3 , C) and that the matrices 
n^, < p < v < 3, in (1.5) define a representation which we denote X 1— > n x of so(3, 1) 
inC 4 . 

Proposition 3.3. Let N > be an integer and II" be the restriction of the standard basis 
IT ofU(p) to the enveloping algebra £/"(so(3, 1)). Then 



i) J2 ^- 5/2 -^ £) ^(/J)llL 2 <^a, b |l(l-A) & / 2 (/,/)|| 



1V1 N 



yen" 
ir|<AT 



if (1 - A) b / 2 (/, /) G -1/2 < p < 3/2, a > 0, b > 3/2 - p, 

ii) £ Hw-^^c/.^iLco^Cp^lKi-A)*/^/,/)!! 



yen" 

I VI < AT 



(1 - A) b / 2 (/, /) G -1/2 < p < 3/2, b > 3/2 - p, 

iii) E l(^ e) ^(/,/)WI<^(l + ln(l + ^(fc)/m))||(/,/)|| 

yen" 
|y|<7v 

if(fJ)eM p N+3 , l/2<p<l. 



iV+3 



Proof. Let (/, /) G M c , where M c is defined in Theorem 2.9. The initial conditions 
f^\ fl^ of the solution B UfX , given by (3.8b), of the wave equation satisfy 

IHVra - A) b / 2 (/M, /<">)|| M , < ||(1 - A)^ (/ , /)||^, 6 g R. 

It follows from definition (3.7) of $ e ,x, X G p, and from Lemma 3.2 (with a = 1) that 

ll"- 1 *^/,/)^- <C p , 6 ||(l-A) b / 2 (/,/)|| K , (3.10) 

where e = ±, < v < 3, —1/2 < p < 3/2, 6 > 3/2 — p. We define a group representation 
e = ±, of SL(2, C) on the space of distributions r G 5"(IR 3 , C 4 ) by 

(vj e) r)(fc) = A(A)F^(A(A)-\u J (k), -sk)), 

where A 1— > A(A) is the canonical projection of 5'L(2,C) onto >SO(3, 1) and where the 
function F^:{p G R 4 |po > Q^P^Pfi = w 2 } — > C 4 is given by F^ e \uj(k), —ek) = r(k). 
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Let rl e \fj) = $ e ,p„ (/,/). It follows from definition (3.7) of $ £ , x that v{ e) r^(fj) = 
^ £ H^(oa)(/> /))• Since the differential of is the Lie algebra representation ?/ e ) + n 
and since (/, /) G M c C M£,, it follows that 

V$**,pMJ) + (n x r^ e , P ,(fJ) = $> £ ,p„(Tx 1 (fi /))> XG P , (3.11) 

so 

^l4 ) $ £ ^(/j))<c^(|$ e ,p i ,(T^ 1 (/,/))| + |$ e ^(/,/)|), ienn so (3,i), 

which extends to the enveloping algebra: 

El#^(/./)l< c mE E l*e,p„(2z"(/,/))|, ^n". (3.12) 

f ^ zen" 

|z|<m 

The inequality in statement ii) of the proposition, for (/, /) G M c , now follows from 
inequality (3.10) and inequality (3.11), since 

H(i - A) b / 2 T$ I1 (f, f)\\ MP < q n j(i - A) fe / 2 (/, /)|| M p , y e n", |y| < at. 

We note that M c is dense in according to Theorem 2.19. So M c is dense in which 
proves statement ii). Statement i) follows trivially from statement ii). 

To prove statement iii) we suppose that (/, /) G M c . It follows from statement ii) of 
Lemma 3.1 that 

/)|(*) < C(ln(l + 2(u;(k)/m) 2 ) + (3/2 - p)" 1 ) (3.13) 

sup((l+t)(l + t-|x|) 3 / 2 ^| J BW 1 (t,x)|), p<3/2. 
^ t>o 

t>\x\ 

According to definition (3.8) of B^ 1 , we obtain using Proposition 2.15 that statement iii) 
is true for = and (/, /) G M c . Inequality (3.12) then proves the inequality in state- 
ment iii) for (/, /) G M c . Since M c is dense in M^ +N , this proves the proposition. 

We now define rigourously T< + ) by T< + ) = T 1 + T(+) 2 , where T^ )2 = for 

< n < u < 3 and, if u = (/, /, a) G £; oo , < n < 3, 



(4t )2 W) A ( fc )=^(0,0,^($ £) P M (/,/))(fc)P £ (fc)a(fc)), (3.14) 

s=± 



Proposition 3.3 and the algebraic properties of T^ + ' will permit us to prove that T^ + ' 
is a nonlinear representation of p on E^. 
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Theorem 3.4. T^ + \ X G p is a continuous polynomial of degree two from to E^ 
and is a nonlinear representation of p on E^, 1/2 < p < 1. 

Proof. Tjf, X G p is a continuous linear map from E^ to E^ by the definition of E^. It 
follows from definition (3.9b) of ry^ , 1 < i < 3, and statement iii) of Proposition 3.3 that 

Oi 

3? e ,p„ is a continuous linear map from into the space of C°° functions on M 3 uniformly 

bounded together with their derivatives by a constant times the function k h- > (u;(/c)). 

This proves that the bilinear map M£ x -> S(M 3 , C 4 ) = defined by ((/, /), a) i-> 

&e,p„(f, f)Pe& is continuous, so T^-.E^ — > E 1 ^ is continuous. 
To prove that T^ + ) is a representation we have to show that 

^-4^=^, X,Yep. (3.15) 

Since T_^ +) = T\ for X G s/(2,C), (3.15) is true for X, Y G s/(2,C). It follows from 
definition (1.5) of T 1 and definition (3.9) of r/^ that 

(T^ 1 a) A = J2(v i x ) +^x)Pe&, Xeel(2,C), (3.16) 

e=± 

where X i— > cr x is the representation of sl(2,C) on C 4 defined by the matrices a^ u , 
< n < v < 3, and where P e is given by (1.16). A direct calculation shows that 

{-n x * e )» = $ e>[JW X G sl(2,C),0 < ^ < 3. (3.17) 

Formulas (3.11), (3.16) and (3.17) give (since rf^ is a derivation and since T® 1 commutes 
with the projector P e {-id)) with X G st(2, Cjjel 4 , 

(T™{fJ,a)) A = (T^T# 2 (/,/,a)) A (3.18) 
= i £ fa£> + a x )d> £ , y (/, /)(P e (-i0)a)* 

e=± 



e=± 

= zE(^(T| fl (/,/))+$ e , [ ^ ] (/,/))(P £ Ha)a) A 

e=± 

+ zE^(/,/))(^Ha)Ti ,1 a) A . 



e=± 

On the other hand we have 

-.-D2 / f i \\A // T^rnD2 rpl W f h „\\A 



(^(/,/,«)) A = {{DTy -Tx){fi /, a)) (3.19) 
= i E * e ,Y{T%\f, f))(Pe(-id)ar + i E f))(P e (-id)T^a)\ 

e=± e=± 
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Equalities (3.18) and (3.19) give 

((4^ 2 -4 + i D2 )a/ 5 «)) A = ^E^[^](/'/)(^(-^)«) A ( 3 - 2 °) 



e=± 



= ( T [x]?]Ui f^))\ Xe «l(2, C), Y e R\ 

where the last step follows from definition (3.14) and from the fact that [-X",Y] is in the 
subalgebra M 4 of p. This proves equality (3.15) for X E sl(2, C), Y E 1R 4 , since [T^T 1 ,] = 
Tfx^y Now let 1,7 G R 4 ; then for u = (/, /, a) E E^ 

(T£> D (u)r = ((DT^ D .T^)(u)r (3.21) 
= (T { x +)D1 T^ D (u)) A + {{DT^ )D2 .T^ +) ){ur 

= (T { x +)D % +)D ( U )r +i J2 ®e,x{T¥\fJ)){Pe{-id)ar 

e=± 

+ ^$ £ ,x(/,/)(P £ Ha)(TW D (n)) A 

e=± 

= (T^ar+zJ2 ^e,Y(fJ)(Pe(-id)T^ar 
+ iJ2*eMT¥HfJ))(Pe(-id)ar 

e,X 

+ zJ2®eMfJ)(Pe(-*d)T° 1 a) A 

e=± 

" £ * B ,xUJ)P***,Y{f>i)P e '&- 
e,e'=± 

It follows from (3.21) that for 1,7 Gl 4 

((4 + ^-4^)(«)) A (3-22) 

= Z J> e ,x(T,f /)) " QeAT^if, f))){Pe{-ld)a)\ 

e 

It follows from definitions (3.7) of $ and (3.8) of B that 

$ e , x (Tf 1 (/,/))-$ e) y(T| fl (/,/))=0, X,YGM 4 , (3.23) 
which according to (3.22) shows that (3.15) is true for 1,7 G M 4 . This proves the theorem. 

Lemma 3.5. //(/, /, a) E E^, \ < p <1, 0<^<3, e = ±, < a < 1 and \-p <b <1, 
then 

i) II^,p,(/,/)«IIl 2 < C„\\(fJ\\ MS \\u,(-id) a a\\ Do 

<Cj,all(/,/)ll^ll«llD7ll«(-^)«IIS) . 

ii) ll^,P M (/,/)&|| La < Cp,6||(l - ^) 6/2 (/, /)||^||^(-^)c||^ o 

<^6II(/,/)II^ 6 II(i-a) 1/2 (/,/)IIkIK-^)«IId - 
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Proof. It follows from statement iii) of Proposition 3.3 that 

\\®e,pAfj)a\\ L2 < \\u- a * e ,pM,f)\\L-\\u a &\\ L ' 

<Cp,a||(/,/)||M 3 IK«llL 2 , a>0. 

Since ||a; a Q:|| L 2 < ll^l - ^) Ck lli / 2 ||a||^ a , < a < 1, we obtain the inequality in statement i). 
We get using statement ii) of Proposition 3.3 

||$e,P„(/,/)a|| L 2 < ||^ _1 ^ e ,P,(/,/)||L-lk«llL2 

< C P>6 ||(1 - A) b / 2 (fJ)\\ K \\u(-td)a\\ L2 , b > 3/2 - p. 

Since ||o; 5 / 2 ~ p d;|| L 2 < ||^(— z<9) 3 a|| L2 < C||o;|| D and by Sobolev embedding ||u; 3 q;|| L oo < 

C\\(l - AV 3 a|| L2 < C'\\a\\ Da and ||(/«,/«)|U < C||Cf,/)|U. This P roves the first 
inequality in statement ii) of the lemma. The second follows from the first, since 

||(l-A) 6/2 (/,/)|| M ,<||(/,/)||^ 6 ||(l-A) 1/2 (/,/)|| 6 M , forKl. 

This proves the lemma. 

Lemma 3.6. Ifui,u 2 G E^, X ell, N > and § - p < a < 1, then 

i) \\T^ (u!(E)U2)\\ En <C n (\\u 1 \\ e Ju 2 \\ En+i + \\u 1 \\ En+i \\u 2 \\ Ei ), 

ii) \\T { x +)2 ( Ul ®u 2 )\\ En < C N>a (\\ Ul \\ E3 \\u 2 II En + \\u 1 \\ E Ju 2 \\ E3 ) 1 - a 

(\\ui\\ E \\u 2 \\ E +\\ui\\ E \\u 2 \\ E ) a , 

iii) ||T^ +)2 (wi ®u 2 )\\ E < Cmin(||ui|| B JHIITIKIIr AW^We JKII^IMIe, )• 

o 1 o 1 

Proof. Let O^, z = 1,2, be two orderings on the basis IT of p and let LT^ be the canonical 
basis of U(p) corresponding to the ordering Oi. The norms on the space of C^-vectors 
given by (1.6a) corresponding to 0\ and 2 respectively, are equivalent. Let 0\ be an 
ordering such that P a < M^ v and 2 an ordering such that M < P a for < \i < v < 3 
and < a < 3. 

If Y G C/(st(2,C)), then T^ +) = Ty so it follows from (1.9) that T Y T^ )2 = T^ 2 for 
X G p. If moreover X G II HE 4 and F G H2, then YX G IT 2 . Since FX can be written, as 
it is seen by commutation, as a linear combination of elements Z' ' Z G Tl\, where Z' G M 4 , 
Z G Iii n f7(sl(2,C)) and |Z| < |F|, we get, remembering that T^ +)2 vanishes on sl(2,C) 

E E \\T^ 2 { Ul ®u 2 )\\l<C N E E H T xz 2 ( u i® u 2)||i, (3.24a) 
\Y\<NXe~n \z\<n xeii 

where the summation is taken over 



y g u(si(2, c)) nn;, z g t/(st(2, c)) n n;, 



(3.24b) 
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and ui, U2 G E^. 

It follows by definition (3.14) of T^ 2 that 

T^T^ )2 ( Ul ®u 2 ) (3.25) 
= 4 +)2 ((/ 1 ,/ 1 ,T^ 1 a 1 ) ® (f2,h,T^a 2 )), Y G t/(K 4 ), 

where (fi,fi,Oii) = u\ G -E^ for i = 1,2. Inequality (3.24a) with domain of summation 
(3.24b) and equality (3.25) give, using that different orderings on IT define equivalent 
norms, 

£ ||T«V ®« 2 )||! w (3.26a) 

^ £ E ll2& )2 ((A,A,2y <8> (/ 2 ,/2,2^ 1 « 2 ))iii ; , 

|y|+|z|<Ar xen 

with summation over 

Y eU(R 4 )nu' 2 , z e [f(si(2,c))nn' 2 . (3.26b) 

According to Theorem 2.4 of [20] (cf. (2.96)) and since T^ +) = T| for Z G U(sl{2,C)), it 
is enough to estimate 

I X (Z U Z 2 ,Y) = \\T { x +)2 (T^uY® T k u 2\\E, (3-27) 

x e n, Zi,z 2 g t/(st(2,c)) n n 2 , y g t/(R 4 ) n n 2 , |Zi| + |z 2 | + |y| < N, uj = 

(fi, fi^Ty 1 ^), in order to establish a bound on the right-hand side of (3.26a). It follows 
from definition (3.14) of T<+) and Lemma 3.5 that, for < a < 1 and 3/2 - p < b < 1, 

H^i +)2 (^i ^ 2 )ll^7 < ^(min A)ll^ 3 ll« 2 ||i > - a ||cc;(-ia)« 2 ||2> o , (3.28) 

Il(/i,/i)lli7 6 ll(i - A) 1 /^/!, /OHL-JkC-i^H^J 

+ min(||(/ 2 ,/ 2 )|| M3 ||a 1 ||^|| W Ha)a 1 ||^, 

ll(/2,/ 2 )||l7;||(l-A) 1 / 2 (/ 2 ,/ 2 )|| 6 M JK-^)a 1 || Do )), 

where -u^ = (fi,fi,ai) G -E 1 ^. Definition (3.27) and inequality (3.28) prove that 

/x^.^yJ^C^minOKA./OllM^.^II^II^,^,^!!!,,^^^, (3.29) 

ll(/.,/.)lll^ il IK/i.A)ll{, l , lltl ll«»ll D| ^ ltlv|tl ) 

+ m in(||(/ 1 ,/ 2 )|| M|Z3|+ J| ai ||-; |+|y| l|a 1 |fc |2i|+m+i , 

ll(A,A)IIJ^, 1 ll<»ill(A.A)ll5, w+1 l|a 1 || B| 
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It follows from (3.26a), (3.27) and (3.29) that for 3/2 - p < a < 1 and a = b 

(E UT^V ®« 2 )|||J V2 (3.30) 
< C N , a y~] ( min (UmiIIs ||w2||^~ a II^Hs 

V "^jV-L+3" "^JVo+n" "-^iVa+n + l 

N 1 +N 2 +n<N 



N 1 +N 2 +n<N 
II || 1 — a || || a || „ || \ 

«1 L til TP «2 p 

+ ™(ll«2|| BjV2+ ,||«l||^ + J|«l||l Wi+B+1 , 
ll«2|I^JI«2||^ a+1 l|«l|| Swi+B+i )) 

< C ka E (™(ll U lll^ 1+ . l|U2|l ^ l|U2|ll, - a+ i' 
N 1 +N 2 <N 

ii^i nir a ii^i ii^7 ikiu ) 

+ min (||m2|| s ll^i II^T^ IKIls 

V " "' c 'Ar 2 +3 11 "^jv-l " ll - c 'iv 1 +i 
\\U2\\ E \\ u 2\\e \\ u A\e ))• 

To prove statement iii) we observe that for N = 2, the right hand side of (3.30) is smaller 
than 

Cia{^(hl\\E.J\u2\\ E ~ a \\u 2 \\ a Ei , lluill^lluillsjl^bj 

+ min(||w 2 || E3 ||w 1 ||^- a ||w 1 |||; i , IHI^IKII^JMI^)) 
< 2C^^ min (H^ill^ ||^2||^~ a ||w,2 11^211^3 ll^-i ll^""!!-"! 11^) - 

To prove statement i) we choose on the right-hand side of (3.30) the second term in 
both minima. Since WuAl )T a \\ui\\ % < lluillzr we obtain the maiorization 

N 1 + N 2 <N 

In this expression no seminorm has a higher index than N + 1. Corollary 2.6 now gives, 
since Ni + N 2 < N, that the last expression is smaller than 

C'N,a(W Ul \\E 1 \\ U 2\\E N+1 + \\ui\\e n+1 \\u2\\ Ei ), N > 0, 

which proves statement i). 

To prove statement ii) we choose on the right-hand side of (3.30) the second term in 
the first minimum for N 2 < N — 1 and the first term for N 2 = N. A similar choice for the 
second minimum gives the following majorization of the last member of inequality (3.30): 
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c' Na ( V KII^IKIII Me +\\ME\\M 1 E~ a \\M a E 

N 1 +N 2 <N 
N 2 <N-1 



+ 



E\\U2\\ E a \\ u 2\\e \\ u i\\e + \\ u z\\e \\ u i\\e "IWiWe )• 

±N 2 <N 



N 1 +N 2 <N 
JVi<JV-l 



It follows, using the second inequality of Corollary 3.6, that this expression is bounded by 

c^JIKIIsglKH^ + IKIUJKHsg) 1-0 

(\\ui\\e 3 \\Me n+1 + \M\ Efr+1 \M\ E3 ) a , 3/2 - p < a < 1, AT > 0, 
which proves statement ii). This proves the lemma. 
Corollary 3.7. If N >0, u E E^ and X E U, then 

i) ||Ti +)2 («)||^<C JV ,a||«|| B ,||«|lt7ll«||| w+1 , 3/2-p<a<l, 

ii) \\t£~ )2 (u)\\ En <C n \\u\\ Ei \\u\\ En+i . 

The properties in Corollary 2.6 of the spaces E N and the estimates in Lemma 3.6 of 
Tx~ , X E p, lead to estimates of T y , F G IT'. The proof of this is so similar to that of 
Lemma 2.19 that we only state the result. 

Lemma 3.8. If ui, . . . ,u n G E^ and Y G IT', then 

i) \\T^ )n ( Ul ®---®u n )\\ EN <CJ2 II IMI^IKII^W,' forn>l,N>0, 



^3" n "^N+\Y\ 

i l</<n-l 

n , 

1 — a 



ii) ||4 +)n ( Ul ® • • • ® « n )|| Ejv < c (J] k n K Ik) 

i 1=2 

(Z)H Ui ill^ +m II Klk) ' 3/2-p<a<l, 

i i=2 

for n > 2 and |Y| + A" > 1. if ere i/ie summation is taken over all permutations i of 
(1, . . . ,n) and the constants C , C a depend on \Y\, n, N , p. 

To prove that the nonlinear representation majorizes the linear representation 
T 1 in E N we first need to prove this for E s . This can be done easily using the fact that 
a I— > ((/, /, a)) is a linear function for Y G £/"(IR 4 ). 

Lemma 3.9. Let u = (f, f, a) E E^, g = (/, /, 0) and u = (0,0, a). If Y E U(R 4 ) then 
T^ +)Dn (u <g> • • • (8) u) = nT^ +)Dn (g ®---®g®v), n > 1. 



MAXWELL - DIRAC EQUATIONS 61 

Proof. The statement is trivial for Y = I. For Y G IT n M 4 it follows from definition (3.14) 
of T (+ \ Suppose it is true for \Y\ = L, Y G IT n U(R 4 ) and let X G U n M 4 . Then it 
follows from definition (1.9) and the induction hypothesis that: 

0<q<n-l 

+ n 2 ^~ l) T^ )D{n - l \g ®---®g® T ( x +)2 (g <g> v)) = nT^ Dn (g ® • • • <g> </ ® v), 

where we have used that T^ n is symmetric. This proves the lemma. 

Lemma 3.8 and Lemma 3.9 have the following immediate corollary which we state 
without proof: 

Corollary 3.10. T Y +) , Y G IT, is a C°° polynomial from E Ar+|y| to E N , for N +\Y\ > 3. 
Ifu= (/,/,«) G E N+lYl (1E 3 , g = (/,/), t/ien 

i) Il4 +) ( u )b < IMU +||T^ +) ( W )|| £ , 

w/iere N +\Y\> 0, 

ii) ||T^ +) (w)|| Ejv < C Nt]Y \(\\g\\M 3 )(\\9\\M 3 \H\D N+lYl + IMlM„ +|y| Nlr> 3 ), 
where N + \Y \ > 0, C , = 0, 

iii) \\T Y +) (u)\\ E <C N , lYla (\\g\\ M )(\\g\\ M \\a\\ D +\\g\\ Mft ^ l JMId/~" 



(IMIm IMIn + \\9\\m II ct II ) a , 

where 3/2 — p < a < 1, N + \Y\ > 1. C^,\y\ o,nd Cn,\y\,cl o,re increasing continuous 
functions from R+ to R+ , f(+) = T<+) - T 1 and Tj (+) = 0. 

We can now prove that the linear representation T 1 is bounded by the nonlinear 
representation T^ + \ 

Theorem 3.11. 

i) Pjv (TW(«)) < C n (\\u\\ E3 )\\u\\ En , N > 0, 

ii) If K > is sufficiently small, u = (f, f,a)&E,g = (/, /) G M 3 and ||<7||m 3 — K then 

\He n < F N (p 3 (T(+\u)))p N (T^ («)), iV > 3. 

iii) If u <E E 3 then 

\\u\\ En < C N (\\u\\ E3 )(p N (T(+\u)) + \\u\\ E3 ), N > 3. 
Cat and F/v are increasing continuous functions from M + to M + . 

is a polynomial. It follows from statements i) and ii) of 

Corollary 3.10 that 



|Ty +) (w)||£ < \\u\\ E +Q Y \{\\u\\ e )\\u\\ e \\u\\ e 
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for Y G IT 7 and \Y\ > 0, where C\y\ is a continuous increasing function. According to 
definition (2.109) of p N we then have 

Pn(T {+ \u)) <C' n (\\u\\ E3 )\\u\\ En , A>0, 

which proves statement i) of the theorem. 

Statement ii) of Corollary 3.10 shows that, if u = (/, f,a)eE : g= (/, /), then 

\\Ttu\\ E <\\T^\u)\\ E + \\ff\u)\\ E 

< ll4 +) (^)ll £ + qy|(lbllMJ(lbllMjl«llD lvl +lbll m„„ II^IIdJ' 

for Fell' and \Y\ > 0. This gives 

\\u\\ En < p N (T^+\u)) + C^(NIm 3 )(NIm 3 IMI Djv + \\g\\ M Ja\\ D3 ), N > 0, (3.31) 

where C' N is a continuous increasing function. 
Inequality (3.31) and 1 1 ck 1 1 ^ < give 

\W\\e 3 <Ps(T^\u)) + 2C' 3 (\\g\\ M3 )\\g\\ M J\u\\ E3 . 

Since C' 3 is continuous we can choose K > such that 2C' 3 (K)K < 1/2, which gives 

||«|| Ba <2p3(T(+>(«)). (3.32a) 

This proves statement ii) for A = 3. Suppose for the moment that statement iii) of the 
theorem is true. It then follows from inequality (3.32) and by defining = 3CV, N > 4, 
where Cn is given by statement iii) , that statement ii) of the theorem is true. 

We need to prove statement iii) of the theorem. It follows from statement iii) of 
Corollary 3.10 that 

\\u\\e n < PAr(T (+) (n)) + ^, a (|b|| M3 )|| W || s J| W ||^_ i || W |||; jv , (3.32b) 

3/2-/9<a<l,A>l. Letw^O, since the case u = is trivial. Then p N (T^+\u)) > 0. 
Let 

x n = \\u\\ En / Pn (T( + \u)). 
Inequality (3.32b), with a < 1, shows that 



x 



N 



< 1 + AjfX^xjf, 3/2 -p < a < 1, N > 4, 



where 

A N = ^,a(|b||MJhll^(PiV-l(r (+) («))/PA r (T (+) H)) 1 " a - 
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As we shall show at the end of this proof, there exists q a G M + , independent of N, An, 
x N _u x N , such that x N < q a (l + A 1 ^ 1 x N _ 1 ). This gives that 

\\u\\e n < Qa(PN(T (+ Hu)) + (C N MM 3 )\\u\\ E f /{1 - a ^u\\ EN J, N>4. 

Induction in N now gives the inequality of statement iii). 

Let i,j/,ce [0, oo[, let b g]0, 1[ and let x < 1 + cy 1 ~ b x b . If x > 1, then it follows that 
x < x b + cy 1 ~ b x b , which gives that x < (1 + cy 1 ~ b ) 1 ^ 1 ~ b \ Since the function z i— > z 1 ^ 1- ^, 
z > 0, is convex, it follows that x < 2 6 /( 1_b )(l + c 1 ^ 1 ~ b ' ) y). The right-hand side of this 
inequality is larger than 1, so it follows that x < 2 b /( 1_6 )(l + c 1 ^ 1-6 -'?/) for x > 0. This 
completes the proof. 

We next prove that extended to E, defining ip g , g G Vo, by (1.23a) for u G E, is 
a continuous representation in E N , N > 0, and that it has the same C°°-vectors as U 1 for 

N > 3 (i.e. the map g h- > 

from P *o ^jv is C°° if and only if w G We also 

prove analyticity properties of u i— > (it) . 

Theorem 3.12. 

i) Let A > 0. T/ien (#, u) i-> £/"i +) (w) 

zs a continuous function from Vo x E 1 ^ to i?^ and 

E°^ is invariant under U^ + > . 

ii) If N >3, then E^ is the set of C°° vectors for in E N , and U^:V x E^ -> ^ 
is a C°° function and (it) = (d/dt) U^~ xp ^ tx ^(u) \t=o, u G E^. 

iii) lfb>0, A>3 andif Ju = (f, f, (1 - A)" 1 / 2 ^, u= (fj,a), then u ^ J b U^ +) (u) 
is a real analytic map from E N to E N for g G TV Moreover if J2 n>0 Kg go (uo; u — uq) is 

the Taylor development of U^Ug (u) — U 1 _ 1 Ugg (uq) — (u — uo) at uq, then there exists 

9 g 

R > such that 

lim sup ^\\K£ (uo-,u-u )\\ E =0. 

9^90 \\u-u \\ E <R ^ 



JV 



Proof. Let it = (/, /, a) G E c , where E c was defined in Theorem 2.9, (7 = (/, /) and let 
h(a) = exp(a^P^), ao, ai, 02, 03 G KL It follows from definitions (1.17a) and (1.17b) of 
U^ +S) and from definition (1.23a) of the phase function </?, that 

(^3°(«)) A = ^( a )(^)« a) «) A , (3.33a) 

where 

(K( a) (^))«) A (fc) = X;exp(i(g e a/,a))(fc))P e (fc)d(fc), (3.33b) 

e=± 

(9e(^> a ))<» = VexpCa-P,)^, sk). (3.33c) 

Let F: M 4 — > IR 4 be the solution of the wave equation with initial data (U^^ — I)g. 
According to (1.23a) and (3.33c), 

poo 

(q £ (g,a))(k) = / X o(rm)l^k)F^rl e (k))dT, (3.34) 
Jo 
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where l°(k) = u(k) and P e (k) = -ekj for 1 < j < 3. Since (U^ - I)g G M c , it follows 
from Lemma 3.2 that 

\q £ (g,a)\(k) < C p , h u;(k)\\M- 1/2 (l + |V|) & (^ ( % - I)g\\ M ,, (3.35a) 

where 1/2 < p < 1 and 1-p < 6 < 1/2. Since defined in (1.23b), satisfies $°°(H, Ay) = 
■^(A -1 !/", y) for A G 50(3,1), it follows by differentiation with respect to A in this 
expression and from (3.34) and (3.35a), that k i— > (q £ (g, a))(k) is a C°° function and that 

\ V Pq £ (g,a)\(k) < C p , b u(k) || M" 1 /^ + M) b n M {U^ a) - I)g\\ M ^ (3.35b) 
for Z G U(sl(2, C)), where the representation r/ £ ) is defined in (3.9b). Using that 

rplMjjlM _TjlMrplM 

A X U h(a) — U h(a) 1 X-[a^P t _ l ,X] 

for X G sl(2, C), that A] G M 4 and that U 1M is strongly continuous on M£, it follows 
from (3.35b) that 

E \v { z } q e (g,a)\(k) (3.35c) 
zen'nc/(s[(2,c)) 

|Z|<JV 

< C PiJV>6 u{k) ( ^ IllVr^Cl + M)\U^ a) - I)T\ M g\\ K 
zeii'nu(si(2,C)) 

\Z\<N 

+ E IIM 1/2 (l + M) b T^llM ^ 

Yen' 
|y|<jv-i 

for N > 0, |a| = |a^| < 1. Using elementary properties of the exponential function, it 
follows that 

|||V|-^(l + |V|) & (^ ( % -I)Th M g\\ MS < C b \a\^- b \\Tk M g\\ K , \a\ < 1. 

The norm HIV] 1 / 2 ^ + |V|) 6 ■ \\ MP is weaker than the norm HIV] 1 / 2 • \\ M p- This shows, 
together with inequality (3.35c), that k h- > (q e (g, a))(k) is a function and that 

E \rifq e {g,a)\{k) < \a\^ 2 - h C p , N , h u{k)\\g\\ M ^ (3.36) 
zen'n(7(s[(2,c)) 

|Z|<JV 

where A > 0, 1/2 < p < 1, 1 — p < b < 1/2, |a| < 1 and where g G M^, since is dense 
in M 1 ^ and M c is dense in M^, according to Theorem 2.9. 

Definition (3.34) of q £ (g,a) shows that -^q s (g,a) = <fr eP ^(Ul^g). This gives that 

q £ (g,a)= f a^ £ ^(Ulf as) g)ds. (3.37) 

J 
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This equality, statement iii) of Proposition 3.3 and the strong continuity of U lM on 
show that 

J2 \vi £ \ £ (9,a)\(k)<C P Ma\(l + Hl + "(k)/m))\\g\\ MP (3.38) 



zen'nc/(s[(2,c)) 

\Z\<N 



where N > 0, 1/2 < p < 1, \a\ < 1 and g G M^ +3 . 

Let N > 0, g E M P N , a E M 4 , |a| < 1, a G D^, and let F G IT n ?7(M 4 ) and 
Z G n' n £/(sl(2, C)), |y| + |Z| < N. We obtain using definition (3.9) of rf^ 

(T°Ue h{a) (9)-I)P e (-id)a) A (3.39) 

Z',Z"£D(Z) 

where C(Z, Z', Z") G R and D(Z) is the set of Z', Z" Gffn L/(st(2, C)) such that |Z| = 
\Z'\ + \Z"\. We have used here that T^ 1 e h{a) (g)a = e h{a) {g)T^ x a, X G 1R 4 , according to 
definition (3.33b) of e h ^(g). It follows from equation (3.39) that 

\\(e h{a) (g)-I)a\\ DN (3.40) 

<C N J2 \\(v { z } (e^ M - l))P £ (^d)T^ar\\ L2 . 

Yen' ,zen'nu(si(2,c)) 

\Z\ + \Y\<N,e=± 

If Zi, . . . , Z n G IT n U(sl(2, C)), n > 1, L = |Zi| H + |Z n |, then it follows from 

inequality (3.36) and Corollary 2.6 that 

K^^C^, - • - (^2^(5-, «))(A;)| < |«r( 1 / 2 -^^(fc)-C7 /3 ,^ iV ^||^||— ^lls-ll^, (3.41) 

for \a\ < 1, 1/2 < p < 1, 1 — p < b < 1/2. Inequality (3.40), Leibniz rule and inequality 
(3.41) with L = \Z\ and |Z;| > 1 for 1 < i < n, give that 

\\ie h{a) is) - I)a\\ D (3.42) 



<Cn \\(e h (a)(9)-I)T Y 11 a\\ Do +C N \a\ 1 / 2 - b £ ||^|| M , ||a|| D 

yen' N!+n 2 <n 1 

\Y\=N 7Vi>l 

where Cn depends only on p, b and llfi'lL^p. Given a bounded subset K C M 3 and a 



bounded subset £? C Mfi, according to inequality (3.36) for \a\ < 1, exp(iq £ (g, a))(k)) — 1 
converges to zero, uniformly for (k,g) G K x B, (resp. (/c,a) E K x {a E lR 4 ||a| < 1}) 
when a — > (resp. (7 — > in Mq). 

Moreover, since | exp(iq £ (g, a))(k)) — 1| < 2, it follows from inequality (3.40), with 
A = 0, and from the Lebesgue dominated convergence theorem, that for Y E IT', \Y\ < N, 
N > 0, a E D N , 

\\(e h(a) (g)-I)T^a\\ Do ^0 
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uniformly on {a||a| < 1} (resp. bounded subsets of Mq) when g — > in Mq (resp. a — > 0). 
Inequality (3.42) now shows that, if B is a bounded subset of and a G D N , then 
( e h(a)(d) ~ I) a ^ in D N uniformly on {\a\ < 1} (resp. B) when g — > in (resp. 
a — > 0). Moreover it follows from inequality (3.42) that \\e h ^(g)a\\ D < Cb\\cx\\ d for 
| ctj < 1, g G -B. Since 

e fc(a)(^i) a i - a = e Ma)(#i)(«i - a) + (e h{a) (gi) - I)a, 

it then follows that \\ e h( a )(gi) a i — a \\o ~^ 0' when (a,gi,oti) — > (0, (g, a)) in R 4 x E^. 

tid A 



Equality (3.33a) and the fact that U is a strongly continuous linear representation of Vq 

h{a) 



in D N give that the function (a,u) i— > uj\^(u) from {|a| < 1} x E 1 ^ to Djy is continuous 



at (0,-u) and therefore that the function (a,u) h- > U^^(u) from {|a| < 1} x E P N to i?^ 
is continuous at (0,-u), since = U 1M © £7"( + ) D and U 1M is a strongly continuous 

linear representation of Vo in E P N . The fact that the set of elements , a 6 M 4 , is 

a connected group now shows that (a,u) i— > UfjK{u) is a continuous map from M 4 x E 1 ^ 
to E P N . Finally, since U { / } = U\ for A G SL(2, C) and since U is a strongly continuous 
linear representation, it follows that (j,u) i— > L/- (it) is a continuous map from Po x -^tv 
to E P N , A > 0. is invariant under £/ 1M , so by the definition of U^ + \ the space M° N P 

is invariant under U^ + \ 

To prove statement iii), let ^^(g), n > 1, g G M£,, a G M 4 , be defined by 

(e» ( -5G7)a) A (fc) = X) r ^ T r j (^fe(<7,a))(fc))- 1 P £ (fc)«(fc), (3.43) 

e=± ^ ^ 

where a G -D^ and G M 3 . Similarly as we obtained inequality (3.40), it follows from 
(3.43) that 

K(a)(9)*\\D N (3-44) 



< CMttn-l)!)- 1 ll(^ ) (9«G/,or- 1 ))(^(-i^ 1 a) A || La , 



r€n',zen'n(7(s[(2,c)) 

|Z| + |Y|<AT,e=± 



where A > 0, (j,(i)G^,oG M 4 and n > 1. 

Let A > 3, n > 2, Z, Zi,...,Z n _i G n' n L/(sl(2,C)), |Zi| + ... + |Z n _i| = |Z| 
and let < |Z| < A. If L is the number of elements Zj such that |Zj| + 3 > A, then 
L(N - 2) < |Z|. This gives that L = for |Z| < A - 3, L < 1 for |Z| = A - 2, L < 2 
for |Z| = A — 1 and L < 2 for |Z| = A. Therefore if L > 1, then A - |Z| + L < 3. To 
estimate the product 

Ifazi&te. «))••• (Vzl^eig, a ))\( k ) 

we can suppose that |Zj| > |Zj| for i < j. If L = then we use inequality (3.38) for all the 
factors and if L > 1 then we use inequality (3.36), with 1 — p < b < 1/2, for the factors 
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(s) 

r) z . q e (g, ft), 1 < i < £ 5 and inequality (3.38) for the other factors. This gives 
< (c p , h , N \a\^- h u{k)) L \\g\\ 



m.„ . • • • nyiiM.„ . 

i z ii i z x,i 



n-l 



II ^l^ilbllM^.^laKl + Ml + c^^/m))), |a|<l. 

i=L+l 

Using Corollary 2.6 and redefining the constants, we obtain that 

<C N CZ-%\rM 3 2 \\g\\ M Ja^ 

Since N — \Z\ + L < 3, when L > 1 and since < L < 3, we now obtain from (3.44), by 
using Leibniz rule, 



n-2 

m 3 \\y\\M N 



J2 11(1 + ln(l + u{.)/m)Y-\T^ar{-)\\ L ,. 



Yen' 

\X\ + \Y\<N 



If < s < 1, then 



||(1 + ln(l + u/O/m))"- 1 ^ + ^(-)/m)- s || Loo < exp(l - (n - l)/a), 

so using the Stirling formula for (n — 1)! we obtain, with new constants, 



„n-l 



"a^MI^ (3-45) 



ll°/i(o) 

for A > 3, 1 — p < 6 < 1/2, n > 2, < s < 1, where we have used that the norms 
||(1 — A) s / 2 • || D and ||(1 + w(— id)/m) s ■ \\ D are uniformly equivalent for < s < 1. For 

given p, 6, s such that 1/2 < p < 1, 1 — p < 6 < 1 and < s < 1, there exists, according 

to inequality (3.45), r > and C$ > 0, A > 3, such that 

EII^^^-^^II^^^VI^II^IImJI^II^, (3.46) 

n>2 

for A > 3, (5,0)6^ IMIm 3 M < L 

Let -u = ((7, a) G -E 1 ^, uq = (go, «o) G E N and A > 3. According to definition (3.33b) 
of e h{ a y [t follows that e h{a) (g) = e h(a) (g - go)e h{a) {g ). The equality 

e h(a)(9)a - e h{a) (g )a = e h{a) (g )(a - a ) 

+ ( e h(a) (9 ~ 90) ~ iy h {a) (90) (" - "0) 
+ ( e h(a) (9-90)- iy h {a) (90) («0) , 
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the definitions 

F h(a) K; u - u ) = (e h(a) (g ) -I)(a- a ) 

+ e h(a)(9 - go)e hia) (g )a , 
F h(a)( u o; u-u Q ) = e§~f\g - g )e h{a) {g )(a - a ) 

+ e< h(a)(9 ~ go)e h(a) (go)a , n > 2, 

the fact that \\e-h^ a -)(g)l3\\ D < Cat (S'o) ||/?|| > which has been established in the proof of 
statement i), and inequality (3.46), show that if r and Cj^ are as in (3.46), then the series 

J2\\ F Ha)(J^0;J S (u-U ))\\ DN 
n>l 

converges uniformly for \\g — <7o|Im 3 — r ' 
Y. F Ha)(J S n^J s (u-u )) 

n>l 

= e h(a) (g)(l - A)-°/ 2 a - e h(a) (g )(l - A)~ s / 2 a - (1 - A)" s / 2 (a - a ) 

and that 

J2W F Ha)(J S uo;J s (u-u ))\\ DN (3.47) 

n>l 

<\\(e H a)(9o)-I)(l-A)- s/2 (*-a )\\ DN 

+ CPlal^-'CMWg - go \\ MN (\\ a - « || Ojv + IKII^J, \a\ < 1, N > 3. 

It follows from (3.38), with A = 0, and from (3.42), with A > 3 and 1 - p < b < 1/2, that 

\\(e h(a) (go) ~ - A)" s/2 (« - <*o)\\d n - 

uniformly on bounded subsets of elements a — cto G -D^, when a — > 0. Choosing 1 — p < 
6 < 1/2 in (3.47), we obtain that 

lim sup J2W F Ha)(J S ^J s (n-u ))\\ D =0, (3.48) 

||u-«ol| B <R 

N 

\\g-go\\ M < r 



for all A > 3, R > 0. By definition (3.33b) of e h ^ a y it follows that 

5 fc ( )(«) = ^( )-i<„ ) )(«), 
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then S h ( a j(u) = (g, e h ^(g)a), for u = (g, a). Therefore we have proved that 

S h(a) oJ s :E N ^E N , N>3,\a\<l, 
is a real analytic function and, if 

S h(a)( U ) = S h(a)( U 0; U - U ) 

n>0 

is the power series development of S h ^(u) at uq, choosing < R < r in (3.48), we have: 

hm \\S h{a) (J s u) - S h(a) (J s u ) - J s (u - u )\\ En (3.49) 

< hm sup (j2\\ S k(a)(J S ^J s (u-u ))\\ EN 
\\u\\ En <R K t^2 

+ \K {a) {J s u ; J s (u - u )) -J s (u- u ) \\ En ) = 0. 

Since is a group representation and since J s commutes with we can conclude 

that S h ^ o J S :E N — > E N is real analytic for a G R 4 and that inequality (3.49) is true 

with a — > a , a G R , instead of a — > 0. Since t/W is linear on SL(2,C), this proves 
statement iii) of the theorem. 

To prove statement ii), let u G E N be a C°°-vector for in E N , N > 3. Then 

p L (T^ + ^(w)) < oo, L > 0, according to definition (2.109) of p L and that of C°° -vectors. It 
follows from statement iii) of Theorem 3.11 that 

\W\\e l < C L (\\u\\ E3 )(p L (T( + \u)) + \\u\\ Es ). 

This proves that u G E^. Now, let u be a C°°-vector of U 1 in E N , N > 3, i.e. w G E^. 
Then it follows from statement i) of Theorem 3.11 that p L {T^ + \u)) < oo for L > 0, which 
proves that u is a differential vector for 

According to Corollary 3.10 T^ +) : E^ — > E^, F G IT', is a C°° function. Statement iii) 
of the theorem shows in particular that (o, u) i— > (D n Ug + ^)(u; u\, . . . , -u n ) is a continuous 
function from P x E^ into E^ for u { e E^. Therefore (D n (T^ +) o ^ +) ))(w; u 1} . . . ,u n ) 
is continuous from Vo x E^ into E^. It then follows from the definition of T( + ) that the 
function (g,u) i-> (^ +) )(w) from P x E^ to E^ is C°°. This proves the theorem. 

The representation of Vo on E^ or on E^p is not linearizable by a C 2 map. This 
is a particular case of next theorem: 

Theorem 3.13. Let 1/2 < p < 1. There does not exist a neighbourhood O of zero in E^ 
and a C 2 map F:O^Eq such that E(0) = 0, (E>E)(0; u) = u and such that F(U^\u)) = 
UgF(u) for all u in a neighbourhood of zero in E^ and all g in a neighbourhood of the 
identity in Vq . 
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Proof. Suppose on the contrary that O and F:0^ Eq exist and let F u = it, F {u\ <S> 
it 2 ) = 1/2(7) 2 F)(0; u\, it 2 ) for it, u\, u 2 G E%£. Let 7(7?i, B2) be the linear continuous oper- 
ators from Bi to 7? 2 , where Bi and 7? 2 are topological vector spaces. F 2 G L(E^®E^, Eq) 
since F is a C 2 map and F 2 ( Ul <g> u 2 ) = F 2 (u 2 <g> ui). Let ^ +)2 = E/£ +) <g> C/J-i), 

(7 G Po- According to statements i) and ii) of Theorem 3.12, g 1— > R g 1 {u\ <g) u 2 ) is 
C°° from P to E%£ for 1/1, it 2 G and according to statement iii) of Theorem 3.12 
R g +)2 G L(E^®E^p,EP) for # G V . Differentiating twice with respect to u at u = 0, 

the equality F(U g + \u)) = U g F(u), which by hypothesis is true for all g in a neighbour- 
hood of the identity in Vq and for all u in a neighbourhood of zero in E^, we obtain 
that UgF 2 (Ug_ 1 <S> Ug-i) — F 2 = —R g + ^ 2 for g in a neighbourhood of the identity in Vq. 
Using the fact that R {+)2 is a 1-cocycle for the TVmodule L(E^®E^, Eq) defined by 

(9, Q) ^ UlQiU 1 ^ ® i.e. 4t )2 = u i R< h )2 ( u l-* ® ^-0 + 4 +)2 ' Jt then follows 

that 

UgF 2 (Ug-i ® — F 2 = -J?W 2 , G TV (3-50) 

Since # i-> F 2 (C/Jui <g> C/^u 2 ) and # i-> i4 +)2 (*7*ui <g> U*u 2 ), u u u 2 G are C°° from P 
to i?Q, it follows that F 2 (wi ®u 2 ) G E 1 ^ for Ul , u 2 G £££ and that F 2 G L(E^®E^, E^). 

The definition (1.17a) and (1.17b) of shows that ^ +)2 = (0,^ +)D2 ), where 

R g +)D2 G L(E%®E%, E&) is given by 

(4+) D2 ( Wl ®w 2 )) A (fc) (3.51) 

= \ Y.MUl-,u 1: -ek)P e (k)a 2 (k) + <p g (Ul- lU2 , -ek)P £ (k)ui(k)) 

L e=± 

and where </? is given by (1.23a) and (1.23b). Let F 2 = (F M2 ,F D2 ), where F M2 G 
HEg&E&Mg,) and 7^ 2 G L{E%®E%, £>&,), let G 2 ((/,/) ® a) = F D2 ((/,/,0) ® 
(0, 0, a)) and let r 2 (( f, /)®a) = t4 +)D2 (( /, /, 0)<8>(0, 0, a)). Then G 2 G L(M'^®D 00 ,D 00 ) 
satisfies, according to (3.50), the equality 

U 1 g D G 2 (U 1 g M 1 ®U 1 g D 1 )-G 2 = -r 2 g , geV . (3.52) 

G 2 is the unique element in L(M^p^)D 00 , D ) satisfying (3.52). As a matter of fact, if 
H G L(M^^)D ao , D ) satisfies the equation 

Ul D H({ f, /) ® a) = # (t/ 3 1M a /) ® ^ D «) 

for # G P , (/,/) G M£f and a G D^, it follows that H((fJ) ® a) E and that 
T\ D H = HS X , X G p, where S x = T_^ M ® 7 + 7 ® T\ D . This equality extends to the 
enveloping algebra, i.e. 7^77 = 775^ for Y G U(p). Using J2o<n<3 T pfp» = ~ m2 and 
Eo< M <3 T pfp» = °> we obtain that 

77 ( £ T]f ®T]£) =0 (3.53) 

0<m<3 
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Since |pi|o;(p2) — Pi ' P2 > \pi |^ 2 /(2cu(p2)) for pi,p2 G K 3 , it follows by studying the 
expression 

E ((^ M a/)) A ®(^«) A bi^ 2 ) 

0<^t<3 

that the map 

0<M<3 

where M c was defined in Theorem 2.9, is surjective. Therefore, since M° p is dense in M£g, 
H vanishes on a dense subset of M^^D^, which by continuity proves that H = 0. Hence 
G 2 is the unique element in L(M££<giD 00 , D ) satisfying (3.52). 
Let (/,/) G M°p and let 

(6 e ((/, f))){k) = V°°( Xo o (oo(k), -eh)), e = ±, (3.54) 

where x , p and ijW 1 are as in (1.22b)-(1.23b). It follows from statement i) of 
Lemma 3.2 that the function k 1— > u(k)~ 1 (Q e ((f, f)))(k) is an element of L°°(IR 3 ), so 
e e ((,f, /))« G L 2 (M 3 , C 4 ) for a G D^. Therefore G 2 ((/, /) <g> a) defined by 

(G 2 ((f, /) ® «)) A = =1 E ( e ((/' f)Mk)P £ (k)a(k), (3.55) 

Z e=± 

is an element of _D and a direct calculation shows that 

(U^CPiUfi ® C^S) - G 2 + r 2 )((/, /) ® a) = 0, 

for g G P , (/,/) e M° p and a G D^. Since M° p is dense in M£g, it follows that the 
unique solution G 2 G L{M'^p®D 00 , D ) of equation (3.52) is given by continuous extension 
of G 2 defined in (3.55) for (/,/) G M°p. Let (/,/). G M% and let (/ (n) ,/ (n) ) G M°', 
n > 0, be a sequence which converges in M££ to (/, /). Since G 2 G L(M£P(&D 00 , D^), it 
follows that G 2 ((/ (n) , / (n) ) <g> a) converges in to G 2 ((f, f) ® a) for a G -D^, which in 
particular shows that (G 2 ((/ (n) ,/ (n) ) ® «)) A (0) converges in C 4 to (G 2 ((/,/) <g> a)) A (0). 
For given £ = ±, we choose a G -D^ such that d(0) = P e (0)d(0) and |a(0)| = 1. It then 
follows from (3.55) that 

(e £ ((/^, / (n) )))(0) = 2z(d(0)) + (G 2 ((/^, /(»)) ® a)) A (0), 

which proves that the sequence O g ((/ <n - ) , / < - n - ) ))(0), n > 0, converges in R, when n — > 00. 
By definition (3.54) of e and definition (1.23b) of it follows that 

/•oo 

(® £ ((f {n) J {n) )))(0)= Xo(r)Q (n \r,0)dr, (3.56) 

Jo 

where Q( n ) = + Q 2 n) and 

g^ ) (r,0) = (cos(r|V|)/ ( S ri) )(0), 
g 2 n) (r,0) = |V|- 1 sin(r|V|)/ (n) )(0). 
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Let 9 G S"(R) be the inverse Fourier transform of x : R — > R, where Xo( r ) = fo r r < 0. 
Let A(t) = 1 for t > and A(r) = for r < and let 6> be the inverse Fourier transform 
of v^rA. Then 9 (s) = i(s + i0) _1 , 9 — 9 is an entire analytic function since Xo ~ ^ 
has compact support and \(9 — )(s)\ < (1 + H) -1 . Equality (3.4b) gives, noting that 
0^supp/ o (n) , 

J" Xo(r)Q[ n \r, 0)dr = (2(27r) 2 )" 1 J ((9 - 9 )(\p\) + (9- 9 Q ){-\p\)f^ {p)dp (3.57a) 
and 

J Xo(r)Q { i l) (r,0)dr=(2n)- 2 j \p\- 2 ft ) ( P )dp (3.57b) 

+ (2tt)- 2 J (2i\p\)-\(e - e )(\ P \) -(9- e )(-\p\))f^(p)dp. 

The properties of 9 — 9 show that 

(2(2tt) 2 )- 1 J{\{9 - 9 ){\p\)\ + \(9 - 9 )(-\p\)\)(\f^(p)\ + bl" 1 !/^ (p)\)dp 

<Cp||(/ (n) ,/ (n) )||M„ 1/2< P <1. 
This inequality and inequalities (3.56), (3.57a) and (3.57b) give that 

(e e ((/ (B) ,/ (B) )))(0) <C p \\(f^J^)\\ MP + (2n)- 1 J \p\- 2 ft\p)dp, (3.58) 

\(e £ ((f {n) J {n) ))m-(^)- 2 J \p\- 2 ftHp)d P \ 

<C p \\(fMJM)\\ MP , £ = ±,1/2< P <1. 

Let 1 < b < 1/2 + p, if> G C£°(R 3 ), < ip(p) < 1 for p G IR 3 , ip(p) = ip(-p) for 
p G R 3 , ij>(p) = 1 for |p| < 1 and ip(p) = for \p\ > 2. Let / = 0, f 3 = for 

1 < 3 < 3, /o(p) = V(p)bl _a and /.-(p) = -zfe/b| 2 )/o(p) for 1 < j < 3. Let # n) (p) = 
(1 — ifj(np))f^(p) and fjT\p) = (1 — ip(np))fn(p), for < /i < 3 and n > 0. It follows 
using the equivalence of the norms || • || B and q t given by Theorem 2.9 that (/, /) G 

and ||(/ (n) ,/ (n) ) - (/,/)|| m p -> when n -> oo. Obviously (/ (n) ,/ (n) ) G M^. Moreover 

conditions (1.4c) are satisfied for (/, /) (resp. (f^ n \f^ n '), n > 0), so (/, /) G M^f (resp. 
(f( n \ f^) G M° p , 7i > 0). The right-hand side of inequality (3.58) is uniformly bounded 
in n for the sequence (f( n \ f^ n ') so constructed, but the integral on the left-hand side goes 
to infinity when n goes to infinity. This proves that the sequence (O e ((f( n \ /( n ))))(0), 
n > 0, does not converges in R when n — > oo. This is in contradiction with the fact that it 
follows, as we proved from the hypothesis that this sequence converges in R. This shows 
that the map F:0 — > Eq does not exist, which proves the theorem. 
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We shall prove that asymptotic reprensentations U^ + ' defined by formulas (1.17a), 
(1.17b) and (1.23a) for different choices of the function Xo are equivalent. For i G {1,2} 

let x l e C°°([0,oo[), < Xi( T ) < 1 for r > 0, Xi( T ) = 1 for r > 2, let U^ +) be the 
corresponding asymptotic representation given by formulas (1.17a), (1.17b) and (1.23a) 
with Xi replacing x , and let A^ 1 be defined correspondingly by formula (1.22a) with Xi 
replacing Xo- We introduce the notation 6 e ((/, /)) for e = ±, (/, /) G M p by 

(0 £ ((/, /))) (k) = $°°(A[ +)1 - -efc)). (3.59a) 

For u = (/, /, a) G let = (/, /, F D (u)), where 

(F D (u)) A (k) = £ exp ( - z(G e ((/, /)))(fc))P £ (fc)«(fc). (3.59b) 

e=± 

Theorem 3.14. Let 1/2 < p < 1. Ifn,Ne N, then F, F~ x G C n (E N+n ,E N ), F, F _1 G 
C^Foo, and ^+ } = F o o F" 1 /or g eV . 

Proof. To prove that F G C n (FAr +n , Fjv) it is sufficient to prove that F D G C n (E N+n , D N ). 
Let Xo = Xi ~ Xi- Then Xo e C°°([0, oo[) and Xo (r) = for r > 2. Since tf°°(tf, Ay) = 
^(A -1 ^, y), A G 50(3,1), the function fc h-> (G e ((/, f)))(k) is C°° on R 3 . It follows 
from (3.59a) and statement ii) of Lemma 3.2 that 

Ke^a/)))^)^^^- 1 /^!^/)!!^, (fJ)eM?. 

The fact that is dense is M^, according to Theorem 2.9, then shows 

l(4 e) £ ((/J)))WI < C p u(k) p - 1/2 \\n M (fJ)\\ MS , (3.60) 

for Z G IT n £/(st(2,C)), (/,/) G Mf z| . Let G e («) = exp ( - z6 e ((/,/))) a for u = 

(/, /, a) G Mq. Inequality (3.60), with Z = I, Lebesgue's dominated convergence theorem 
and Plancherel theorem show that w'G e G C°(Ff , L 2 (R 3 , C 4 )) for / G N. Let Z G II' n 

L/(st(2,C)). Then r^G^u) is a linear combination of expressions: 

(v%)eM, /))••• (<)e e ((/, /))c e ((/, /, 

where (/3 J ( + ) 1 ) A = ^+i"> Z t eWn U{sl(2,C)) for 1 < i < j + 1, |Zi| + • • • + |Z i+1 | = |Z|, 

> 1 for 1 < i < j and when j > and the expression is reduced to G s ((f,f,/3[ £ ^)) 
if j = 0. Since c^G/ e G C°(Ff,L 2 ) and p - 1/2 < 1, it follows from inequality (3.60) and 

from the equivalence of norms in Theorem 2.9 that u l r$G e (u) G C°(Ff z|+z , L 2 (M 3 , C 4 )). 

Using that (F D (u)) A = J2 £ G £ ((f, /, P e (— id) a)) and the equivalence of norms in Theorem 
2.9, we obtain 

Ty D F D G C°{E? D ), Y G II'. (3.61) 
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Derivation of F D shows that P e ((D n F D )(u; u±, . . . , w n )) A , where u = (f,f,a) and 
Ui = (fi, fi, oti) is a linear combination of terms: 

e ((/ 4l , k)) ■ ■ ■ e e ((/ in , L))P e (F D ((f, /, a))^ (3.62a) 

and 

QettfnJn)) ■ ■ ■ QM^L-JWF^if, f, a ln )))\ (3.62b) 

where (i\, . . . ,i n ) is a permutation of (l,...,n). This proves, together with (3.60) and 
(3.61), that the function u i-> T Y D (D n F D )(u; u\, ... , it n ) is an element of C°(£ , |y| +n , .Do); 
for Fell' and (iti, . . . , u n ) E E\y\+n- This shows that the map u \— > (D n F D )(u; u\, . . . , it n ) 
is an element of C (EN+ n , Dn), for n,JVGN, which then shows that F D e C n (ENf n , Dn) 
and F D e C 00 (E 00 , £?oo)- Since the inverse of F is given by (/, /, a) i-> F((—f, —f, a)), it 
also follows that -F -1 has these properties. A short calculation shows that F intertwines 
u[ and U^~\ This proves the theorem. 
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4. Construction of the approximate solution. 

The basic technical tool in the proof of the existence of modified wave operators for the 
M-D equation is here the same as in [8], namely the construction of approximate solutions 
absorbing the slowly decaying part of the solution of the M-D equation. The existence of 
the remainder (the difference between the exact and the approximate solution) can then 
be proved using only standard Sobolev estimates. In order to be able to use the implicit 
functions theorem in Frechet spaces for the existence of the inverse of the modified wave 
operator, we shall establish precise estimates giving the loss of order of seminorms. This 
is done by the study of the equations for the enveloping algebra after a transformation 
compensating the long range Fourier phase. 

We shall need a lemma which is an analog of Theorem 3.5 in [8] adapted to our spaces 
E N . Let first t i— > fj(t),j = 1, 2, be continuous functions from R + to D N and let 

(G e Afuf2))(t) (4.1a) 
= -f Sin(( " ( A A)if 2 " (e- ( -^ ) 7i( g )) + 7o7,(e- ( -^V 2 ( g ))&, t > 0, 



and 



(G e>/ .(/i, /*))(*) (4-lb) 

/oo 
cos((-A) 1 / 2 (t - S ))(e-(-^7i(«)) + 7o7^(e^ ( - l9)s /2(«))^, t > 0. 



Lemma 4.1. Let n > 0, N > 0, q > be integers, a = (cki, «2, 03) a multi-index and let 
fj'.M. + — > D N ,j = 1,2, be C q functions. Let G and G be given by (\.la) and (4-lb). If N 
is chosen sufficiently large, depending on \a\ and n, then 

(1 + t)l t »l+«-l"l+x+P-V2|| a ^(^)« d « (Gf(/l) /a)(t)j / 2 )(t))||^p (4.2) 

<C nM , m , q , p £ sup((l + S )^||(^) g Vi( S )ll^ll(^) g2 / 2 ( S )l| D J, t>0, 
q 1 +q 2 =i s ~ t 

where < p < 1, x + Q + \ a \ — \P\ + P — 1/2 > 0. Moreover there is N' depending on \a\ 
such that 

I (^) q d a G(f u f 2 ){t, x)\ + (l + t+ \x\)\ {^ytTGih, h)(t, x) I (4.3) 

< C [aUx , e (l + \x\ + t )-(l+l«l+«+X-)(l + t) -e 

J2 sup((i + s )^||(^) 9 7i( S )II^JI(^) 92 /2( S )||^,), t>o, x >o, £ >o. 

q 1 +q 2 =q s -* 
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Proof. After the change of variable s — t — > s, we have 



and 



(GeAfnhW) = J Q (_ A) | /2 + *)<** (4.4a) 

/•OO 

/*))(*) = - / cos((-A) 1 / 2 S )J^( S + t)ds, (4.4b) 

./0 



where 

J,(s + t) = (e^-^+^Ms + t)) + 7o7M(^ ( " ia)(s+t) / 2 (s + *)). (4.4c) 

The function k i— > i^(/c) = sin(|fc|) is an entire analytic function on C 3 . As it is seen 
by considering its Taylor development for small k, 

\K y (k)\ <C 7 (H-|fc|) _1 , feel 3 , (4.5) 

where K 7 (k) = -§^K{k). 

Therefore, if (3 = (fa, fa, fa) is a multi-index, 

^ Sl "_X ) s= ^ ^^^(-i^^+^l, (4.6) 

where C 7li72 are constants given by Leibniz formula. 

Similarly if L(k) = cos(|fc|), then the entire analytic function L satisfies 

|L 7 (fc)|<C 7 , fcGR 3 ,L#) = ^i(fc) (4.7) 

and we obtain 

7l+72=/3 



,-cos((-A) 1/2 s) = C Jlil2 L l2 (-isd)x' ri s M . (4.8) 



We next estimate the L p -norm, 1 < p < oo, of x 1 d a J^ L (t), \^\ < \a\, t > 0. To do this, it 
is sufficient to estimate the L p -norm of 

r 7l «(t) = x 7 a Q (e-^ ( - ja)t /ii(t))(e^ ( - ja)t /i 2 (t)), * > 0, (4.9) 

where /ij(t) G -Doo, J = 1,2. According to Theorem A.l of the appendix there are, for 
given n > 0, functions r^(t) G with supp rj(t) C < £}, such that 

\\x^d a {e iv ^ e ^- id ^hj{t) - e^^'V^t))^ (4.10) 

<c n ,| a |||^(t)|| Djv+2|a| ^ +1 -H), f >0, 

where is the function a; i — > (t 2 — la;] 2 ) 1 / 2 for |x| < t and p(t)(x) = otherwise, and 

Mty'dWh. < C^Whjit)^ t > 0,1 > 0, (4.11) 

/V | en | -\-L 
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where p(t)~ d a rj(t) is defined as being equal to zero for \x\ > t, and where z/(l) = —1, 
u(2) = 1 and where N, depending on n, is sufficiently large. Again, according to Theo- 
rem A.l the functions r j = 1, 2, satisfy 

\\x^d a {e lv{j)euj{ - ld)t h J {t) - e iv ^ emp ^rAt))\\ Loo (4.12) 



<c n ,| Q |||^(t)|| Djv+2|a| t-^ +5 / 2 -H), f >0, 



and 



||p(t)-'^.(t)|| Loo (4.13) 
< C , »,|a ( |,ill^i(*)llr,„ „, , t" 3 / 2 -!"!-', t>0,/>0. 



If 



Sj(t) = e lv{3)euj{ - ld)t h 3 (t) - e lv ^ emp( ±\ 3 {i), 
then it follows from (4.9) that 

r 7 , a (t) =xW a (r 1 (t)r 2 (t) + e- im P^r 1 (t)S 2 (t) 
+ 5 1 (t)e^r 2 (t)+S 1 (t)5 2 (t)). 

Leibniz rule and the fact that supp rAt) C < t} give 

WT^-xW^r^miL, (4-14) 
< C \«\ E (^ l7l ll(^ Ql e- imp(t) r 1 (t))(^M 2 (t))|| LP 

Q' i =CK 

+ t^l||(a Q M 1 (t))(^ 2 e^V 2 (t))|| LP 

+ IIxt^^iC*))^ 2 ^^))!!^), * > o, i < p < oo. 

Since I7I < \a\ we can write (for given a\,a 2 with a± + a 2 = a) 7 = 71 + 72 with 
< \ a j\->3 = 1)2. Doing this we obtain from (4.10) and (4.12) that 

\\x\d^8 1 {t)){d a H 2 {t))\\ LP (4-15) 

<C n ,| Q |t-^ +2+3 ^- 1 )^-^l||/ il (t)||„ \\Wt)\\D N+ , t>0,l<p<OO. 

" 1 JV+ 1 ct I JV+|a 

We have used here the fact that 

\\fg\\ LP < ll/ll^ll/llfc^ll^ll^ll^llfc 1 ^, 1 < v < 00. 

It follows directly by induction that there are polynomials in (t,x), Fj of degree not 
higher than I7I, such that, if \x\ < t, 

H-i 1 

9 7 e imp = e im ? £ "m+T^ . M > 1- (4-16) 
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Equality (4.16) gives 

M 

\d^ e imp ^ x) \ < C h \(l+t)^^2p(t,x)-^ +l \ \x\ <£,£>0,| 7 | >0. (4.17) 

1=0 

Since the support of r^{t) is contained in {x\ \x\ <t},t> 0, it follows from (4.17) and 
Schwarz inequality that 



j2 ud^e-^^md^dimiL? 

< ll(9 ai e-^W)(^r 1 (t))(^M 2 (t))|| J 



01+02+03=0 

II „U\-(\ai\+l) /a«2^ U\\S£>ce 3 x_ 

I LP 



< C\ a \ E a + t ) |Ql1 E iipW" (|Qll+0 (^ 2 ^W)(^ 3 ^(t))iL 



l"d 

<Cm E E( 1 + t ) |Qll n^)" (|Qll+0aa2r iWiiL / " 

01+02+03=0 Z=0 

|| >O (*)-(l« 1 l+^^-r- 1 (0llfc 1)/ ^||a« 3 < 5 2 (*)||^ > ||^ 3 c5 2 (Ollfc 1 ^^, t > 0, 1 < p < oo. 
It now follows from inequalities (4.10), (4.11), (4.12) and (4.13) that 

\\{d^e- im ^T 1 {t)){d a H 2 {t))\\L P 

ai+«2=a 

<CnM\\ h &)\\Dj\W)\\D Nl 

l«d 

J2 ^(1 + t)l-il t -(-+i+3(p-i)/ ? >+l-i| + l- 2 |+0 5 £ > o, 1 < p < oo, 

where AT' depends only on n and \a\. 
For t > 1, we get 

J2 K^e-^^m^it))^ (4-18) 

01+02=0; 

AT AT 

for some constant C n | Q |. 

Inequalities (4.11) and (4.13) give similarly 

J2 wid^md^miL, (4.i9) 

01+02=0 

<C n ,| Q ||M*)lln , Jl^Wlln , t-^l+ 3 ^- 1 ^, t>0,l<p<oo. 

AT + 2 | a | N + 2 | a | 
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Inequalities (4.14), (4.15) and (4.18) give for t > 1, 

\\r y , a (t)-x'rd a (r 1 (t)r 2 (t))\\L, ( 4 -20) 

< C nM Wh^t) \\ Dn/ \\h 2 {t) \\ Dn/ (t~ 2 ^ + r (n+l) )t l7|-3(p-l)/ P 
<tf»,|a|IM*)lli> f \\h2(t)\\ D t -(-+l-H+3( P -l)/p) 5 t>l,l<p<oo. 

N' N' 

Choosing n = \a\ — 1 for |a| > 1 and n = for \a\ = in (4.20), and using (4.19), we 
obtain 

l|r 7> a(t)||LP (4-21) 

< Clalll^iWII^II^WII^t-^ 1 - 171 ^- 1 ^^, t > 1, | 7 | < |a|,l < P < 00, 
where A is redefined and depends only on |a|. Since 

1|x7a a e -M-^ l(t) || L2 < C W |M*)||n < t < 1, | 7 | < \a\ (4.22) 

and 



7a a e < w (-<a)t fc2(t) || j . oo < c .,11^(4)11 0<t< 1,H < H, 



| a |+2 



which is obtained by using ||/|| Loo < C|| (1 — A)/|| L2 , we obtain from (4.9) and Schwarz 
inequality that 

l|r 7 ,a(*)||LP (4-23) 
<C\a\\Mt)\\ D . .JIMOIId. , , 0<t<l,| 7 |<M,l<P<«)- 

I |a|+2 |a|+ 2 

Inequalities (4.21) and (4.23) give (with new C\ a \) 
l|r 7 ,a(*)||LP (4-24) 

< C H IMOIIdJMOIId^I + t)-(l«|-|7l+3(p-l)/ P ) ; t > 0, 1 < p < OO, 

for some N depending only on \a\. 

It follows from the expression (4.4a) of G £)M and equality (4.6) that 

xP&*{G e ,Mx,h)){t) (4.25) 

K l2 (-isd)x^s 1+M d a J^(s + t)ds, t > 0. 

7l+72=P 

According to definition (4.4c) of and estimate (4.24) for T 7ia defined by (4.9), we have 

\\^d a J^t)\\ LP (4.26) 
< CwWhWWD Jh(t)\\ D (1 + t)-^l-l7l+3( P -D/ P ) ) * > o, |a| > | 7 |,1 <P < oo. 
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Since |p| p |X 7 (p)| < C| 7 |(l + M) - *- 1- ^ according to (4.5) we have 

tl|V|^ 7 Htc>)/|| L2 = HI - itd\<>K 7 (-itd)f\\ L2 (4.27) 

<C| 7 |||/|| L2 , *>0,0<p<l. 

Inequalities (4.25), (4.26) and (4.27) give for \(3\ < \a\ (with a new C\ a \) 
\\\V\^d a {G £ , tl {fuf2)){t)\\ L , (4.28) 

^ l72| ||/l( S +t)||Djl/2( S + t)|| Djv (l + S + t)- (3/2+|QH ^ l) ^ 

71+72= P ~ 

< c;^ l sup((i + s )^ii/ 1 ( s )ii z , iv ii/ 2 ( s )ii z , Ar )(i + t)-^- 1 / 2 +i-i-i^i+^, 

s>t 

t > 0, \(3\ < \a\, q+\a\ - \/3\ +p- 1/2 > 0. 
It follows from (4.4b), (4.7) and (4.8) that 

\\\Vr 1 x^d-(G £ MiJ2))(t)\\ L2 (4.29) 

a \'»\\\\V\P- 1 x'nd a J ll (8 + t)\\ La d8, \0\<\a\. 

7l+72=P " 

According to (2.67) we obtain, since C^°(M 3 ) is dense in L p , 1 < p < oo, that 

|||VrV«9 Q J M (t)|| L2 < C\\xW a J^t)\\ LP , t > 0, 
where p = 6(5 — 2p) _1 , < p < 1. We obtain from (4.26) that 

IHVrV^WII^ (4.30) 

< qa|ll/i(t)ll^ll/2(t)l| DiV (i + t)- (|Q|H7l+1/2+p) , t > 0,0 < p < i, | 7 | < N. 

Inequalities (4.29) and (4.30) show that (with a new Cj a |) 

|||VrV^(G £ , M (A,/ 2 ))(t)|| L2 (4.31) 

<C W SU P (||/i( S )|| D Jf2(s)\\ D ) 
s>0 

(1 + S + t)^(l + t + S )-^H7i| + l/2+p) rfs 

7i+72=P - 

< C' lal sup ((1 + s)l/i(*)|| D J/ 2 00llz>J(l + t)-(l«l-H-V2 + P + ,), f > o, 

where < p < 1, \(3\ < \a\ and \a\ - \-f \ + p - 1/2 + q > 0. Inequalities (4.28) and 
(4.31) prove inequality (4.2) of the lemma in the case where q = 0. The case q > 1 follows 
by differentiation of expressions (4.4a) and (4.4b) with respect to t, and then by using 
inequalities (4.28) and (4.31) for q > 1. This proves inequality (4.2). 
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To prove inequality (4.3), introduce 

/ 7 ,«,m(*) = * 7 0%(*). ( 4 - 32 ) 

and let Vj(t) be the stationary phase development of e l£,jJ< y-' ld ) t f-[t) up to order n. We 
observe that for t > 0, Plancherel theorem gives 

IKWWniL! < (|(l + |fc| 2 t 2 )- 2 ^) 1/2 ||(l-t 2 AK 7 , a ,,(t)|| L2 (4.33) 
= Ct- 3 / 2 ||(l-t 2 A)/ 7 , a , M (t)|| L2 , f >0. 

Commutation of A and x 1 gives 

||(l-t 2 A)/ 7 , a , M (t)|| L2 (4.34) 

< C f |7l,|«|(ll- ? 7.a.M(*)lll-a + ^ E " I S,ocA t ) II £2 

|5| = | 7 |-2 

+t 2 E iiw*)iil 2 +* 2 E ii 

|*| = | 7 |-1 |A| = |a|+2 

|A| = |a| + l 

where sum over 5 is absent if the upper bound of \S\ is strictly negative. 
According to (4.26) and (4.32) we now get 

||(l-t 2 A)/ 7 , a , M (t)|| L2 

< c^whm^wf^^ji +f )-(i«i-i7i+3/2 )j t > 05 17 | < |a|j 

which together with (4.33), shows that (with a new C\ a \) 

WwAWW* (4.35a) 
< C|a|ll/iWII^II/2(t)||D^- (|Q| - 7l+3) , t > 1, | 7 | < \a\, 

where N depends only on \a\. Similarly, we obtain using (4.20) 

||(/ 7)a)M (t)-^K(t) 7o7 ^ 2 (t))) A || L1 < q a | )n ||/i(t)|| D J|/2(t)|| Djv t- (n+2 - |7l) - (4.35b) 

On the other hand, we also have 

II(J7,«,m(*)) A Hli ^ ^IK 1 " WwAQWl*, t > o, (4-36) 
which, by the method used from (4.33) to (4.35), gives 

IKWWHl! < C w ||/i(*)||n \Mt)\\D v , * > 0, l7l < H (4.37) 
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Inequalities (4.35) and (4.37) give (with a new C\ a \) 

WwMTW* <C| a |ll/i(*)ll^ll/2(t)||^(l + *)- (|a| - |7l+3) , *>0,| T |<|«|, (4.38) 

where A depends only on \a\. 

Since H/H^oo < \\f\\ L i it follows from inequality (4.5), equality (4.25) and definition 
(4.32), that 



IL°° 



\\x' 3 d a (G e , fl (fiJ2))(t)l 

_ poo 

<C W E / s1+|72| II( / 7 1 ,«,m(* + «)) A Hl 1 ^ t>0,\P\<\a\. 

It now follows from (4.38) that (with a new C\ a \) 

\\x^d a {G E , IJb {f u f 2 )){t)\\ L ^ (4.39) 

<c M / « 1+l72l (i+«+^)" (H " l7ll+3) ii/i(^+^)iiDji/2(t+ S )ii^^ 



7i+72=/3 ' 



< C' M supdlAWHn ||/ 2 ( a )|| D J(l + * > 0, |0| < |«|, 



s>0 



JV JV 



where A depends only on \a\. 
The proof of 

\\x p d a (G et »(f 1 ,f 2 ))(t)\\ Loo (4.40) 
<C | ' a| sup(||/ 1 ( S )|| D J|/ 2 ( S )|| D J(l + t)-(l«l-^ +2 ), t>0,|/3|<H, 

s>0 

is so similar to the proof of (4.39) that we omit it. 

Let \t\ < \x\, then it follows from inequalities (2.60a) and (2.60b) of Theorem (2.12), 
with 1/2 < p < 1, that 

(1 + \x\ + tf/ 2 -^(\d a G(h, f 2 )(t, x)\ + (1 + |x| + \t\)\d a G(h, f 2 )(t, x)\) (4.41) 
< C w (l + \x\f' 2 -^ a \\d a G{f u f 2 )(t, x)\ + (1 + \x\)\d a G{h, f 2 )(t, 



Inequality (4.2) now shows that 

(1 + \x\ + tf' 2 -P + \ a \{\d a G{f u f 2 )(t, x)\ + (1 + \x\ + t)\d a G{f u f 2 )(t, x)\) (4.42) 
<C w sup(||/i( a )|| D Jl/aWII,, ,)(l + t)-" +1/2 , N <t,t>0, 

s>0 N N 

where A' depends only on \a\. Inequalities (4.39), (4.40) and (4.42) with e = p — 1/2, 
prove the last statement of the lemma in the case where q = and % = 0. The cases 
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q > or x > are obtained by derivation of expressions (4.4a) and (4.4b) and by using 
the formulas (4.5) to (4.8). This proves the lemma since a dense in D N . 

The proof of Lemma 4.1 has a useful corollary giving the decay rate of the rest term 
of G e ^ after substraction of the main contribution given by stationary phase development 
of e ts,Jj( '~' ld " lt fj(t), j = 1,2, in (4.1). To state the result let, s being a fixed parameter, 

£ QteMt^e***^ f >0, 

0<l<n 

be the stationary phase development up to order n of e 15 ^^ 19 ^ fj(s), j = 1, 2, fj(s) E D^, 
s > 0, defined by (A. la) and (A. lb). We define 

r 3,e,n( t > X )= 9j,e,l(t,t,x), t > 0, (4.43) 

0<l<n 

and 

{Re^n{fuh)){t) (4.44a) 
[°° sin((-A) 1 / 2 (t-s)) / , 

= ~J t (-A)l/2 7o7^2, e ,n(*)^ «>0, 

(Re^n(fuh))(t) (4.44b) 




cos((-A) 1 / 2 ( t _ s))(r 1)e)n ( S ))+7o7^2, e ,n(s)^, t > 0. 



Corollary 4.2. Let (G,G) and (R, R) be defined by (4-1) and (4-44) respectively and 
let fj:M. + — > D N , j = 1,2, be C° functions. Let n > be an integer and let a, (5 be 
multi-indices. If N, depending on n, \a\ and \/3\, is chosen sufficiently large, then 

\\x^d a {G e ^{f u h)-R w {hJ 2 )){t)\\ L2 (4.45a) 

+ t\\x^d a (G e ^(f U f 2 ) - R £ ^ n (fu / 2 ))(t)|| L2 

< C nM Bup(||/i( a )|| D \\f2{s)\\ D )t-(»-M+V*) t t>l,n>\p\, 



\d a (G e ^(f 1 j2)-R e , li ,n(flJ2))(t)\\ L oo 

+ t\\d a {G £ ,^f U f 2 ) - R e ,», n {fu f2)){t)\\ L , 



(4.45b) 



< C nM su P (II/i(«)IId ||/ 2 ( a )|| D )t-("+ 2 +l«D, t > l,n > 0, 

s>0 " ™ 



< C nM su P (II/i(«)IId N \\h{s)\\ D ), t > 1, |a| > 

s>0 N N 



(4.46) 



1,1/2 <p < 1, 
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and 

(l + \x\ + \t\) s / 2 -f+^(\d a R £ ^ n (fiJ2)(t,x)\ 

+ (1 + |x| + \t\)\d a R e ^ n (f u f 2 )(t,x)\) (4.47) 
<C n , lal sM\\h(s)\\ D JMb)\\d Jt~ p+1/2 , t>i. 



Proof. Inequality (4.45a) follows from the estimate (4.20): 



< CnM^it^J^it^J-^H^- 6 '^ t > 
and by observing that 

sin^-A) 1 / 2 * 



I 



2 (r 7)Q (t + s) - x^d a ( ri (s + t)r 2 (s + t)))ds\\ L2 



/•OO 

+ t\\ / cos((-A) 1/2 s)(r 7)Q (t + s) -x' i d a (r 1 (s + t)r 2 (s + t)))ds\ 
Jo 

<^«|™P(IM*)|U ^W*)\\Djt- {n -™ +1/2 \ t>l. 



s>0 



The proofs of (4.46) and (4.47) are contained in the proof of (4.2) and (4.3) because of the 
bound (4.14). Inequality (4.45b) follows from (4.35) with n replaced by n + 1 + \a\ and by 
estimating all terms in v^~(t) / y / y^V2(t) of order higher than n. This proves the corollary. 

We can now prove an analog of Theorem 3.5 of [8] adapted to the spaces E N . Let 
t i— > fj(t), j = 1,2, be C 2 functions from M, + to D N , let mi,m2 > 0, £i,£2 = ±1, 
M = \£\m\ —£2^2] > 0, let e be the sign of —£\m\ +£2^2 and let u M (k) = (M 2 + |/c| 2 ) 1 / 2 , 
fcel 3 . Introduce 

f2))(t) = - J™ Sm(( ~^p2 ~ (WiJ2))(s)ds, t>0, (4.48a) 

/OO 

cos((-A) 1 / 2 (t- s ))(/ M ( /l , /2 ))( s )rf s , t> , (4.48b) 

where 

(WiJ2))(t) = (e- 1 ^ 1 (-^ViW) + 7o7^(e l£2 ^ ( - ia)t /2(t)). (4.48c) 

If t 1— > /■,(£), J = 1,2, are bounded and C°° from R + to D^, then it turns out that the 
asymptotic behaviour of is that of e* eWM ^ _l5 ' ) */i(t), where k 1— > (h(t)) A (k) is regular 
outside /c = 0. This fact, which follows from the proof of the next lemma, was already 
proved in [8] in a different setting. 
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Lemma 4.3. Let (H, H) be defined by (448) and let fj-.R + -> D N , j = 1,2, be C 3 
functions. Let n > be an integer. If N is chosen sufficiently large, then 



Imp 



i) ll^((Wl,/ 2 ))(t),(^(/l,/2))(t))IL 
\a\ <n 

< C n , p b N (f u f 2 )(t)(l + t)-( p+1 / 2 \ -1/2 < p < l,t > 0, 

ii) \\d a M p -\(H(f 1 J 2 ))(t)AH(f l j2))(t))\\Li 

\ct\<n 

< C n , p b N {h,h){t){l + t)-( p+l ' 2 \ 1/2 < p < l,t > 0, 

iii) |((I(/l,/2))W(x)| + |((i(/l,/ 2 ))(i))(l)| 



where 



2 3 $ 



s I (Is 1 ' 

j=l 1=0 - 

and where N depends on n. 

Proof. Let hj E S(R 3 , C), j = 1, 2, and let 

T(t) = ( e - ieiUm i(- i9)t h 1 )(e ieaUm *(- id)t h2), t>0, (4.49) 

and let rj(t) = J2^=o r j (^) be the stationary phase development of e~ lSlUj( -~ ld ^ )t hj,j = 1,2 
up to order n in Theorem A.l. In complete analogy with the derivation of inequality (4.20), 
by inequalities (4.14), (4.15), (4.18) and (4.19) we obtain for N sufficiently large, depending 
on \a\ and n, and for \(3\ < n, 

\\x^d a (T(t) - e isM »V ri (t)r 2 (t))\\ LP (4.50) 
< CJhWj, Jh 2 \\ D t-^ +l+ ^-V/v-W\ t> 1,1 <p<oo, 



JV N 



where supp r •(£) C < £}, 



| ._ ^ -lf)a r (q)(+\\\ _ < r , ,,||?,.||_ f -|a|-/-q 

and 



||p(t)"^rf (f)|| L „ < ^M^m-h* ' (4.51a) 



N+2\a\+l 



HpCO-'d-rj^ct)!!^ < c^^i,,!!^-!^ t -i«i-i-3/ 2 -, > (451b) 

g < r 

-3/2 - g. 



* > 0, < q < n, / > 0, \a\ > 0. The function (t, x) i— > (£, x) is homogeneous of degree 
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The functions r^, < q < n denned by 



r (g) 



(t,x)=t 3 / 2+q r[ qi) (t,x)r [ 2 q2 \t,x), t>0, (4.52) 

q 1 +q 2 =q 



vanish outside the forward light cone and are homogeneous of degree —3/2. We can 
therefore apply Theorem A. 2 which gives, using (4.51a), (4.51b) and (4.52) for \(3\ < L, 

\\ x Pd a (e tsMp ^r {q) (t)- t~ l e i£UJM{ ~ id)t 9 q ,i)\\L2 ( 4 -53a) 

0<1<L 

<C L ,\a\\\hi\\ D ,\\h2\\ D t^ L+1 -\P\\ t>0,\P\<L, 

1 1 N' N' 

\\x f3 d a (e ieMp ^r {q) (t)- t~ lei£UJM{ ~ id)t 9 q ,l)\\L°° (4.53b) 

0<1<L 

<Clm\Md ,\M\d t-( L + 5 /2-l/3|) ? t >0,\P\<L, 

" 1 JV' N' 

and 

y^D^CLj^ll^Jh^^, (4.54) 

where N' depends on L and \a\ and where g q j stands for the fonctions fi of theorem A. 2. 
Defining 

At) = E t~ (3/2+q) 9 q ,l, t > 0, (4.55) 

q,l>0 

using definition (4.52), interpolating between the L 2 - and L°°-estimate in (4.53) and using 
(4.54), we obtain for 2 < p < oo, 

\\x^d a {e ieMp ^r 1 {t)r 2 {t) - e ie ^Mi-id)t g '{t))\\ LP (4.56) 

< Cr i ill7iill„ HTiollr, f-(L+5/2-\/3\+3(p-2)/2p) 

- U L, a"-l D ,\\">2\\D , L i L ^— L i 

\\(j t Mt)\\ Dl < CLdh4»„,J\h4»„,„t- 3/2 -\ t > 1, (4.57) 

where / > 0, \(3\ < L, L > and where N' depends on L and \a\. 

Since ||/|| L i < C||(l + |^|) 2 /|| L 2, we obtain, with a new L and a new C^^, 

\\x f3 d a (e ieMp ^r 1 (t)r 2 (t) - e l£UJ ^- ld)t g'(t)\\ LP (4.58) 
< C LM WhiWo^ ||/i 2 || Djv ,t- (L+5/2 - |/3|) , t > 1, 1 < p < oo, |/?| < L - 2, 

N' depends on \a\ and L. 

According to (4.50) and (4.58) we have, choosing L and N sufficiently large, 

\\x p d a {T{t) - e ieuJ M(-^)y (£)) \\ Lp (4.59) 

<C n \\h 1 \\ D \\h 2 \\ D t -(-+l+3(p-l)/p-|/3|) t >l 5 l< p<00 . 
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We define 

g(t) = x(t)g'(t), ten, (4.60) 

where x e C°°(R), < x(t) < 1, x(*) = for £ < 1, = 1 for t > 2. It then follows 
from (4.57) and (4.59) that 

\\x li d a {Y{t) - e l£UJ ^- ld)t g{t))\\ Lv (4.61) 
< C n \\h4 D Jh 2 \\ D (1 + ^-(n+i+sfr-D/iHfl), f > o, l < p < oo, 



and 



< Cn^||^i|| Djv+2 J|^||^ +23 .(l + t)- 3/2 -', t > 0,j > 0,Z > 0, (4.62) 



where N depends on n > 0. In fact ||r(t)|| LP < CHMIdJIMz^ for < t < 2, if A is 
sufficiently large. 

Let fj-.R+ -> be C fc and let 

= (e iei ^(-^Vi(«)) + 7o7M(e ie2 " m2( - l9) V2(s)), *, s > 0. 

According to (4.48c) we have 

(I fl (fi,f2))(t) = B fl (t,t), t>0. 

Application of inequalities (4.61) and (4.62) for B^t, s), with s fixed, proves that there is 
a C k function g: M + — > such that 

ll^((/ M (/ 1 ,/ 2 ))(t)-e^M(-^ W) || Lp (463) 

< Cn, a ||/i(t)||^||/2(t)||^(l + t)- (n+1+3(p - 1)/p - |/3|) , t > 0, 1 < p < oo, 

and 

W(f t ) l 9(t)\\ Dj (4-64) 
e ll(l + ^ 9 (|)Vi(t)ll^ll(l + t)^(|) Z "V2(t)|| Djv (l + t)- 3/2 - Z , 

0<q<l 

t > 0, n > 0, j > 0, q > I > 0, where A depends on n, j, \a\ and < n — 2. 
Let 

Ag(t) = - f Sin(( ~ A ^ ~ S)) h))(s) - e^-^'g^ds, (4.65a) 

cos((-A) 1 /2( t _ s ))(( /M ( /l , /2 ))( s) _ e -M(-^) s ^ (s)) ^ (4 . 65b) 
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t > 0, where g satisfies (4.63) and (4.64). It follows from (4.6a) and (4.6b) that, for 
-l/2<p<l, 

\\x^(A^(t),A^(t))\\ MP 

\a\<q 

/oo 

Since IIIVI"" 1 /!!^ < C P ||/|| LP , p = 6(5 - 2/>)-\ 1< p < 2, i.e. -1/2 < p < 1, inequality 
(4.63) gives 

£ ||^(Ai n) (t),A^(t))|| M , (4.66) 
< Cn^sapiWf^Wo Jf2(s)\\ D N )(l + t)- n -M, n>l + \P\,t>0,q>0, 

s>0 N N 

where N depends on n and k. 
For n > 1, let 

//<"»«) = - jf """"(^"'" ^"'^Wd., (4.67a) 

cos((-A) 1 / 2 (t - s^e^^^^ds, t > q 5 ( 4 67b ) 

where g satisfies (4.63) and (4.64). We observe that 

Mm-s)) eieUMWa = &_ Ki ^ s ^ ^ 0; (468a) 

and 

cos(\k\(t - s))e isuj M {k)s = ^Ki(t,s,k), l>0, (4.68b) 

where 

*C *) - ( ( ^ (fc) + S^ (fc) " |fc|)l «-(|*|(* - .)) (4.69a) 

, (eu M (k) + |fc|)' + (eu M (k) - \k\) 1 sin(|fc|(t - g)) \ ^ (fc)fl 

and 

k l (t,s,k) = -K l {t,s,k). (4.69b) 
The functions k h- > if;(t, s, fc) and i— > i^(t, s, fc) are real analytic functions on IR 3 . 
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Partial integration three times in (4.67) gives, using (4.68), 

Hj?\t) = K^t, t, -id) 9lx {t) - K 2 (t, t, -id)± 9ll (t) + Ag(t), (4.70a) 

d 



and 



where 



and 



dt 



Hj?>(t) = Mt, t, -id)g^t) - K 2 {t, t, -tf)^(f) + Ag(t), (4.70b) 



A 2 



^ rP r°° fP 

n l{t) = K 3 (t,t,-id)-^ 9fl (t) + J K^s-id^g^ds, (4.71a) 
A£2(t) = K 3 {t, t, ~id)^(t) + ^ K 3 (t, s, -id)^(s)ds. (4.71b) 



d 2 , , r , d 3 
According to definition (4.69) of K, we have 



\Ki{t,s,k)\ < Ci(u M (k)) l \k\~ 1 , l>0, 
\Ki{t,s,k)\ <d(u M (k)) 1 , Z>0, 

and 

\Ki{t,t,k)\ < lCi(oj M (k)) l ~ 1 , l>0, 
W^MKCi^Mik)) 1 , l>0, 



t,s eR+,ke W. 

These inequalities for K, similar inequalities for the derivatives in the third argument 
of K and (4.71) give, for k e N, 

\\x^(A^(t),A^(t))\\ MP 

\a\<k 

<c k IN'^lvr 1 -^)!!^ 



|a|<fc+3 



/oo ^3 
|| N l/3|^|V r i_^)|| L2 , \(3\<3. 



|a|<fc+3 



Since IIM'-VH^ < C p \\f\\ LP , p = 6(5 - 2p)~\ 1 < p < 2, and since 
lp < C'\\(l + \x\) 2 f\\ L2 for 1 < p < 2, inequality (4.64) now gives for -1/2 < p < 1 



and \f3\ < 3 

\\x^d a (A^\t),A^(t))\\ MP (4.72) 



\a\<k 

2 3 



< C n , k , P II E SU P (IK 1 + s ) l ^fi( s )Wn N )(l +t)" 7/2+l/31 , * > 0, 

j=l 1=0 s -* 
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where A depends on n and k. 
Let 

Ajn)=Ag + Ag, (4.73) 

For n > 4 it follows from inequalities (4.66) and (4.72) that 

E ||^(A^(t),AW(t))|| MP (4.74) 

|a|<fc 

< Cn, k , P n Esup ((i + syw^Ms^jii +r 7/2+l/?l , 

j = l 1=0 s ^ f 

where t > 0, —1/2 < p < 1, n > 4 and A depends on n and /c. 

It follows from definition (4.48) of (H, H), (4.65) of (A W , A W ), (4.67) of ifW), 
(4.71) of (A^ n) , A^ n) ), (4.73) of (A^, AW) and from expression (4.70) that 

ff M (f) = AW(t) + Ai(t, f, -i0)</„(f) - K 2 (t, t, -id)j t g^(t), 

and 

= AW(t) + Ai(t,t, -za)^(t) - a 2 (m, -^)^(t). 

It now follows from the explicit expression (4.69) of K and K, that 

H„(t) = A«(t) - M- 2 e i£ — ( - ia)t ^(t) - 2^ M (-za)M" 4 e— ("**>* ^(f), (4.75a) 
= AW(t) - ieuj M (-id)M- 2 e^Mi-id)t g ^ t) (4 75b) 

- (2(u, M H«9)) 2 - M 2 )M-V-M(-^)t|^ (t) _ 
Inequality (4.64) and equality (4.75) give, 

E \\d a (H(t)-AM(t),0)\\ MP (4-76) 

IH<fc 

2 1 w 

< c n ,k, P II E su p (ll^r/iOOII^K 1 + 1)- 3 / 2 , t > o, fe > o, 

where 0<p<l,n>4, and A depends on and n. 

We get from (4.75) and ||| V|'- 711^ < C p \\f\\ LP , p = 6(5 - 2p)-\ 1< p < 2, 

E i^ivr- 1 ^) - aww,^) - AW(t))n L2 

|a|<fc 

<C P E (ll^e^^^WII^ + liaV^^^^II^), -l/2<p<l. 

|a|<fc+2 
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It follows using for example Corollary 2.2 of [12], that 

\\e ls ^- W)t f\\ LP < C p \\f\\ Dj (l + \t\f/P- 3 / 2 , 
for 1 < p < 2 for some J > 0. Since 3/p — 3/2 = 1 — p we obtain, using (4.64), 

\\d a \V\ p -\H(t) - A^ n \t),H(t) - AW(t))\\ L 2 (4.77) 

\a.\<k 

<^n^sup(ii| 7 / J ( S )ii D j(i+t)-^ i /2) 5 

j=l 1=0 S ~° 

for t > 0, — l/2<p<l,n>4, k >0, where N depends on k and n. 

Using that |( e ^M(-^)t x )| < C(i + t+ | x |)-3/2||y|| o ^ for some j > 0j we obtain 

from inequality (4.64) and equality (4.75) that 



j 



\(H(t) - A<»>(f), Jf (f) - AW(t))(,)| (4.78) 

2 1 w 

< c n n E su p (ife/iWKoX 1 + * + i^i) -3 ' ^ > o,n > 4 

for some Nq. 

When /j:ffi + — > -D^ is a C 3 function, statement ii) of the lemma now follows from 
inequalities (4.74) and (4.77) with n = 4. In fact, for 1/2 < p < 1: 

\\d<*\Vr\H{t\H{t))\\ L2 < \\d-(A^(t),0)\\ MP ^ + \\d a (0, A^(t))\\ MP 

+ wd^r'm) - A^(t),H(t) - AW(t))\\ L2 , 

where the first two terms can be estimated by (4.74) since — 1/2 < p — 1 < 1, and the 
last term by (4.77). Statement i) follows from inequalities (4.74), (4.76) and (4.77) for 
< p < 1. For -1/2 < p < 0, it follows from (4.74) and (4.77), since in this case, 

\\d"(H(t),H(t))\\ MP < ll^(A (4) W, AW(t))|| MP + \\d<*\Vm(t)-AW(t))\\ L2 

+ Wd^VlP-^Hit) - A^(t))\\ L2 

and, since — 1/2 < p < and < p + 1 < 1, (4.77) can be applied to the last two terms. 
Statement iii) of the lemma follows from (4.74) and (4.78), since 

\\v(tf(H(t),H(t))\\ Loo 

< \\v(t)*(H(t) - A< 4 >(f), H(t) - AW(t))\\ L „ 

+ ||^Kt) 3 (A (4) (t),A( 4 )(t))|| L2 , {v{t)){x) = {l + t+\x\ 2 ) l '\ 

\a\<2 

where we have used ||/|| Loo < C||/|| W 2,2- Finally it follows by continuous extension that 
statements i), ii) and iii) are valid for C 3 functions /j:R + — > D N having finite b^. This 
ends the proof of the lemma. 
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We remark that statement ii) of the lemma is still true for — 1/2 < p < 1, which 
follows by a slight change in the proof. However this result will not be used in this article. 

To prove the existence of a modified wave operator for t — > +oo, we first use an 
asymptotic condition slightly different from that defined by in (1.17c), where si + ^ is 
given by (1.18). We introduce 

Q'(t)u = (/, /, {eu{-id)t + s' £ (t, -id))P e {-id)a) , u = (/, /, a) E E N , (4.79) 

for some N sufficiently large, where 

s' e (t, k) = -&{A', t, -ekt/u(k)), t > 0, (4.80) 

$ is given by (1.19) and A' being an electromagnetic potential which we shall determine 
later. 

To estimate we introduce the following representation of the Poincare Lie algebra 
p on functions of (t,x): 

= = 1£t£3 ' (4 ' 81a) 

£ Mi . = - Xi JL + Xj l-, l<i<j<3. (4.81c) 

We also define the representation £ D (resp. £ M ) on the space of Dirac fields (resp. vector 
fields) by 



ti=^ ^=Cp m , 0<^<3 (4.81d) 

£m,„ = £m m „ + £m m „ = £m m „ + < M < < 3. (4.81e) 



Lemma 4.4. Let A':R+ x I 3 ^ I 4 be a C k function, k>0, and let 1/2 < p < 3/2, then 



i) \${A\ t, x) | < ((1 + t + \x\Y~ 1 ' 2 - l)C(p - 1/2)" 1 sup((l + s + \y\) 3 / 2 -P\A'(s, y)\) 

ii) \^(A',t,x)\ + J2\^(A',t,x)\ 

< C(l + t + \x\) p - 3 / 2 (p - 1/2)" 1 

E sup((i + « + | ? /|) 3 / 2 ^(K( s , 2 /)| + K'( s , ?/ )|+ £ ICm^MI)), 

0<^<3 S ' V 0<m<3 

u>/iere 
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1 :/<:! 

d 

A' {t,x) - 

Ki<3 



A'>(t,x)=^A (t,x)- di A i(t,x))t, 

l<i<3 

A"(t,x) = ^A' (t,x)- J2 diA^x^i-xj), l<j<3 and k>l, 



iii) J2 \^d«#(A>,t,x) 



\a\+l=n+n' 

< C(p - 1/2)" 1 (1 + t + \x\)-\l + \t- \x\\)- n+p+1 / 2 

E E su p (c 1 + s + MX 1 + I s - \y\\r~ p ~ 1/2 

0<^<3 \/3\+r=n-l+ri S,V 

(\^A' l/ (s,y)\ + \^A'l(s,y)\+ £ |^r^„^(*, v)\j), 

0<M<3 

> n > 2, n' > 0. 

In the three cases the supremum is taken over (s,y) G M + x M 3 . 
Proof. Statement i) follows directly from 

nl 3 

\d{A'^x)\< / (|t||A (a(t,x))| + |x| J2\Ms(t,x))\)ds 
J o V i= i y 

< E su p ((i + ^ + i?/i) 3/2 - p i^(^y)i /' t— ^L^ tb), 

where l/2<p<3/2. To prove statement ii) we use covariant notation and summa- 
tion convention over repeated contravariant and covariant indices. Let y° = t, y l = Xi, 
1 < i < 3. We note that using the gauge condition we obtain 

^y.A'^sy) = (^A'n(sy) + K(sy) + A'l(sy), (4.82) 
where A"(z) = z u -^A \z). This shows that (not using summation conventions) 

\^(A',t,x)\+J2\4-^A',t,x)\ 

i=i 1 

< E sup ((l + \y\+y ) 3/2 - p (\K(y)\ + \K(sy)\+ E 

0<u<3y^ m+ >< m3 V 0</x<3 



[\l + s(t+\x\r- 3/2 ds, y = (y°,y). 
Jo 



Since the last integral is bounded by C(p — 1/2) 1 (1 + 1 + \x\) p 3 / 2 , p > 1/2, this proves 
statement ii). 
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To prove statement iii) let \a\ + 1 = n + n' = N, n > 2. It follows from equality (4.82) 
and definition (4.81a) of that 

i Pv •••^ y^A'^sy) (4.83) 

1 N 



which gives 



where 



£ |^ J ^(i4 / ,t,x)|<g n>JV (i4 / K»(*,a:), ( 4 -§4) 



|a|+Z=JV 



and 



/„(*, x) = f 1 s n -\l + s(t + \x\))-\l + s\t- \x\ \) p - n+1/2 ds 
Jo 



Q n , N (A') = £ SUp f(l + yO + mi + \yO_ W \\ r -l/2- P 

0<K3^ R+xR3 

(iv Ar - i Au?/)i + iv^- i <(y)i+ Yl w-^A'jm) 

0<M<3 

9 S 9 d " y=(y\y). 



.dy° ' dy 1 ' ch/ 2 ' ch/ 3 - 
To estimate the integral I n (t, x), n > 2, (i, x) G M + x R 3 , we observe that 

I n (t, x) < 2" +1 /2-p f s »-i (1 + s (l + t + Ixl))- 1 ^ + s(l + |t - |x| |))"- n+1 / 2 ds. 

This gives, for n > 2 and 1/2 < p < 3/2, 

I n (t,x) < 2 n+1 / 2 - p (l + t+ |x|)" 1 (l+ \t- \x\\) p+1 / 2 - n 

- Ulh « «-l/2-p 

< (p - l/2)- 1 2 n+1 / 2 -' > (l + t + Ixl)" 1 ^ + |t - |x||) p+1/2 - n , 

which together with (4.84) proves statement iii) of the lemma. 
There is an analog of Lemma 4.4 with L 2 -estimates: 

Lemma 4.5. Let ^ A' e C°(R+,M P ) for Y e W, let A" be defined as in Lemma 
44, let S M = -d^(A'), < n < 3, let Z e IT n U(R 4 ), let L e U(sl(2,C)) and let 
F^y) = ft A^sy)ds, yeR+xM. 3 . 



8(1+ | 






x\ 


1) 


l + s(l + | 


t - 




*l|) 
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i) 7/1/2 < p < 1, then 

m¥ L B^¥ ZLB){t)\\ MP 

<C(l + t)- a sup ((l + s) b m¥ L A',^ ZLA')(s)\\ MP 

0<s<t v 

+ m¥ L A" ^¥ zlA"){s)\\ Mp + \\(Z¥xlA',Z%zxlA')(8)\\ mp ), 

xennsi(2,c) 

where a = \Z\ + p - 1/2 if b > \Z\ + p - 1/2, a = b if b < \Z\ + p - 1/2 and b e R. The 
constant C depends only on p, a, b. 

ii) 7/0 < p < 1, then 

11(1 + *+ I • I) _1 (^)(*)IIl»cr»,R*) + W(^ZYF)(t)\\mms iR4) 
<c((l + t)- a > sup ((1 + s^\\M^^¥yA')(s)\\ l2 ) 

V 0<s<t 

+ (l + ty a > sup ((l + s) b >\\(^ Y A\^ )ZY A')(s)\\ Ml )), Y en',o<^<3,t>o, 

0<s<t ' 

for each r g]0, 1[, such that \Z\ + 1/2 — (1 — p)r > 0, where 

Ta 1 + (l-T)a 2 = \Z\ + l/2, 

if rb x + (1 - r)b 2 > \Z\ + 1/2 - (1 - P )t, 

ra\ + (1 - r)a 2 = (1 - p)r + rb\ + (1 - r)b 2 , 

ifrbi + (1 - r)6 2 < \Z\ + 1/2 - (1 - p)r , and where a 2 = \Z\ + 1/2 i/6 2 > \Z\ + 1/2 and 
a 2 = o 2 i/62 < \Z\ + 1/2. 77ie constant C depends only on a\, a 2 , b\, 6 2 , p. 

TVoo/. Since {t,¥ B )» = -d^(£f?A'), < /i < 3, for L e U(si(2, C)), and since 

\(£% Y F)(V)\ < I s\ z '\\{^ IY A'){sy)\ds, Z'EU(R 4 ),yeR + xR\ 
Jo 

it is enough to consider the case where L = Y = I, the identity element in U(p). 

It follows from equality (4.83) with N = \Z\ + 1, since £y = £ Y for F e t/(M 4 ), that 

|(|V|>(#5)m(*))(*)I (4.85a) 

^° 0<a<3 

+ |(ivre^)K^)| + |(ivre z ^)( a t, a x)i)ds 

and 
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VrH&zBUtyWl ( 4 - 85b ) 

< J- m p -^ Po zM a ^' a )(st,sx)\ 

J ° 0<a<3 

+ Kivr- 1 ^^)^,^)! + Kivr- 1 ^^)^,^)!)^. 

We prove next the following result. If 1 < p < oo, / G C(K+, Z7(M 3 )) 

(g t (s))(x) = s £ (f(st))(sx), e>3/p- 1, (4.86a) 
where £, s G M + , x G M 3 , then 

|| f g t {s)ds\\ LP KCil+tff*-*- 1 sup (l + S ) A ||/(s)|L„ (4.86b) 

JO 0<s<t 

for A > e — 3/p + 1, and 

|| I' g t (s)ds\\ LP <C(l+t)~ x sup (l + s) x \\f(s)\\ LP , (4.86c) 

JO 0<s<t 

for A < e — 3/p + 1. C is a constant depending on p, A and s. In fact, since 

|| / 9t(s)ds\\ LP < [ \\g t (s)\\ LP ds 
Jo Jo 

and 

\\9t(s)\\ LP = s s -^\\f(st)\\ LP , 



it follows that 



|| f g t {s)ds\\ LP < f s s -^(l + st)- x ds sup (l + s') x \\f(s')\\ LP . 

Jo Jo 0<s'<t 

Since e—3/p > —1, the integral in this expression exists and is bounded by C(l+t)~ e+3 / p_1 
if e — 3/p — A < — 1 and by C(l +t)~ x if e — 3/p — A > —1, which is seen by making the 
substitution s' = st. This proves estimates (4.86b) and (4.86c). 

The inequality in statement i) of the lemma follows by applying (4.86a) and (4.86b), 
with p = 2 and e = p + \Z\, to the integrands in (4.85a) and (4.85b), since e > —1/2. 

To prove statement ii) , we note that 

|(1 + t + \x\)-\i z F){t, x)\ + \(^ z F)(t, x)\ 

< (! + £+ + (u(t))(x), t G x G K 3 , 



where 



(i/(f))(s) = / 1 a l z l|(e z ^)(^^)l*» 
Jo 
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and 

(«(*))(*) = e r « |z|+i k^^)(^ *x)icfa. 

z'en'nt/OR 4 ) 

|Z'| = |Z| + 1 

Let < t < 1 and let q' 1 = rp' 1 + (1 - r)/6, where p = 6/(3 - 2p), < p < 1. Then 
p < g < 6 and ||(1 + t + | • |) _1 || L9 , < C q (l + t) 3 / 9 '" 1 , where g' = 2g/(g - 2) > 3. Holder 
inequality gives 

ll(i + * + 1 • irVOIL" < + *) 1/2 - 3/ *IK*)IIl«. 

Estimating \\v (t)\\ Lq by inequalities (4.86b) and (4.86c), we obtain 

1 • irMm* < c(i + tfw-x sup (i + s) x \\f{s)\\ Lq , 

0<s<t 

where q is chosen such that \Z\ > 3/q — 1 and where A' = A if A < \Z\ — 3/q + 1 and 
A' = \Z\ — 3/q + 1 for A > \Z\ — 3/q + 1. It follows, by the choice of q and r that 
||/( s )||l9 ^ II/( s )IIlpII/( s ) IIl^ T i which together with the Sobolev inequality (2.61) give 

iKi+t+i-iryoii^ 

<C(1 + t)V2-3/,-V sup ((1 + s) A|| \ V \ P{( . z a>) ( S ) ||I 2 1| \V\{£ z A')(s) ||ir ) • 

0<s<t 

Introduce ax, a 2 , bx, b 2 & M. such that X'+3/q— 1/2 = rai + (l— r)a2 and A = r&i + (l — r)6 2 . 
Substitution of 1/g = r/p + (1 — r)/6, 1/p = (3 — 2p)/6 and the relation between A and 
A', give that 

ra 1 + {l-r)a 2 = \Z\ + l/2, 
if rb x + (1 - r)b 2 > \Z\ + 1/2 - (1 - p)r , and 

ra x + (1 - r)a 2 = (1 - p)r + rb t + (1 - r)6 2 , 

if rbx + (1 - r)6 2 < |Z| + 1/2 - (1 - p)r. Moreover r e]0, 1] and \Z\ + 1/2 - (1 - p)r > 0. 
By the definition of ax, a 2 , bx, b 2 we obtain that 

||(l + t+|-|)-Vt)|| L2 <C"((l + t)- ai sup (l + s^\\M^C z A')(s)\\ L2 y 

0<s<t 

((l + t)— sup (l + ^mvK^OWII^) 1 "' 

0<s<t 

Using that r\r\~ T < rr x + (1 — r)r 2 , where r l7 r 2 > we obtain that || (1 + t + | • |) _1 t'(t)|| i 2 
is bounded by the right-hand side of the inequality in statement ii) of the lemma. This is 
also the case for !!«(£) || i2 , which is seen by estimating the terms in the sum defining u(t) 
by inequalities (4.86b) and (4.86c), with e = \Z\ + 1, X = b 2 and A' = a 2 . This is possible 
since r > 0, so ax and bx are determined by the above conditions when r is fixed. We note 



98 



FLATO SIMON TAFLIN 



that the condition e > 3/p — lis satisfied for p = 2 and that a<i = 62 if ^2 < \Z\ + l/2 and 
that CL2 = \Z\ + 1/2 if 62 > \Z\ + 1/2. This proves the lemma. 
In the next corollary, we define 

A'^t) = cos((-A) 1 /2 t)/ ^ + (_A)-V2 sin(( _ v) i/2 t) ^ (4 87a) 

e=± 

where (/, /) G and /^ e) G C°(M+, D N ), e = ±, j = 1, 2, for some N sufficiently large 
and where G Sjfl is defined by (4.1a). We suppose that the free field part of A'^ satisfies the 
Lorentz gauge condition, i.e. 

fo- = °' A f° - E d *fi = °- ( 4 - 87b ) 

l<i<3 l<i<3 



Corollary 4.6. Let 1/2 < p < 1, Ze£ (/,/) G M^ p and let G C°°(IR + , D N ). If A' 
defined by (4- 87a), B defined as in Lemma 4-5 and N is sufficiently large, then 

i) \\(B(t),B(t))\\ MP 

< C\\ (/, /) || MP + C p ^P (WP[ e) (8) II D J|4 £) 00 || D J , 

* > 0, 

ii) WiO,*)! 

< ((1 + f + M)"" 1 / 2 - l)C,(||(/,/)|| P + £ sup (||/3; £) («)|| D J|4 e) ( S )|| D j), 

* > 0, 

iii) \^(A',t,x)\ + \^(A',t,x)\ 

< (1 + 1 + |^|)^- 3 / 2 c /3 (||(/, /)||^ + 5^ sup (llM"^^)!!^!!^^^)!!^))- 

t > 0, 

iv) E 

|a|+i=n+n' 



e=± 



\M" 

n+l+n' 



<(i + t + N)- 1 (i + |t-N|)- B+ ^ 1 /2 C 7 Pin (||(/,/)|| J 

+ E sup(i + s )^-(||(1)^-^( s )|| d ji(^)^-4 £) ^ii^)). 



l«ll + l«2l<™' 



* > 0, n > 2, n' > 0, where N depends only on n, 
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v) if moreover (/, /) = and x > 0, then 

dt' 



\a\+l<n+n' 

<s n , x (t, x )j2 E 

e=± Zi+Z 2 + |ai| + |a2|<n 

''l+^ + l a 'll + l a 2l< n ' 

sup((l + S )^+*||(^ 

where t > 0, x € M 3 , n > 1, n' > 0, and where 

S n , x (t,x)<C x (l + t+\x\)- n for X >0 

and 

S n , (t, x)<C' s (l + t+ \x\)- n+s for x = 0, d > 0. 
The constants C x , x > and C' 5 , 5 > depend on n and n' , and N depends only on n. 

Proof. It follows from Lemma 4.1 that the hypotheses of Lemma 4.5 are satisfied for N 
sufficiently large. We shall bound the terms on the right-hand side of the inequality in 
statement i) of Lemma 4.5. It follows from Lemma 4.1 and definitions (4.87a) and (4.87b) 
of A' that, for N sufficiently large, 

\\(A'(t),±A>(t))\\ MP (4.88a) 

< ll(/,/)IU + (1 +t) 1/2 ~ p C p sup (\\P{ £ \s)\\ d J$\s)\\ Dn ), 

e=±°^ s 

\\(A"(t),j t A"(t))\\ MP (4.88b) 

< (1 + t)^C p £ (\\P { i\s)\\ d JP { 2 £) (s)\\ Dn ), 

e=±°^ s 



where A" is defined in Lemma 4.4, and 

d 
dt 



Y,\\ttxA')(t)±J x A'(t))\\ MP (4.88c) 



x 



< 



C\\{fJ)\\ M , + (1 + t) 1/2 "^ p J2 sup (\\PT\s)\\ d J4 £ \s)\\ Dn ) : 



e=± °< s 



where the sum is taken over X e sl(2, C) n IT. Statement i) now follows from Lemma 4.5 
and inequalities (4.88). 

It follows directly from (4.87a), Proposition 2.15 with n = and inequality (4.3) of 
Lemma 4.1 with \a\ = 0, that 

(l+t + \x\f/ 2 -P\A'^x)\ (4.89) 
< cJ\\(f,f)\\ M , + (1 + t) 1 /^ £ SU P {\\ti%)\\Djti%)\\D N )\ t > 0. 
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Statement ii) of the corollary follows from (4.89) and statement i) of Lemma 4.4. The 
proof of statements iii) and iv) is so similar to that of ii) that we omit it. 
To prove statement v) we note that 

j t (GeMu f2)){t) = G £ ^{ieu{-id)h + A, f 2 ) + G e>M (/i, ieu{-id)h + A), 



m = j t wi J = 1,2, 



and that 

diGe^ifl, h) = G^difu f 2 ) + G £)M (/ 1 , dif 2 ), 1 < i < 3, 

where e = ±, < fx < 3. These two equalities, inequality (4.3) of Lemma 4.1 and equality 
(4.83) give, with I + \a\ = n + n', n > 1, n' > 0, 

\(^) l d a 0(A',t,x)\ 



< 



J2 [ ^ n+n '~ 1 ^ + st+\sx\)- (n+x - s \l + st)- s ds 

r 1- ; iML, MU I -^0 



e=± l 1 +l 2 + \ct 1 \ + \a 2 \=n 
Ii+Ii + |ai| + |ai|<n' 



where x > 0, 5 > and where N depends on n. If % > then we choose 8 = x/2- The 
integral in the last estimate is then bounded by 

/ S n - I (l + S(t+ | X |))-(-+x/2) cZiS < C x (l+t+\ X \)- n , 

Jo 

which proves statement v) of the corollary for x > 0. If x = then the integral is bounded 
by 

/ s n - 1 (l + s(t + \x\))- n+s ds < C' s (l + t+ \x\)- n+s , 0<5<1, 
Jo 

which proves the statement for x = 0. This proves the corollary. 

In order to construct approximate solutions of the M-D equations, we introduce the 
Banach space V n '^, n > 0, j > 0, d > 0, x > as the subspace of elements (P^ + \ £ 
C n (M+, Dj © Dj) with finite norm 

ll(/3 (+) ,/3 ( - ) )||^,x = E E (sup((l + *) x+, ll(4)^H^ (e) (*)llD.) (4-90) 
"• j r + n777 y t>o at j 

£ = ±0</<n — 



+ sup{(l + t) d +x +l \\Q) l P- £ (- i d)[3^(t)\\ D )). 
t>0 ox 3 / 



We also introduce the Frechet spaces V^*^ = n n >o,j>o^ ) n 



3 ' 
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For (/,/) G M£f , for ft = (/?j +) ,/?j _) ) G J = 1,2, and for & = e 

we introduce the polynomial ((/,/), U (3 2 , &) ^ X^\t)((f, /), A, /3 2 , by the 
following expression, where we have omitted the arguments (/, f), Pi, P2, @3 : 

A (e) (t) (4.91) 



where A', defined in (4.87a), is a function of (/, /), ((3[ + \ f3\ ^ and (/32 +) , "*), and where 
is defined as in Lemma 4.5, i.e. 

(B (t))(x) = --#(A',t,x), (Bi(t))(x) = -—#(A',t,x), 1 < % < 3. 

The integral in (4.91) has to be interpreted in the sense of the strong improper Riemann 
integral in L 2 . It follows from the next proposition that A^ e ^ exists for certain choices of 

Xi» X2» X3 and 



Proposition 4.7. Let 1/2 < p < I, < d < I, q G N and let x = Xi + X2 + X3, Xj > 0. 

Let (/,/) G M%, e M j = 1,2, and ^ (^ +) ,^ _) ) G P^. TTien 

i) // (/3 (+) , /3 (_) ) = 0forj = lorj = 2andd-x 3 >p- 1/2 tfcen 



5] ii(e y (A( + ),A(-))n d ,, x , 

ren'nt/QR 4 ) 
l^l<« 

<C J] \\T^\fJ)\\ M ^ Y M +) ^t%^ n,l>0, 
Yi,r 2 en'nLr(M 4 ) i,JV 
|yi|+|y 2 |<« 

where d' = 1 — d, x' = l/2 — p + x 3 + d and L = n + / + 1. f/ere C depends on n, I, d, q 
and X3, while N depends on n and I. 
ii) // (/, /) = and x 3 + d > 0, then 



V d>, x > 



['nl/( 

\Y\<q 

y"ien'n[/(]R 4 ) 

ini+|i2|+|y 3 |<9 



Yen'nc/fM 4 ) 



y ie n'n^« 4 ) 



where I, n > 0, d' = 1 — d, x' = X + d — 5 and L = n + I + 1. f/ere C depends on n, I, 
d, q and x, while N depends on n and I. Moreover 5 = if Xi + X2 > anc ^ S > if 
Xi + X 2 = °- 
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Proof. Since the case q > is so similar to the case q = 0, we only consider q = 0. Let 
W = IT U {D} be a basis of the 11-dimensional Weyl Lie algebra ro satisfying 

[D,P fl ] = -P fl , [D,M af3 ]=0, 0<^<3,0<a</3<3, 

let Wi be the corresponding basis of the 7-dimensional subalgebra roi = 5 1(2, C) © R and 
let 

(P D f)(t,x) = t^-f(t,x) + Xij-f(t,x). (4.93) 

0<i<3 X% 

Let H G C°°(R+ x R 3 ) and let F s (t, x) = H(s, sx/t), t > 0. Using definition (4.81) of P x , 
X G IT, and definition (4.93) of P, D , we obtain 

(S Pi F s )(t,x) = fe Pi H)( 8 ,8x/t), 1 < i < 3, (4.94a) 

(£ Po F s )(t,x) = S -(£ Po H)(s,sx/t) - ±{£ D H)(8,8x/t), 

(£ Moi F a )(t,x) = (£ Moi H)( S ,sx/t) - ^ D H)(s,sx/t), < i < 3, (4.94b) 

(£ Mi .F a )(t,x) = (£ Mi .H)(s, sx/t), 1 < % < j < 3, (4.94c) 
^ = 0. (4.94d) 

Repeated use of (4.94b) and (4.94c) shows that if Y G W n E/(s[(2, C) then there are 
elements Z G W, the standard basis of the enveloping algebra of roi build on W±, and 
polynomials g z such that 

(S Y F a )(t,x)= J2 Qz(x/t)(P z H)(s,sx/t), s>0,t>0. 



Since 
we obtain 

'p„ 

dsi 



zew{ 
\z\<\y\ 



(-^F s )(t,x) = s-'i^H^sx/t), (4.94e) 



d q 

^Y^- q Fs)(l,-)\\ L ~ {B) <C\ Ylq a-* J2 SU P \(ZzH)(s,sx)\, (4.95a) 

zew' 

\Z\<\Y\+q 



where Y eWn U(sl(2, C)) and S is the unit ball in R 3 . 

It follows by induction in \X\ + q > 0, q > 0, X G IT n ?7(R 4 ), from (4.94a) and 
(4.94e), that 

{tx^- q F s )(t,x) (4.95b) 

= E ^/*)*~ |x| s |y|_9 C'x 1 y,i,„ s > o, t > o, y g n' n t/(R 4 ), 

|r|+/<|X|+q 
\Y\<\X\ 
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for some constants Cx,Y,l,q- This gives, for < t/2 < s <2t, 
d q 

\\^Y^F s )(t,.)\\ Lao(R3) <C inq s-* Yl IK^^OIIlco^s), (4.96) 

zeW 

\Z\<\Y\+q 

where Y G W f]U(R 4 ). 

It follows from definition (1.19) of ft and by partial integration, that 

ft(Z D A',y) = y,A'»(y)-ft(A',y), 

which, together with (1.20b), give 

tn^iA', V) = ~^(A', y) + -^WA'M) (4-97) 
° ^ D A',y), 



< ^ < 3. If = £m m „ + n v-v-> < /U < z/ < 3, where n^ v is as in (1.5) and if £|f = £ D , 
then we obtain as in (4.97) that 

(#5(y))„ = -JLft(^A',y), X G tt^O < /* < 3, 

which extends to the enveloping algebra: 

(d¥B)(y)), = -^ft(^A\y), YeU(m),0<»<3. (4.98) 

Let {(3\ + \ (3\~ ] ) = for i = 1 or i = 2. Then it follows from definition (4.87a) of A', that A' 
is a free field with initial conditions (/, /) G M£g. Then £,xA' is also a free field with initial 
conditions T^ 1 (/, /) G M^, where T^ 1 is defined by (1.5) if X G U and (T^f 1 (/, /))(x) = 
(/,/)(*) + Eo<i<3 x MfJ)(x). Let #„(/,/) = ^ + S M . Then it follows from (4.98) 
and the fact that the initial condition for ^ A' , Y G W. is T^ x (fJ) G that 
i^H(fJ) = H(T^ I1 (fJ)). This gives according to Proposition 2.15 and statement iii) 
of Corollary 4.6 



\(&H(fJ))(x,t)\ < C p (l + \x\ + \t\y- 3/ ^(fJ)\\ M r, Y G W>. 

3+ | r | 

By the definition of £ M , we obtain that 

E l(^(^ + 5))(t^)l<^(l + kl + N) p - 3/2 H(/,/)llM^, *>0, (4.99) 



|Z|<i 
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when (3 { ~ ] ) = for j = 1 or j = 2. 

When (/,/) = in definition (4.87a) of A', then we estimate (£ Z (A' + B))(t,x) by 
inequality (4.3) of Lemma 4.1 and by statement v) of Corollary 4.6 for \x\ <2t. This gives, 
with P a = P^P^P^Pg 3 , 

E (4.100) 

zeW 
\z\<i 

i«i H i(ep-(^ + 5))(«^)i 

|a|<i 

Zl+2 2 <i 

|x| < 2t, t > 0, for some A" depending on z > 0, where 5 = if Xi + X2 > an d 5 > if 
Xi + X2 = 0- I n the last case C depends on 5. 

Let H = A' + B. It follows from inequalities (4.99) and (4.100) that 

E \(ZzH)(t,x)\ (4-101) 



zeW 

\Z\<i 



<a((i+tr 3/2 iK/,/)ii M , . + (!+*)- 



1+5 



E ™?« ((1 + s ) il+ia+Xl+X2 »^r^ > (' , )ll-Jl£r^ > (' , )ll^))' 



|x| < 2t, t > 0, for some N depending on i > and Cj depending on p, 1/2 < p < 1. 
The function A^ e \ e = ± can now be written as 

e i(t-«)2? ^ F s , (I (s)7 7"e Kw( - ,9)s # ) (s)&, (4.102) 

0<m<3 

where (F s ^(t))(x) = F Sjfl (t, x) = H^(s, sx/t), t > 0. According to Theorem A. 3 there are 
bilinear forms • of F SjAt and (3^ £ \s) such that 

|) P (^) 9 (e--(-^^ s , M (t)e^(-^4 £) («)- E *"'OL £ ( 4 - 103 ) 

0<j<n 



+ E iife(^) , '^)(i.-)ii i » ( B))ii(^) 8a /s? ) wii D „, 

Y£D(N) 
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t > 1, n > 1, p > 0, q > 0, where D(N) = {Y e IT n £/(st(2,C))||Y| < A^} and where A" 
depends on n, p and L. Here we have used the Leibniz rule for (d/ds) q and the fact that 
9s £ jij * s a bilinear form of F s ^ and j3^\s). According to (A. 36) and (A. 37) we have 



9 {e) s ,,,o(k) = F S , M (1, -ek/u{k)){^\s)r{k) (4.104) 



and 



<Q,,,, E iK^(|)"^,)(i.')ii i ~ (B ,ii(^) ,2 4 £, ( S )ii D „, 

F6D(M) 
91+92=9 

where M depends on j and /. 

We introduce for s > 0, q > 0, JV > 0, 1/2 < p < 3/2, 5 > 0, Xi > and x 2 > 0: 

X2 ' 5 (^) = ((l + «) p - 3/2 Ha/)llM^. + +(l + s)~ l+S (4.106) 

E »p (d + o'-"^-^ n m ii d „ ii £/j{'>(t) ii d , 

e=± 

It follows from (4.95) and (4.101) that 

di x 
W(tY^- q Fs,»)(l,-)\\ L ~ {B) < C lYlq s-«r^\s), s > 0, (4.107) 

for Y eWn U{sl(2,C)), and it follows from (4.96) and (4.101) that 

d q * 
Hfe^^^OllLcoCR-) < C\y U s-*T p ^\s), (4.108) 

where Y e lTn?7(M 4 ) and < t/2 < s < 2t. Inequalities (4.103), (4.107) and (4.108) give, 
since V is increasing in q, 



d p d q 
^dtPds^ 



(e-(-^ ( F s ,(t)e-H9)^) (s) _ £ ^2 J Ik (4-109) 



0<j<n 



q'<q 

where t > 1, t/2 < s < 2t, p > 0, q > 0, n > 1, L > and where AT, depending on n, p, (/ 
and L, is sufficiently large. Inequalities (4.105) and (4.107) give 

<7'<<7 
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where s > 0, q > 0, j > 0, I > and where M, depending on /, j, q, is sufficiently large. 

It follows from (4.109) from the definition of i^ jS (£) (cf. (4.102)) and from Leibniz 
rule that 

{{^(e-^-^H^e^-^^is)- s ~ j &)\\D L (4-111) 

0<j<n 



^, pS -^- 1 r^' 5 ( s )^(i + s )^||^4 e) ( S )ll^, 

9<P 



where s > 1, p > 0, n > 1, L > and where N, depending on n, p and L, is sufficiently 
large. 

Since = A'^ + B^, we have according to (1.20b) and (4.92) that tHo(t, x) + Xa<i<3 
XiHi(t, x) = 0. The formula (see statement (i) of Lemma 3.13 in [8]) 

£ Pe(kh°rUPe(k)=(fo+ ^ff /l ) Pe(fc) ' ^eC,0<^<3, (4.112) 

then gives that 

P e (fc)7V^(t, -ekt/uj{k))P e {k) =0, t >0,k e M 3 . (4.113) 

0<m<3 

It follows from (4.104), the definition of F S)At and (4.113) that 

J2 Pe(-idh°rgi:io= E ^(-tfhV*S,o. ( 4 - 114 ) 

0<At<3 0<At<3 

where 

(^lo) A (^) = F s Ah -ekMk))(P. £ (-td)(3i e \s)r(k). (4.115) 

Since h^ Q is the value of the bilinear form <7^ applied to F S)At and P- £ (—id)(3^ e \s), 
inequality (4.110) gives 

II— h (s) II 

U ds p n s,H,0\\D l 

< Ci, P s-vr%^> s (s) E(i + s)l^- £ (-^)4 e) (s)ll^, s > 0, 

q<p 

where M depends on / < and p > 0. By definitions (4.90) of the norm in V d n x -, we obtain 
from this inequality and inequality (4.114) that 



^P e Hd) £ tV^oIId, (4-116) 

0<m<3 



< (^- 3 / 2 - d ^-X3 || (/, /) || M , || (4+) , 4-)) || 

p,JV 

"*3 || (/3j +) , ) (I 0, Xl II (4 +) , ) || 0,x 2 II (P ( 3 +) ) II ) ' S>0 ' 

^ AT ^" AT" ^ „ AT" ' 



_|_ g -l-d-p+(S-j 



p,JV p,JV P,N 
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where A depends on p > and / > 0. 
It follows from (4.110) that 



dP 



ds/iM ^ ^,7^ (^- 3/2 ^-^ || (/, /) ||^, || (/?| +) , /?|- } ) ||^o,, 3 (4.117) 



+ s -i-p+S- X3 "Q \\(pl+\p^)\\^, s>0 , 



Ki<3 



where A depends on p > 0, j > and / > 0. Proposition 2.15, (4.3) of Lemma 4.1 and 
statement iv) of Corollary 4.6 show that 

\\^-e- l£uj( - ld)s H fl (s)e l£uj{ - ld)s \\ Di (4.118) 
<CiJ\\(f i M M M + \Pt ) )\\^+ II W(Pi + \pt ] )\\vO,o), 0<«<2, 

V N P,N P,N / 

l<i<3 

where A depends on p > and / > 0. 

It follows from inequalities (4.106), (4.111) with n = 1, (4.116), (4.117) with j = 1 
and (4.118), that 

W^Pe(-id) l°re- l£ ^ d)s H,(s)e^ d >pi e \s)\\ Di (4.119) 



0<m<3 

T> 



3 )\\„*.x 3 



< Q, p ((1 + sr~ 3/2 - d - p -^ || (/, /) || M p || , 4 

-K (1 -K ^)-^- 1 -^-^ 3 -^^|| (/ = f C-^), M-^M^o^^ II ll^o_ 2 ||(/5i- H) ,/5|- ) )||^ rf ^ 3 ), 



p,N P,N P,N 

s > 0, x = x x + x 2 + X3? where A depends on p > and / > 0. It follows from inequalities 
(4.106), (4.111) with n = 0, (4.117) with j = and (4.118), that 

\\£-P_ e (-id) 7Ve" few ( - ja)s ^( S )e-^-^ s 4 £) ( S )|| Di (4.120) 

0<At<3 



< C, iP ((1 + s) ^-3/2-p-X3 || (/j /) || m , || (4+) ; 

+ (i + «)- 1 - p " X3+5 II «>o,x = x 1 + x 2 + x 3 , 



1^*3 

p,N 



Ki<3 



where A depends onp > and / > 0. 

Since P £ (—id)V = ieuj(—id)P £ {—id) (cf. (1.2b) and (1.16)), we obtain according to 
(4.102) that 

P £ (-id)X £ (t) (4.121a) 
P e H<9) ^ 7° 7 ^e- iea;( -^ s ^(s)e^(- ia)s ^ e) (s)rfs 

0<M<3 

and 
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P- e (-id)\( £) (t) (4.121b) 

/oo 
e -2ieu{-id)(t-8)p_ e (_ id ) 1 °^e- l£ ^- ld)s H^s)e l£ ^- ld)s (3 ( i\s)ds, 
0<M<3 

t > 0. It follows from (4.119) and (4.121a) that: 

a) if (4 +) , ^ _) ) = for i = 1 or i = 2, then 
( ]v 

\\—P £ (-id)X^(t)\\n (4.122a) 



< C^(l + t)P-i/2-d-P-x a || (/j /) || M , || (4+) , A (" > 
b) if (/, /) = 0, then 



3 ;V.* 3 ' 

p,JV 



II— P £ (-za)A^(t)|| D; (4.122b) 

< c hp (i + t) -i-*-P-x a+ s || (£(+) , ^(-) ) || j| o.xJK^,^)!! - lX ,, 

p,JV P,N P,N 

where t > 0, % = Xi + X2 + X3 an d -/V depends on p > and / > 0. 

Let 

g e (t) = P- e {-id) J2 7Ve" iew(_ia) *^(t)e iew( - ia) *4 e) (t), * > 0. (4.123) 

0<M<3 

Repeated integration by parts gives according to (4.121b) 

( ]V 

— P_ e {-id)\^\t) (4.124) 



0<j<n 

/oo jn+p+1 
(-2z£^(-za))- n - 1 e- 2z£ "(-^ ) ( t - s) dgn+p+1 g e (a)<fe, t > 0, p > 0, n > 0. 

It follows from the definition of the norm || • \\ D , that 

\\e i£ ^- id ^a\\ Di <Ci(l + t) l \\a\\ Di , I > 0. 
Let n > /, then (4.124) gives 

\\^P- £ (-td)\( £ \t)\\ Di (4.125) 

jj+p poo f m+ P +l 

E (l + ^ll3^+?+rfl B («)ll*'. t>0,p>0,n>/>0. 

0<j<n 
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According to inequality (4.120) and definition (4.123) of q e we obtain from the last in- 
equality with n = I, that: 

c) if ($ +) ,$ -) ) = for i = 1 or i = 2, then 

II— P- £ (-id)\^(t)\\ Di (4.126a) 

< Q, p (l + *)P-3/2-P-X a || (/j /) || || 4-)) || , 

p+l + l.JV 

d) if (/,/) = 0, then 

II— P_ e (-<a)AW(t)|| Di (4.126b) 
i-p-x TT nr^(+) 



<c, lP (i+*r 1 - p - x n ii(/?r } ,A 



Ki<3 ^ P +<+i,iv 



where t > 0, x = Xi + X2 + X3 an d AT depends on p > and / > 0. 



It follows from (4.122a) and (4.126a) that if {(3 ( i + \ (3\ ] ) = for i = 1 or i = 2, then 

dP 



E E (sup((l + t) 1/2 - p+d+P+X3 ll^^(-^)A (£) WllDj (4.127a) 

£=± 0<p<n *— ^ 

+ sup((i + t) 3 / 2 -^3||_p_ e (_,a)A( £ )(t)|| Di )) 

?(+) «(-) 



<C^||(/,/)llM^II(/3r^Dll _-.x, , x 3 + ^>P-l/2, 

ra + i + l,JV 

where A" depends on n > and / > 0. This proves statement i) of the proposition. 
It follows from (4.122b) and (4.126b) that, if (/, /) = 0, then 

E E {™P((l + t) d+P+X3 - S \\^PeHd)\^(t)\\ Di ) (4.127b) 



e=± 0<p<n — 



+ sup((l + t) 1+ ^- 5 \\^P- £ (-td)\^(t)\\ Di )) 



t>o ' dtP' 

< c l , n \\(p[ + \p{- ) )\\ , Xi IK^,^)!! o. Xa ll(4 + \4 _) )IUx 3 , 

U l + n + l,N U l+n+l,N U l+n+l,N 

where x + d > and iV depends on n > and / > 0. This proves statement ii) of the 
proposition. 

As in [8] (see formula (3.34) in [8]) we can now construct an approximate solution of 
the M-D equations by iterating the functional A = (\( + \ \(~^) a finite number of times. 
More precisely, let (/,/) G M%, 1/2 < p < 1, a e and let n = (/3 { n +) , p { n ~ ] ) , n > 0, 
be the sequence given by 

(3 { £ \t) = P £ (-id)a, e = ±,t>0, (4.128a) 
(3 ( n %(t) = (3 { £ \t) + (\ (s) ((fJ),P n ,[3 n ,[3 n ))(t), e = ±,t> 0, (4.128b) 
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where A^ e ^ is given by (4.91). We remind that M£g is the subspace of satisfying the 
gauge condition (4.87b). 

Proposition 4.8. Let 1/2 < p < 1, Y e II' n £7(IR 4 ) and let the sequence (x n , d n ), n>0, 
be defined by 

X2p = 2p(l -p), d 2p = l- 2p{l - p) for 2{p - 1)(1 - p) < p - 1/2, and p>0, 
X2 P +i=3/2-p, d 2p+ i = 2p(l - p) for 2p(l - p) < p - 1/2 and p > 0, 

and x n = 3/2 — p, d n = p — 1/2 otherwise. This sequence satisfies x n > 0, < <i n < 1 and 
X n + d n > p— 1/2. If u = (/,/, a) € E^p then the element j3 n , n > 0, in the sequence given 

by (4- 128a) and (4.128b) defines a continuous polynomial u i— > (3 n from to X > rofoo P '° 
which satisfies, with n > 0, j > 0, I > 0, \Y\ > 0, 

i) ll^/3n|L 3 /2-p,o < C(l + \\u\\ EP ) N \\u\\ EP 

h) U Y (Pn + i - Pn)\L dn , Xn <C7(i + |H|^) jv |H|^ 1 |HUp , 

where C depends on j , I, n, p,\Y\, and N depends on j , I and n. Moreover if a = 0, then 
(3 n = 0forn>0. 

Proof. We prove the two statements by induction. It follows from definition (4.90) of the 
norm in Vff and from definition (4.128a) of p , that 

UyPoW^/^o < \\a\\ D ^ < \W\\ E r> YeWnU(R 4 ) (4.129) 

j , I L ~r \ y \ I + 1 * | 

since T® 1 commutes with P £ (—id), X e p. This proves that statement i) is true for n = 0. 
Suppose it is true for n > 0. According to definition (4.128b) of (3 n+ i and according to 
(4.129) we have 



—3/2-/3,0 ^ II^IId T) 3/2-p,0 
U j,l l +\ Y \ u j,l 



< \ u \e p +UYK(fif)iPn,(3n,(3n)\\ V p-i/2,2(i- P ), 

l + \ Y \ j,i 

d d! ' 

since it follows from definition (4.90) that C T^ji (topologically) if x > %' and 

X + d > d' + x' ■ K follows from the last inequality and from statements i) and ii) of 
Proposition 4.7, since 3/2 — p > p — 1/2 > 0, that 

||£WWilU 2 - P ,o (4.130) 



3,1 



£j3/2-p,0 
L,N' 



sM^+e £ \\uJ)\\ M ^yM vT - r 

|yil+|y 2 |<|y| ' 

+ C 2_. HCy^nllpO.o ||^y 2 /^n ll^o.o ||£y 3 /?n| 

L N' L N 1 

|Yi|+|y 2 |+|r 3 |<|^| 

< ||u|| S p +C 2, \\ u \\e p , ||^Y2^n|L3/2- P ,o 

N'+Y ' N'+ V, z U T N , 

|yi|+|y 3 |<|y| 

— 3/2-p.O ||^Y" 2 /3n||~3/2-p,0 ||^Y" 3 /5n|| T) 3/2-p,0 7 
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where the summation is over Yj e II' n U(W ), where L and N' depend on j, /, n and 
where C depends on j, /, n, p. It now follows from the induction hypothesis and from 
(4.130) with L and N' instead of j and L and, by choosing N" sufficiently large, that 

\\Pn+i\\ v s/2- l:0 < \\<x\\ Dni +C'(\\u\\ ePi +C 2 (l + \\u\\ EPN ) 2N \\a\\ DN )C(l + \\u\\ EPN ) N \\a\\ DN 

<C"(1 +||«|| B P || ) Ar " ||«||n • 

at" at" 

This proves statement i) of the proposition. 

To prove statement ii) of the proposition we first observe that according to definition 
(4.128a) and (4.128b), we have that 

HA-^oll^-v^ = l|A((/,/),A),A),A))|| P -i /a , Xl . 

J,i 3,1 

Statements i) and ii) of Proposition 4.7 then give that 

\\Pi -Poll ._i /a . Xl < C(||(/,/)|| M , + ||/3o||^o,o )||/5o|| p 3/ 2 -„o, 

E> . « L,N L ,N 

J ! <■ 

where C depends on j, /, p and, L and N depend on j and /. This proves together with 
(4.129) and the definition of the norm in E P N that 

lift -A)ll p-i/2, Xi <c , (i + |H| £ ; jv )||u|| £ . jv ||a|| £)jv , j,/>0, 

3,1 

where C depends on p, j and / and N depend on j and /. This proves statement ii) for 
n = 0. To prove statement ii) for n > 1, we observe that for g = (/, /), it follows from the 
definition of (3 n and from definition (4.91) of A that 

p n+l - P n = X(g, P n , n , p n ) - X(g, /3 n - U n -i,0 n -i) (4.131) 
= A(<7, 0, 0, p n - /3 n _i) + A(0, p n - p n -i,0 n , P n ) 

+ X(Q,p n - 1 ,Pn - p n -i, P n ) + X(Q, Pn-i, P n - U P n ~ Pn-l), 71 > 1. 

It follows from Proposition 4.7 and from (4.131) that 

\\p n+1 -P n \\ dn i KC.UuJ^Apn-p^ dn , Xn (4.132) 

D . , V " T, N 

3,1 



+ \\Pn — /5n-l|Lo, x „ H/^tiIItjO.o || AiH-ry^o 

U L,N L,N U L,N 

+ \\Pn-l\\ v o,o \\P n — P n -i\\ o, Xn \\P: 



L,N U L,N L.N 

+ IIA»-l|Lo,o ||/? n -l|Lo,o \\Pn ~ Pn-l |Ld„,x„ ) , Tl > 1. 

L,N L ,N U L,N ' 

As a matter of fact, the hypothesis of statements i) and ii) of Proposition 4.7 are satisfied 
since d n + x n > P ~ 1/2 > for n > 0. Moreover d n +i = 1 — d n and x n +i = 1/2 — P + 
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X n + d n in agreement with statement i) of Proposition 4.7 and x'i given by statement ii) 
of Proposition 4.7, satisfies x' > Xn+i- Inequality (4.132) now follows from the topological 
inclusion 

Vff C Vtf, x'>X,d' + x'>d + X,3>0,l>0- 
Since d n > 3/2 — p for n > 0, inequality (4.132) and this topological inclusion give 

-„ + i.* B+1 (4-133) 

3.1 

< C2 (|| (/, /)IIm£ + \\Pn\\ 2 n 3/2- P ,o + \\(3n-l\\ 2 n 3/2- P ,o) \\Pn ~ Pn-1 ILd„, x „ , 

iv L , AT L.N U L,N 

j > 0, i > 0, n > 1, where C2 depends on j, /, p and, L and A depends on j, /. This 
inequality and statement i) of the proposition give that 

\\Pn+l-pn\\ vdn+1 , Xn+1 (4.134) 

3,1 

<C'{l + \\u\\ EP ) N '\\U\\ EP \\Pn-pn-l\L dn ,x n , Tl>l,j>0,l>0, 

N> N' U L,N> 

where C depending on j, /, n, p and N' depending on j, /, n are sufficiently large. Since 
we already have proved that statement ii) of the proposition is true for n = 0, it follows 
from (4.134) by induction that it is true for every n > 0. This proves the proposition. 

For (f,f,a) e E^p, 1/2 < p < 1 and for the sequence [3 n , n > 0, given by (4.128a) 
and (4.128b), we introduce (cf. (4.87a)) 

Ao,^) = cos((-A) 1 /2 t)/M + (_A)-V2 sin( (_ A ) 1/2^ (4 . 135a) 

A n+lifl (t) = A ^(t) + J2( G e,M s) ^ { n } ))(t)' < n < 3,t > 0,n > 0, 

s=± 

where G e ^ is given by (4.1a), and we introduce 

cj) n {t) = e ~ i ^ A ^ ^e l£ ^- ld)t (3^\t), n>0,t>0, (4.135b) 

e=± 

where (??(A n , t))(x) = #(A n , (t, x)), a; G M 3 , with $ given by (1.19). For n sufficiently large, 
(A n , (f) n ) is an approximate solution of the M-D equations (in the sense that inequality of 
Theorem 4.11 is satisfied). To prove this, we need decay properties for A n ^(t) and (p n (t) 
which are direct consequences of Lemma 4.1 and Proposition 4.8. Before stating the result, 
we introduce 

K°n ,l = (4.136a) 

and 

^ 1 n ,l{^---^i) = Yl H^Kr \Mep ' (4.136b) 
where I > 1, N > 0, L > and v u . . . , v t e E^. 
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We also introduce A njY (u), A njY (u), 4>' nY {u), for n > 0, Y G U(p) and u G E%g, by 

(A n , Y (u))(t) = (^A n )(t), (A n , Y (u))(t) = ±(^A n )(t), (4.137a) 
(&,y(«))(f) = = e^-«)0 n (t), 

where A n (£), n (£) are given as functions of u = (/,/,«) G £^ by (4.128a), (4.128b), 
(4.135a) and (4.135b). We note that A n ^ Y {u), A n ^ Y {u) and <p' n Y (u) are polynomials in u 
and we note for future reference that 

A n+ Ut) = AoAt) ~ ^'^r'^ E((^) + 7°7,C)(«)^ (4.137b) 

Jt |v| e=± 

and 

/oo 
e(*- s ^((A n ^ + BJ«)(«)^- (4.137c) 

where <j>' n = £ e #f , = #f (*) = P £ (-id)cf>' (t), 

AoAt) =cos((-A) 1 /2 t )^ + (_A)i/2 sin(( _ A) i/2 t) / M5 « =(/,/, a), 
and B n Av) = -d^A^y). 

Theorem 4.9. If n > and 1/2 < p < 1, i/ien £/iere exists N > swc/i i/ia£ 

sup || (£> z (A n ,y-, i njY , (j)' njY )(u; v u . . . , vi))(t) || K 
t>o 

+ sup ((1 + t + \x\f/ 2 \({D l (j>^ Y ){u; V,)) (t, x) I 

t>0,x6M 3 v 

+ (1 + t + M) 3/2 "1 (p^ |y )(u; ui, . . . , i;,)) (t, x)\ 

+ (1 + £ + |x|)(l + |t - \x\ \f' 2 ~P\ ((D l A n ^ Y )(u; v u . . . , v,)) (*, 

< ^(IImIIbp )^5v ,L( u l»---» v l)+ ii L ) l(ll u ll< ^JMIs' •••Ihlls5 r > 

JV JVq iV +-L JVq JVq 

/or every L > 0, / > 0, Y G IT', |Y"| < L, u, vi,...,vi G E%£, where Flj and F' Ll are 

increasing polynomials on [0, oof. Moreover (A UjY , A UjY , (j)' n Y ) is a polynomial on E^§ 
with vanishing constant term. 

Proof. This follows from Lemma 4.1, Proposition 4.8, definitions (4.135a), (4.135b) of 
A n ^(t) and 4> n (t), and from the covariance of the function u \— > (A nj i(u), A nj i(u), 4>' n i(u)) 
from E^ to Eq under the Lorentz subgroup SL(2,C) of Vq, i.e. (A nj i(Ug(u))(y) = 
A L A ritI (Aj j 1 (y - a)), g = (a, L) G Vq, and similarly for (j)' n t (u). 
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Theorem 4.10. // 1/2 < p < 1, < p' < 1, and n > is such that p' - 1/2 + x n > 0, 

where x n ^ s given in Proposition 4-8, then there exists Nq such that 



sup ((1 + */-V2+x„ ||((^(^ n+l5y - A n , y , A n+1)PoK - i4 B>fb y))(«; t/,))(f) || M ,< 

+ (1 + f)*» + i || ((£>'(& +1>y - 1/1, ... , t7,))(f) Hz.) 

< F Li i(\\u\\ EP )K l N L {v 1 ,...,vi) + F' Ll {\\u\\ EP )\\u\\ EP JKIU •••|HU , 

Nq Nq Nq + L Nq Nq 

for all L > 0, I > 0, Y G II', |Y| < L, u, v±, . . . , vi G E^ and there exists N depending on 
a£N 4 such that 

| ((D l (A n+1 , paY - A n , paY ))(u; v u . . . , Vl )) (t, x)\(l + 1 + \x\) 1+ ^+\^(l + tf 
+ | ((£><(0 n+1 , y - & >y ))(«; «,)) (f , x)|(l + t + \x\f/ 2+ ^ 

< G L ,i, e (\\u\\ E P )lZ l NjL (v U ...,Vi) + G' Ljhe (\\u\\ E r )\\u\\ EP \\ V t \\ e p ■ ■ ■ \\v t \\ e p , 



N N + L 

J4 



for all t > 0, x £ M. , I > 0, Y £ W, a G W, \Y\ + \a\ < L, e > 0, u, v u . . . , v t G E^. 
Here Flj, F' Ll , Gl,i, s and G' Lle are increasing polynomials on [0, oof and 
pa _ paopatpazpaa Moreover An+i,y ~ &n,Y and <f>' n+ljY ~ 4>' n ,Y are polynomials 
on E^p with constant and linear term vanishing. 

Proof. The result follows as in the proof of Theorem 4.9. 

We are now ready to prove that t h- > (A n (t), <f> n (t)) where A n (t) and 4> n (t) are given by 
(4.135a) and (4.135b), is an approximate solution of the M-D equations (1.2a) and (1.2b) 
for n sufficiently large. We introduce for u = (/,/, a) G E£g: 

A^(t) = cos(|V|f)/„ + IVI" 1 sin(|V|f)/„ (4.138a) 



IVI" 1 sin(|V|(t - s))(P' n (shMs)ds - A n ^(t) 



t 



and 
A 



/oo 
e^VfM + B n ^s))4>' n {s)ds - <P' n (t), (4.138b) 



where n > 0, t > 0, B n>i (t) = -d^(A n ,t), 1 < % < 3, and B nfi (t) = ~^{A n ,t). Similarly 
to (4.137), we introduce A™ Y (u), A° Y (u) for u G E^ and Y G *7(p) by 

= A B ) M (t), (4.139) 
(A£ y (u))(t) = (#A?)(t). 

Theorem 4.11. If 1/2 < p < 1 and n > no, where no is the integer part of '3+1/(2(1— p)), 
t/ien t/iere exists Ao sitc/i £/m£ 

(1 + t) 1 "! ((I?' Aif y )(«; v u . . . , «,)) W IIl»CR»,R*) 
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+ (1 + t) 2 ~q {(D l A^ Y ) («;«!,..., v t ))(t) || i2(M 3 )R4) 
+ (l + t) 3 / 2 -%(D l A° Y )(u-,v 1 ,...,v l ))(t)\\ D 
+ {l + t+ |x|) 5 / 2 -"| ((£>'A£ y )(«; V,,-.., vi)) (t, x) | 
+ (1 + t + \x\) 7 ^\ ((D l A^ Y )(u; v u ..., v t )) (t, x) \ 
+ (1 + t + \x\f-P\ ((D l A° Y )(u; Vl ,..., t;,)) (f , x) | 

< F L ,i(\\u\\ EP )Tl l NotL (v 1 ,...,vi) + F' li (\\u\\ e p )\\u\\ e p \\vi\\ e p ■■■\\vi\\ e p , 

N N N + L Nq Nq 

for all L > 0, I > 0, Y e IT , \Y\ < L, u,v u ...,vi G E%, where F Ljl and F' Ll are 
increasing polynomials on [0, oof. Moreover A^ Y an d ^n,Y are polynomials on E£§ with 
constant and linear terms vanishing. 

Proof. By the construction of Aff^t) and A®(t) and by the definition of A n ^{i), B n ^(t) 
and 4>' n (t) we obtain 

A™Jt) = A n+1 ^{t) - A n ^(t) (4.140a) 

POO 

- / M- 1 sin((t - s)|V|) V(e-^(-^ s /3i- e )(s)) + 7 V(e ie " ( " ia)s /3i e) (s))^ 

Jt e=± 

and 

Kjt)=cP' n+1 (t)- ( p' n (t). (4.140b) 

We set S\ = —e, 62 = £, mi = ni2 = m, fi(t) = fin (t), f2(t) = fin (t) in definitions 
(4.48a) and (4.48c) of (H /1 (f 1 J 2 ))(t), which we denote by (^ £) (rf" £) , rf e) )) M (t), where 
(j)'Jf \t) = e i£UJ (- id ^A £ \t). (4.140a) then gives 

<mW = Y,( H ^ £ \<i>i £) )Ut)+A n+ Ut) -A n ,M (4-141) 

e=± 

The theorem now follows from applications of Lemma 4.3 to each term 

#n(£M- e \£M e) ), Y U Y 2 G II', 1^1 + \Y 2 \ = \Y\, (4.142) 

in the expansion of £y A^ and from Theorem 4.9 and Theorem 4.10. 

Let B nfi (t) = —±$(A n ,t),B nji (t) = -did(An,t), 1 < i < 3, n > 0. We introduce for 
Y G tf(p) and u G 

(tf n ,y( W ))(t)=^(A n ,(t,x)), 

= {&B n ){t), (B n , Y (u)){t) = j t d¥B n )(t). 
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Corollary 4.12. If n > and 1/2 < p < 1, then there exists N > such that 
sup (1 + \x\ + t) 1/2 - p \((D l $ n , Y ){u- vi))(t, x)\ 

t>0,xeK 3 

+ sup \\(D l (B n}Y , B njY )(u;v 1 , . . . , vi))(t)\\ MP 

t>0 

+ SUp ((1 + t + ^1)3/2-^1 (( D l Bn Y )( u . Vu . . . ^ VJ )) ( tj x ) | 

t>o,xeR 3 

+ (1 + * + |x|)(l + |t - 1^11)3/2-^! ( {D l Bn p ^ ){u . vu . . . ; 

< ^.iCNIbp )^AT 0i l(vi» •••»«!) +^(11^11^ )Nlj5* IMIe' •••Ihlls^ > 

N N N +L Nq Nq 

for every L > 0, I > 0, Y e W , \Y\ < L, u,vi,...,vi G E^g, where F L j and F' Ll are 

increasing polynomials on [0, oof. Moreover (S nj y,S n y) is a polynomial on E^p with 
vanishing constant term. 

Proof. This is a direct consequence of Corollary 4.6 and Theorem 4.9. 
Corollary 4.13. If n > 1 and 1/2 < p < 1, then there exists N Q such that 

SU P (1 + t) k ^ || {(A n , Y , A n ,y , 4f Y ) - (A ,y, A ,y, <y)) (t) \\ E , < F L (\\ U \\ E > ) \\ U \\ E > 

for every L > 0, Y G IT', |Y| < L and u G where F^ are increasing polynomials on 
[0, oo[ and = min(p — 1/2, 2 — 2p) . 

Proof. This follows from Theorem 4.10 taking p' = p. 
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5. Energy estimates and L 2 - L°° estimates for the Dirac field. 

In this chapter we shall derive various new L 2 — L 2 estimates for the inhomogeneous 
Dirac equation in R + x M 3 , 

(i7"0 M + m)h - ^G,Ji = g (5.1a) 

for different choices of g G C°(IR + , D), D = L 2 (M 3 ,C 4 ), and of electromagnetic potential 
G. To use these estimates we shall also derive new L 2 — L°° estimates. We shall suppose 
that the initial data h(t ) at t G R + satisfies for some r G Z 

h(t ) G (1-A)-/ 2 D, (5.1b) 

where (1 — A)~ T / 2 D is the Hilbert space of tempered distributions / such that 
(1 — A) T / 2 / G D. We shall also consider the case h(to) = where to = oo or more 
precisely lim ||/i(£)|| T — > 0, where || • || T is the norm in (1 - A)~ T / 2 D. We shall suppose 

that 

geC°(R + ,(l-A)- T/2 D) (5.1c) 
and that the electromagnetic potential G satisfies 

(G, 0) G C°(M+ (1 - A)-(l r l+ 1 )/ 2 M 1 ). (5.1d) 

It follows from inequality (2.61) and from the definition of M 1 that G G C°(1R + , VF| T |_|_i 6 
(M 3 ,M 4 )) and then that G G C°(M+ W| T | j00 (M 3 , M 4 )) since TU| r | +1)6 (M 3 ) C W Mj00 (M 3 ). If 
B(t) = -z7°7^G^(t), we therefore obtain that B G C°(R+,L b ((l - A)- n / 2 D)) : n G N, 
n < \t\, where Lf,(X) is the linear space, endowed with the norm topology, of linear 
continuous operators on a Banach space X. By duality we also have B G C°(R+, L b ((l - 
A) n / 2 D)), n G N, n < |r|. We define the operator C(t) in (1 - A)~ T / 2 D with domain 

(1 _ A )-(r+l)/2£> by 

£(t)=P-i 7 7%(t), t>0, (5.2) 

Since S G C°(M+,L 6 ((1 - A)- T / 2 D)) and V G L((l - A)-( r+1 V 2 D, (1 - A)" T / 2 D) it 
follows that £ G C°(R+,L 6 ((1 - A)"( T+1 )/ 2 J D, (1 - A)- r / 2 D)). Moreover if 

A(t) = (1 - A) x / 2 £(t)(l - A)- 1 / 2 - £(t), 

then A G C°(M+, L 6 ((l - A)~ T / 2 D)). In fact using lemma A.3 of [16] it follows for r > 
that the norm of the operators A(t) (resp. A(t + e) — A(t)) are bounded by 

C||(l-A)^ +1 /2)/2| V | G(t) || L2 ( reS p.C||(l-A)^ +1 /2)/2| V | (G(t + £) _ G(t)) || L2) _ 

If r < 0, then considering the transposed of A(t), we obtain the above bounds with 
t + 1/2 being replaced by — r — 1/2. Thus the statement follows from condition (5. Id). 
It now follows from theorem 1 of [15] that there exists a strongly continuous evolution 



118 



FLATO SIMON TAFLIN 



operator w(s, s'), s, s' > 0, in (1 — A) T I 2 D. Moreover the function (s, s') h- > iu(s, s')o; G 
(1 - A)~ T / 2 D is C 1 for a G (1 - A)-( T+1 )/ 2 L> and 

w(s,s) = I, w(s,s')w(s' ,s") = w(s,s"), (5.3a) 

— tu(s, s') = £(s)w(s, s'), -— tu(s, s') = — w(s, s')jC(s'), (5.3b) 
as as' 

where equalities (5.3a) are defined on (1 — A)~ T / 2 D and equalities (5.3b) on 
(1 - A)-( r+1 V 2 J D. Since C{t) is kew-adjoint on D with domain (1 - A) _1 / 2 D, it fol- 
lows that w(s,s') is unitary on D. The unique solution h G C 1 (1R + , (1 — A)~ T / 2 D) of 
equation (5.1a) with electromagnetic potential G satisfying (5. Id) and satisfying, with r 
replaced by r + 1, conditions (5.1b) and (5.1c), is given by 



h(t) = w(t,t )h(t ) + I w(t,s)(-i^°)g(s)ds, t>0. (5.3c) 

J to 

Let h n (t ) G (1 - A)-( T+1 )/ 2 L> (resp. g n G C°(R+, (1 - A)-( T+1 V 2 D)), n > 0, be 
a Cauchy sequence in (1 — A)~ T / 2 D (resp. C°(IR + , (1 — A)~ T / 2 D)) converging to h(to) 
(resp. g) and let h n G C 1 (M + , (1 — A)~ T / 2 D) be the corresponding sequence of solutions 
of (5.1a) given by (5.3c). It then follows from (5.1a) that 

- KMWr-l < C(t)\\h ni (t) - h n2 (t)\\r + \\9 ni (t) - 9nM\r-l 

and from (5.3c), since w(s, s') is a bounded operator on (1 — A)~ T / 2 D, that 

\\h ni {t)-KM\r <C'(t)(\\h ni (t )-h n2 (t )\\ T + SUp ||<7 ni (s)-<7 n »|| T ), 

0<s<t 

for some constants C(t) and C'(t). This shows that if conditions (5.1b), (5.1c) and (5. Id) 
are satisfied then equation (5.1a) has a unique solution h G C°(M+, (1 - A)- T / 2 L>). This 
solution is given by (5.3c) and moreover h G C 1 (M+, (1 - A)~ (r-1 )/ 2 .D). 

We are mainly interested in the particular case of equation (5.1a) given by 

(«7 M ^ + m)h - Grfh = F^r, t > 0, (5.4a) 

where r satisfies 

(i^d„ + m)r = q, t>0, (5.4b) 

and where F,r and q satisfy conditions such that (5.1c) is satisfied with g = F^^r. For 
example if r = then this is obviously the case if 

FGlf^fR+xl 3 ,! 4 ), (5.5) 
r G C 1 (R+, D) n C°(M+, (1 - A)~ 1/2 D), 
q G C°(R+,D). 
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For this case we can obtain a much better energy estimate than 

/•max(t,t ) 

\\h(t)\\ D <\\h(t )\\ D + / \\g(s)\\ D ds, (5.6) 



which follows from (5.3c) and the unitarity of w(t, s) in D. We note that, using 7^7^ + 
7^7^ = 2g^ v , one obtains 

(m-i^ + ^G^F^r (5.7a) 
= -y v F v (m + z 7 M <9 M - 7 "G A > - HF^r - ir^F" 

- ~ l v Y)r{d,F v - dvFj + 2G fl F fl r. 

We also note for later reference, that if (ij^d^ + m — 7 At G M )/i = ^F r + y l5 then 

(i 7 ^ M + m - 7 M G>) (^/i + %G v h + %F v r) (5.7b) 
= ^h{d v G^ - d^C) + ^r(d u F^ - d^F v ) + ^F^r 

+ iiUGvFp - G^F v )r + iF v {i^d^ + m)r + d v g x + iG v9l , < v < 3. 

This expression is useful for estimating L 2 -norms of derivatives of h, because of the gauge 
invariance of the electromagnetic fields in the first two terms on the right-hand side. We 
also have that 

(17^ + to - 7 M C M ) (h + iF u r) (5.7b') 
= ^r{d v F^ - d^F v ) + F^dp + m - 7 ^)r, 

if (i'j^d^ + to — 7^G m )/j. = 7 M (<9„F M )r. Finally, we also note that if y G R + x R 3 and 
z/ G {0, 1, 2, 3} is given, then 

(a + y")G M ^ = y»G^ + aG^ + G^tfd* - y»d»), (5.7c) 

where a G R and where the summation convention is used for /j,. This gives that 

< c(| E + E I E v^ G ^f + E - v^f) |) , 

where the sums are taken over 0<z/<3,0</U<3. 
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Theorem 5.1. Let Q = 7^6^ + i^G^, (where the summation convention is used for 
< n < 3), let G^it) = f t Gf,(t) and let t,t' > 0. 

ia) If he C 1 (R+, D) n C°(R+, (1 - A)~ 1 / 2 D) and (G, 0) e C°(R+, (1 - A)" 1 ^ 1 ) then 

\\h(t)f D = \\h(t')f D + f 2Re(h(s),-i 1 °((m + iQ)h)(s)) D ds, 

Jv 

ib) If he C 2 (M+,D)nC 1 (M+,(l-A)- 1 / 2 L>)nC°(M+,(l-A)L>) and G C°(M+,(1- 

\\hml = \\Ht')\\l + m- 1 Re[{h(t) 1 ((m + iQ)h)(t)) D 

- (/*(*'), ((m + iQ)h){t')) D + f (h(s), -z 7 °((m 2 + Q 2 )h)(s)) D ds 



iia) //(G,0) e C°(R + , (1 - A) -1 / 2 ^^ 1 ), /i(t ) e D,g e C°(R+,D) and if h e C°(R+,D) 
is the unique solution of equation (5.1a) then 

r*' 

\\\h(t)\\ D -\\htf)\\ D \<J \\g(s)\\ D ds, for0<t<t', 

iib) // (G, G) e C°(M+, (1 - Ay^M 1 ), h(to) eD,g = gW + g& , g W,gW e C°(R+, D), 
d^gW e L 1 1 oc (M+,D), < /U < 3 and if h e C°(R+ 1 D) is the unique solution of equation 
(5.1a) then 

\\\h{t) - (2m)-y 2 )(t)|| D - \\h{t') - (2m)- 1 g^(t')\\ D \ 

< J \\g {1 \s) + (2m)- 1 ((m-iQ)g^)(s)\\ D ds, for0<t<t'. 



Proof. Since the operator C(t) defined in (5.2) is skew-adjoint on D with domain 
(1 — A) -1 / 2 !), when the hypothesis on G in ia) is satisfied, it follows that 

j t \\h(t)\\l = 2Re(h(t),(j t -C(t))h(t)) D 

= 2Re(h(t), -i 7 °((m + iQ)h)(t)) D , 

for h e C 1 (M+, D){lC°(R + , (1 — A)" 1 /2 j d). Integration of this equality from t' to t proves 
statement ia). 

To prove the second statement introduce: 



/ = (m — iQ)h and g = (m + iQ)h. 



(5.8) 
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Then f,g G C 1 (R+,D) n C°(R+, (1 - A)~ 1 / 2 D), according to the hypothesis of state- 
ment ib), since G G C°(M + , Wi jOQ (M. , IR 4 )) which was proved after (5. Id) and since 
G G C (R + ,L°°(R 3 ,R 4 )) by Sobolev embedding. It follows from statement ia) that 

II/(*)IId = 11/(0 \\d + f 2ite(/(a), -t 7 °((ro + iQ)f)(a)) D da. (5.9) 

Jv 

Substitution of the expressions 

/ = 2mh — g and (m + iQ)f = (m — iQ)g, (5.10) 
which follows from (5.8), into the equality (5.9) gives 

Am 2 \\h{t)\\l -4mRe(h(t),g(t)) D + \\g(t)\\l 

= Am 2 \\h(t')\\l - 4mRe(h(t'),g(t')) D + \\g(t')f D 

+ / Re(4mh(s) -2g(s),-i^°((m-iQ)g)(s)) ds. 

JV 

This equality proves the equality of statement ib) since we obtain that 

2Re(g(s)^ 1 ((m-tQ)g)(s)) D = ^\\g(s)\\l, 
for g G C 1 (M+, D) D C°(M + , (1 — Aj'^D), the operator 

3 

i=i 

being skew-adjoint on D with domain (1 — A) _1 / 2 D. 

To prove the inequality of statement iia) we note that, according to the introductory 
remarks of this chapter: 

h(t) = w(t,t')h(t')+ [ w(t,s)(-i^°)g(s)ds. (5.11) 

Jv 

Since w(t±, £2)5 h, *2 > is unitary in D it follows that 

\\\Kt)\\ D -\\h(lf)\\ D \<J* \\g(s)\\ D ds, 0<t<t\ 

which proves statement iia). 

To prove iib) let g^ G 5'(R 4 , C 4 ), n > 0, be a sequence such that 

rp 

sup (\\9^(s)-g^(s)\\ D + [ midP ~ 9 i2) ))(s)\\ D ds) ^ 0, 

<s<T V Jo n7Z"i J 



0< 



0<n<3 
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when n -> oo for every T > 0. Since \\G(s)\\ Loo{R3jR4) < C\\ (1 - A) 1 / 2 (G(s), 0)) || Ml it then 
follows from the hypothesis of statement iib) that 

T 

sup (lbi 2) («)-^ (2) («)lli>+ / ||((m-,Q)(^ 2 )-^ 2 )))( S )|| D rf S )^0 

0<s<T v Jo 7 

when n -> oo for every T > and that (m - zQ)^ 2) G C°(M+, D). Let /ii 2) G C°(M+, D) 

(21 (21 (21 (21 

be the unique solution of (m + iQ)h n = g-k , hn (to) = 0. If f n = (m — iQ)h n , then 

(2) (21 (21 (21 

/ n = 2mtt -g n and (m + iQ)f n = (m-iQ)g n \ according to (5.10), so (m + iQ)(h n - 
(2m)~ 1 g n 2 ^) = (2m) _1 (m— iQ)gn ■ Let /i n G C°(1R + ,D) be the unique solution of equation 
(m + iQ)h n = g^> + g n 2 , h n (t ) = h(t ) G -D. Then it follows from statement iia) and the 
properties of g n that 

\\h n (t)-h(t)\\ D <\ [ t \\g^(s)-g^(s)\\ D dsl 

so sup \\h n (t) — h(t)\\ D — > when n — > oo for every T > 0. The definition of /i n gives 

I) .-• 7 
that 

(m + iQ){h n - (2m)- 1 g^) = (m + iQ)((h n - h™) + (fc<?> - (2m)" 1 ^ 2 ))) 

= g^ + (2m)- 1 (m-iQ)gW. 

Since gM + (2m)" 1 (m - iQ)g n 2) G C°(R+ D) and 

/i n (t ) - (2m)- 1 ^(t ) = h(to) - (2m)- 1 g^(t ) G D, 

it follows from statement iia) that 

\\\h n (t) - {2my 1 £\t)\\ D - \\h n (t') - (2m)- 1 g^(t')\\ D \ (5.12) 
rt' 

< J \\g {1 \s) + (2m)-\(m-iQ)g^)(s)\\ D ds, < f < f . 
The inequality in statement iib) follows from the convergence properties, proved above, of 

(2) 

h n and g n and by taking the limit n — > oo in inequality (5.12). This proves the theorem. 

Corollary 5.2. Let ,r( l \q( 1 ', l>0, be a finite number of functions satisfying condi- 
tions (5.4b) and (5.5). Let Q^(t, x) = tF^ l \t, x) + Y.i<i<3 XiF^t^x) and let £g , X G p, 
be defined by (4.81d) and (4.81e). If (G, G) G C°(M+~(1 - A^M 1 ), h(t ) G D, 
g 1 G C°(R+,D) and < a, < 1, then the unique solution h G C^R+^l - A) 1/2 D) n 

C°(M + , D) of equation (5.4a), with g = g 1 7 /i F / i satisfies: 
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\\\h(t) - (2m)- 1 ^ 7 ^)(t)r«(t)|| D - \\ h{t ') - (2m)" 1 Xy^WV)^! 
I i 
t' t' 
<J t \\g 1 (s)\\ D ds + (2m)- 1 J (2^|(l + S )^- 1 |Q«(«) + S F W ( S Hr«( S ) 

" E ^ (0 (*)((&„/ )(^ 

l<i<3 

+ i-f-fGp (s)FP ( a )r« (a) + 17"^ (a)) | D ) cfe, 

where < t < t',do is the time derivative and the summation convention is used for 
repeated upper and lower indices [i and v. 

Proof. Let = J2i l^Fjpr^ . It follows from (5.5) that the hypotheses of statement iib) 
of Theorem 5.1 are satisfied, which gives that 

\\\h(t) - (2m)- 1 g^(t)\\ D - \\h(t') - (2m)- 1 g^(t')\\ D \ 
t' t' 
< J \\ 9l (s)\\ D ds + (2m)- 1 J ||((m - iQ)g^)(s)\\ D ds. 

The explicit expression of (m — iQ)g^ is given by (5.7a). Let / y^F fl r be one of the terms 
^ft pip r (l) j n g(2) _ Q ons i(ier the term —2iF^d^r on the right-hand side of (5.7a). Since 

F (t,x) = (l+t)- 1 (Q(t,x)- E x i F i (t,x) + F (t,xj) 

l<i<3 

it follows from definition (4.81b) and (4.81e) of £ Mq . an< ^ £m (H 

l<i<3 

= (l + t)- 1 (Q(t,x) + F (t,x))^- t -(l + t)- 1 E F&xXxi^ + tdi) 

l<i<3 

= (l + t)- 1 {(Q(t,x) + F (t,x))^-- E ^ift "*«))• 

l<i<3 

Substitution of this expression into the factor |F M <9 M r| 1-a in inequality 
\{m-iQ)^F^r\ 

< 2\F^d^\ 1 ~ a \F^d^\ a + \rd^ + ± n ^(d^F u - c^Fj + i^^G^r + i^F^q\ 
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gives the announced result, which proves the corollary. 

In order to use Corollary 5.2 with L°°-norms of the potentials we need supplementary 
decay properties of the Dirac field h in a conic neighbourhood of the light-cone as well as 
outside the light-cone. This will be proved in the next two theorems. To state the results 
we introduce the following notation: 

(Mt)f)(x) = Xi((Vf)(x) + V(t, x)f(x)) + tdif, t > 0, 1 < i < 3, (5.13a) 

(k(t))(x) = XiF(t,x), where / G D^, V G C(R+, L°°(M 3 , Mat(4, C))), F G C(R+,D), 
Mat (4, C) being the space of 4 x 4 complex matrices, 

(RijfKx) = xtdjfix) - Xjdifix), 1 < i < 3, 1 < j < 3; (5.13b) 

M n Af) = (\\Qt /2 f\\l+ E ht /2 dj\\l+ E W^RijfWl (5.13c) 

l<i<3 l<i<J<3 

+ E ht'^H^f + hml) 112 , t>0,n>0, 

l<i<3 

q t (x) = (l + t)(l + \t- 

Theorem 5.3. If V £ C°(R+, L°°(R 3 , Mat(4, C))), F G C°(K+, D) and n G N £/ien i/iere 
exzste C n > independent of t, /, V, F such that 

II# +1)/2 /IId < Cn((i + lkyV(t)|| LOO + (i + t)- 1/2 ||^(t)|| LO o)M n , t (/) 

+ n?* 1+n/2 ^)iiD+ii?r /2 n*)iiD), 

/or/GD^, £>0. 

Proo/. Introduce /i t (x) = (1 + o" 2 |t - \x\ | 2 )" 1/4 , if* = V + V(t) and iV„,t(/) = (H^/IId + 
(l + t)- n M nt (f) 2 ) 1/2 and let £ > 0, S > 0. Introduce also r t (V) = (l + St) 1 ^\\h t V(t)\\ Loo + 
(l + ^-^iinOIlL-, and A n>t (F) = (1 + St) \\h? +2 F(t) \\ D + \\h?F(t) \\ D . 

If < t < 1, then |gt(x)| < 2 so the inequality of the theorem is trivially true with 
C > 2 1 / 2 . For a given / G let now T + (f) (resp. T_(/)) be the set of real numbers 
£ > 1 such that 

+ E ll^(^(*)/ + i<(*))lli>-2et|l^ +1 /lli>>0 (resp < 0). (5.14) 

l<i<3 

Let t G T + (/). Since t > 1 it follows from (5.14) that 

^ + t)\\K +1 f\\ 2 D<e- 1 N n , t (f) 2 , teT + {f). (5.15) 

Let g = K t f + F(t), gi = dj,l <i <3,g = (g 1 ,g 2 ,g 3 ) and let \g\ = (Ei< l < 3 l^| 2 ) 1/2 - 
Equality 

(t-\x\)\Vf\ = t(\Vf\-\g\)-(\x\\Vf\-t\g\) 



MAXWELL - DIRAC EQUATIONS 125 

gives 

\t-\x\\\Vf\>t(\Vf\-\g\)-\xVf + tg\ 

>t(\Vf\-\g\)-\xg + tg\-\t-\x\\\V(t)\\f\ 
-t\V(t)\\f\-\t-\x\\\F(t)\-t\F(t)\. 

It follows that 

2(l + 5 2 \t-\x\\ 2 ) 1 / 2 \Vf\ 2 

> \Vf\ 2 + 5t(\Vf\ 2 - \Vf\\g\) - S\Vf\\xg + tg\ 

-5\t- |s||(|V(f)||/||2>/| + \F(t)\\Vf\) - 6t{\V(t)\\Wf\ + \F(tWf\)- 
Since < h t < 1 and \Vf\ 2 - \Vf\\g\ > ±(\Vf\ 2 - \g\ 2 ) we get 

2h 2n \Vf\ 2 (5.16) 
> ^h 2n+2 (l + 5t)(\Vf\ 2 - \g\ 2 ) - 5h 2n \Vf\\xg + tg\ 

- h 2n (\V(t)\\f\\Vf\ + \F(t)\\Vf\) - 5t(h 2n+2 \V(t)\\Vf\\f\ + h 2 r +2 \F(t)\\Vf\). 
Integration of this inequality over M. 3 and Schwarz inequality give that 

2\\h?Vff D (5.17) 

>^(i + ^)(||^ +1 ^/IId- E W h t +1 dif\\l) 

l<i<3 

1/2 



-8\\h?Vf\\ D ( J2 W h t(Li(t)f + h(t))\\l) 

l<i<3 

- (i +^)(n^^(t)ii z , 00 ||/ i r +1 /ii^n^r^/ii^+ ii^r +2 ^(*)iiz,ii^r^/n^) 

-(II^IIlo.IIWII^II^/IId + II^WII^IIWIId)- 

According to the definitions of N njt , r t and X n t we obtain, using ab < \{a 2 + 6 2 ), 

l(l + 5t)(\\h? +1 Vf\\ 2 D - E \\ht +1 ml) (5-18) 

l<i<3 

-8\\h?Vf\\ D ( E WK(Ht)f + h(t))\\ 2 n) 1/2 



Ki<3 



< + \KtiF) 2 + r t (V)\\h?Vf\\ D (l + St^Wh^fWj,. 

Let t E T_(f). It then follows from inequality (5.14) and inequality (5.18) that 

(l + 5t)(\\hr 1 Vf\\ 2 D - £ ||^ +1 ^/|| 2 D -2e||/ i r +1 /lll ) ) (5-19) 

l<i<3 

< 5iV n , t (/) 2 + \ n ^Ff + 2r t (V) \\KVf\\ D (l + St) 1 / 2 ^ 1 f\\ D . 
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Let j E C°°(M+),0 < j{y) < lj(y) = for < y < 1/4 and j{y) = 1 for y > 1/2. Let 
<p t (x) = h 2n+2 (x)j(\x\/t) and ij) t {x) = h 2 t n+2 (x)(l - j(\x\ /t)),t > 0. Since < ij> t (x) < 
(2) 1 / 2 (1 + 5t)- l h 2n {x), we obtain that 

{l + 5t)(\\h^Vf\\ 2 D - \\K +1 dif\\l) 

l<i<3 

= (1 + St) ((P/, (<p t + ^ t )Vf) D - J2 (^/» (V* + V>tW)j>) 

l<i<3 

>(i + ft)((p/,<^p/) D - £ W^dif)^ 

l<i<3 

-2'/ 2 (\\h?vf\\ 2 D + WdJWl)- 

l<i<3 

This inequality and inequality (5.19) give 

(l + 6t)((Pf,<p t Vf) D - (d t f^Af)D-24K +1 f\\ 2 D ) (5.20) 

l<i<3 

< c(iV n , t (/) 2 + A n , t (F) 2 + 2r t (V)\\h?Vf\\ D (l + 6t)V 2 \\h? +1 f\\ D ), t e T_(f), 

where C is a constant independent of /, V, F. The function <p t is C°° and bounded together 
with its derivatives for t > 0, so <£> t P/ G Doo- We add the operator T>(p t V = (p t V 2 +[D : <p t ]T> 
and its adjoint. Since V 2 = A — m 2 and since P is skew-adjoint we obtain: 

Vcp t V = X - ((A - m 2 )v? t + p t (A - m 2 ) - [P, [P, <p t ]]) 
and similarly we obtain that 

l<i<3 l<i<3 

These two equalities and inequality (5.20) give, when t G T_(/): 

(1 + ft) ((m 2 - 2s) \\K +1 f\\l - m 2 (f, ^f) D ) (5.21) 

+ (i + ft)l(/,[p,[p,^]]- £ ^,[a,,^]]/) D 

l<i<3 

< c(iV n , t (/) 2 + A n , t (F) 2 + 2r t (V)\\h?Vf\\ D (l + St^Wh^fWj,). 
We shall calculate the commutators in expression (5.21). Since [d i7 ip t ] = (di(p t ) we get 

J2 [di,[du<p t ]] = {A<p t ) 

l<i<3 



MAXWELL - DIRAC EQUATIONS 



127 



and 

[v,[v, Vt }}= E h i%,i i j (dm)}-lH°™, E W(^)]. 

l<i<3 l<i<3 

i<i<3 

The last equalities and equalities [7 , 7°7 J ] = 27 J , 1 < j < 3, 
and 

<9;</? t = Xi|x| -2 E Xjdj(p t , 
i<i<3 

which follows from the spherical symmetry of <p t , give that 

([X>,[2>, Vt ]]/- E [di,[di,<P t ]]f)(x) (5-22) 

l<i<3 

= -2imi/ t (x) E ^\x\- 1 x J f(x) + 2\x\- 1 u t (x) E tV^/)^), * > 0, 

1<7<3 l<*<i<3 

where z^t(x) = Xa<z<3 \ x \~ lx i(9ift)( x ) ■ We observe that ^t(x) = for 4\x\ > t > and 
2 J or j < t, according to the definition of <p t . Since | ^ 7 J '^j I = M we obtain from (5.22) that 



|i(/,[Z>,[Z>, ¥>«]]/- E [^,[^ t ]]/)j 



l<i<3 

<m||/i t - 2 - 2 ^|| Loo ||^ +1 /ll!> 

+ 3 1 /2 4 t- 1 ||/ l - 2 ^|| LOO ||^/|| D ( £ H^/IId) 172 , «>0. 

l<i<j<3 

A direct calculation gives 

v t (x) = t- 1 h 2 t +2n (x)j'(\x\/t) + (1 + n)5 2 (t - \x\)h 6 t +2n {x)j(\x\/t), 

where j' is the derivative of j. It follows that \hj n v t {x)\ and \hj ~ n vt{x)\ are bounded 
by (1 + n)5 + t~ 1 \\j'\\ Loo . This gives 

\\(f,V>AvM\f - E ft> Pistil/) J ( 5 - 23 ) 

l<i<3 

< m(l + n)*||fc} +n /ll!) + t-'CN^if) 2 , t > 0, 

where the constant C depends only on the function j and on n. Since (1 + 5t)(f, iptf)o — 
23/2 \\htf\\ 2 D ^ follows from inequalities (5.21) and (5.23) that, with t E T_(/), 

(1 + 5t)(m 2 -2e- m(l + (5.24) 
< C 2 (iV n , t (/) 2 + A njt (F) 2 ) + 2CN n , t (f)r t (V)(l + St) 1 / 2 ]^ 1 f\\ D , 
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where C is a new constant. Let e = m 2 /8 and (1 + n)5 = m/4. It then follows from 
inequality (5.24) that (with a new constant C): 

(i+st)m +1 f\\i 

< C 2 (N n Af) 2 + A n , t (F) 2 ) + 2Cr t {V)N n , t {f){l + ^) 1/2 |K + 7llz,, t G T_(/), 
which gives 

(l + 5t) 1 /^hr 1 f\\ D <2C((l + r t (V))N n 4f) + X n AF))^ (5.25) 

with (1 + n)5 = m/4 and e = m 2 /8. 

Since T + (f) U T_(/) = [1, oof it follows from inequality (5.15) with £ = m 2 /8, from 
inequality (5.25) and from the definition of r t and A n t that 

ll# +1)/2 /ll^ < C;((l + r t (V))(l + tY' 2 N n , t {f) + (1 + t)-/ 2 A n , t (F)) 
< C((l + \\ql /2 V(t)\\ L „ + (1 + t)- 1/2 ||^(t)|| LO o)M n , t (/) 

+ ii«* 1+n/2 n*)iiD+ii9r /2 n*)iw, 

for some constants C' n , C%. We have here used the fact that (1 + t) n / 2 N n}t (f) < C n M n;t (f) 
for some C n . This proves the theorem. 

In order to state the next theorem we introduce the following notation: 

Mt\f) = (\K /2 f\\l+ E \\n /2 dif\\l + E \\n /2 R^\\ 2 o (5-26) 

l<i<3 l<i<J<3 

1/2 

+ E l|rr /2 (£i(*)/ + *i(*))lli>) , n>0,t>0, 

l<i<3 

where Li(t), k(t) and i? £ • are defined in (5.13a) and (5.13b) and where r t (x) = if |x| < t 
and r t (x) = 1 + \x\ if |x| > t. 

Theorem 5.4. If V E C°(M+, L°°(M 3 , Mat(4, C))), F G C°(R+,D) and r t (V) = 
sup xeM 3((l + |x| + t) 1 / 2 |l / (t, x) I) < oo, £/ien there exist constants C n independent of 
t, V, /, F, such that 

\\r { r 1),2 f\\ D 

< C n (l + r t (V))(M n , t (f) + Mt\f) + \\ql +n/2 F(t)\\ D + ||r t 1+n/2 F(t)|| D ) 
for n > and / G D^. 

Proof. We first consider the case where F = 0. Let G C°°(IR 3 ),t > 0, be a cut- 
off function defined by iftt(x) = u(\x\ — t), where u G C°°(IR + ),0 < u(y) < 1 for y G 
R+, = for < y < 1 and = 1 for 2 < y. Let K t = V + V(t),g = K t f, g t = 
dif, 1 <i <3,g = (g 1 ,g 2l g 3 ), where / G D^. 
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Since in the support of r^ n+1 ^ 2 (l — ip t ) we have < t < \x\ < 2 + t, it follows that 

Mz) (n+1)/2 (i - M*))\ < Cn((i + t)(i + \t- ixip- 1 )^ 1 )/ 2 

where q t is defined in (5.13c). This gives for some constant C n that 

|| r (n + D/2 (1 _ < C n || ?t (n+1)/2 /|| s , * > 0. (5.27) 

Since |x| — t > 1 and r f (x) = 1 + |x| in the support of tp t it follows that 

r^ 2 t (\Vf\ 2 + \xg + tg\ 2 ) > 2r^ 2 \Vf\\xg + tg\ 

> 2r?tf\Vf\(\x\(\Vf\ - \g\) + (\x\ - t)\g\ - \x\\V(t)\\f\) 
>r?tf\x\(\Vf\ 2 -\g\ 2 -2\x\\V(t)\\Vf\\f\) 

> |rr+V?(|2>/| 2 " M 2 ) - 2rp 1 ti\V(t)\\f\\Vf\. 
Integration of this inequality over M 3 gives 

\rl n+1 ^ t Vff D - \\rl n+1)/2 Mf\\ 2 D (5-28) 



l<i<3 

<C 2 M^\fr + 2C\\rl /2 V(t)\\ L ^ /2 Vf\\ D ^ 

< C 2 M n \f) 2 + 2C n ||r t 1 / 2 y(t)|| Loo M^(/)||r^ +1)/ Vj|| D , 

where C and C n are constants depending only on the mass m. 

Let ip t = ipt r t +1 - Following the proof of Theorem 5.3 from (5.20) to (5.22) we obtain, 
since (p t is C°°, 



Ft 



{n+i)/2 ^vfwi- y: \\r ( r i)/2 ^f wi 

l<i<3 

>m 2 \\ri n+l)/2 ^ t f\\l-m(f^ t f) D - £ |(/, W^v^f)^ 

l<i<j<3 

where v t (x) = for \x\ < 1 + t and u t (x) = Xa<z<3 \x\~ 1 xi(dip t )(x) otherwise. It follows 
from the definition of ip t that 

v t {x) = (n + l)r?(x)$(x) + rf +1 {x)^ t {x)u' \\x\ - t), 

where u' is the derivative of u. Because supp u' C [1,2], we have that 

\r^ +1 {x)^ t {x)u\\x\-t)\ < C n (l+t) n+1 (l + \t- |x| h " n - 1 

= C n q t (x) n+1 
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for some constant C n , so \i/ t \ < (n + l)r™tpt +C n q™ +1 . We also have |x| _1 |z/t(x)| < C n r" 
for some constant C n . This gives 

\\r { r 1W %ml - E \\ri n+1)/2 ^ff D 

l<i<3 

>m 2 ||rr i)/2 ^ll! ) -Cll# +1)/ VllL-^||rr / Vl| ( E W^Wd) ^ 

l<i<j<3 

Applying the definition of to the last term on the right-hand side of this inequality, 
we obtain 



Ft 



i n+1)/2 ^Vf\\l- E \\r { t n+1)/2 ^f\\l (5.29) 

l<i<3 

> m 2 \\r^/ 2 M\l - C 2 n (U n+1)/2 f\\l + M^\f)% t > 0, 



for some constant C n . It follows from inequalities (5.28) and (5.29) that (with a new 
constant C n ) 

\\rr i)/2 M\l 

< C 2 n (Mt\f) 2 + \\ q ( t n+1)/2 f\\ 2 D ) + 2C n ||r t 1/ V(t)|| Loo M^( / )||r^ +1)/2 ^/|| D . 
This inequality shows that (with a new constant C n ) 

\\ri n+1)/2 M\ D < C n (M^(f) + \\q^ +1)/2 f\\ D + \\r] /2 V{t)\\ L „Mi n \f)) (5.30) 
= C n ((l + Wr^Vm^M^if) + \\q { t n+1)/2 f\\ D ). 

It follows from inequalities (5.27) and (5.30) that, for t > and F = 0, 

lk, (n+1)/2 /llD < C n ((l + \\rl /2 V(t)\\L~)Ml n \f) + ||% (n+1)/2 /llD)- (5-31) 

To study the case where F ^ we stress the dependence of M^ n \f) on F by the 
notation Mj: n \f,F). It follows from definition (5.26) that 

M t (n) (/,0) < C(M t (n) (/,F) + \\rl +n/2 F(t)\\ D ), 

where C is independent of n, t, f, F. This inequality and inequality (5.31) give (with new 
C n ): 

IK (n+1)/ VllD < C n ((l + \\rl /2 V(t)\\ Loo )Mi n \f,F) (5.32) 
+ h^fWD + (1 + \\r] /2 V{M^)\\r] +n/2 F{t)\\ D 
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It follows from this inequality, Theorem 5.3 and from the definitions of q t and r t , that 
\\4 n+1)/2 f\\ D < C n (l + sup ((1 + t + \x\) x ' 2 )\V{t, x)\) 



(M n , t (f, F) + M t <">(/, F) + \\ql +n/2 F{t) \\ D + \\r] +n ' 2 F{t) \\ D ). 



This proves the theorem. 

Before applying Theorem 5.3 and Theorem 5.4 to solutions of equation (5.1a), we note 

that 

<2(l + gt(x)) <4 1+ . , ,. , t>0,xGM 3 , (5.33) 



l + t + 1 


x\ 


1 + 1 


t - 


x\\ 



and we introduce the following notation: 

hy = &h, g Y = ^g, GV M = (£fG%, (5.34a) 



where Y G U(p), < \i < 3 and where h, g and G are the functions in equation (5.1a). 

We now introduce the summation symbol X^y y > ^ ^ ^(P)- Let V be a real vector 
space and / : (U(p) p ) -> V. We define inductively g y /(Yi, . . . , Y p ), for Y G IT, by 



E f(Y u ...,Y p ) = /(!,..., I) (5.34b) 
y,...,y p 

E /(^i,-..,Y p ) (5.34c) 

n y P 

y 

= E E /(^■■•• 1 2i-a4%iv,2 ! ,Uen,iyen' 

1<1<P z x ,...,z v 

If Y G U(p), we extend this definition by linearity in Y. If E C (n') p and if in Y1y 1 y 
f(Yi, . . . , Y p ) we add only the elements /(Yi, . . . , Yp) for which (Yi, . . . , Y p ) G £, the ele- 
ment of V so obtained is denoted by ^(y y p )e£ • • • ' ^p)- 

Theorem 5.5. Let n > 0, k > 1,0 < L < be integers, let G Y eC°(R + , L°°(R 3 , R 4 )) 

/or < \Y\ < L, Y G IT and Zet G Y G C°(R+, Lf oc (R 3 , R 4 )) /or |Y| < n + fc - 1, Y G IT. 
Let 

4 l \t)= E (l + *) 1/2 ||Gy(t)|| L oo, l>0, 

\Y\<1 

Yen' 

T?\t)= E SU P ((l+t+|x|) 1 /2| Gy ( t , x) |), /> , 



yen' 

and £e£ 

.('«) 



•,,iW= E E II ^ i = 0,l,j>0. 

l<P<j«i+-+i p =jl<g<P 
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For h G C°(R+, D), let g = (17^ + m - i^G^h, and let 

(X (t))(x) = q t (x), (X 1 (t))(x) = q t (x) + r t (x), t > 0, x G R 3 . 

Ifh Y G C°(R+,D) for < \Y\ < n + k,Y G IT, and if G Yl ^h Y2 G C°(R + ,D) for 
L + 1 < |Yi| < n + k - 1, < \Y 2 \ < n + k - 2 - L, Y u Y 2 G IT, then 

Pn{(l + K(t)) k/2 Ht)) 

< c k (p° +k {h{t)? + e (p° + A(± + m) {k+1 - j)/2 9(t)) 2 

0<j<k-l 

yen' 
|y|>z,+i 

\Y\=n+j 

+ C' n+k (Pn + k-i(Kt)) + E + A,(t)) (fc+1 - j)/2 7^z 1 ,(t)/ iz2 (t)|| D ) 

0<j<fe-l 

z 1 ,z 2 en' 

|Zll + l^2l=™+J 
l<|Z 2 |<«+j-.L-l 

E (i+^(*))(p^*-«(M*))+ E Pn +J -i(a + m) ik+1 - j)/2 g(t)) 

KKL o<j<fe-i 

n+j-!>0 

+ E \\^+m) {k+l - 3)/2 rGz 1 »{t)h z M\ D ), 

o<i<fe-i 
z x ,z 2 en' 

|Z 2 |<n+j-£-l 
\Z 1 \ + \Z 2 \<n+j-l 

% = 0, 1, t > 0. T/ie constants C' N , N > 1, depend only on r i Q {t). 
Proof. According to the definition of g, we obtain that 

g Y = (i^ + m)h Y - E^T^y^V^ YeW, (5.35) 

|y| < n + k-1. Since || (< 7 ^ + m) h Y (t) \\ D < Cp° +k {h{t)), \\G Y ^(t)h Y2 (t)\\ D < 
II<^im(*)IIl~IIV 2 (*)IId for < |Y"i| < L, < \Y 2 \ < n + k - 1 and since GV lM V 2 e 
C°(R+,L>) for L + 1 < |Yi| < n + - 1, < |Y 2 | < n + k - 2 - L according to the 
hypothesis it follows that g Y G C°(R+, D) for \Y\ < n + /c - 1, Y G IT. 
For given F G IT, / > 1, |Y| + / < n + k, let 

F=-i E^ tV^m^-^V and V = -^V^. (5.36) 

|y 2 |<|y|-i 

It follows as in the case of # y that FeC° (R+ D) . Moreover F G C° (R+, L°° (R 3 , Mat (4, C) ) ) , 
where Mat (4, C) is the linear space of 4 x 4 complex matrices. According to the definition 
of Cm 04 it follows from (5.34a) and (5.36) that 

£,M 0i h-Y = tdih Y + XiVh Y + XiF + a 0i h Y , 1 < i < 3. (5.37) 
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\\q l t /2 h Y (t)\\ D (5.38a) 

< Q ((1 + T 0>0 (f))p? (qt 1)/2 hy(t)) + \\q { t l+1)/2 F(t)\\ D + \\q^ 2 F(t)\\ D ) 

and 

\\r l / 2 h Y (t)\\ D (5.38b) 

< G(l + r 1>0 (f)) (p?(q^ /2 h. Y (t)) + p?{rf- 1)/2 h. Y {t)) 



+ \\r ( t l+1)/2 



F(t)\\D + \\rt 1)/2 F(t)\\ D ), 



where pf is applied to the linear functions Z \— > qf h ZY (t) and Z \— > V) ^ 2 h ZY {f), 

Z G n'. Using that (l + ^) z/2 < C ; (l + ^ /2 ) and that (l + q t + r t ) 1 / 2 < Q(l + q\ /2 + r\ /2 ) 
for some constant C\ it follows from (5.38a), (5.38b) and the expression (5.36) of F that 

\\{l + \{t)) l/2 h Y {t)\\ D (5-39) 
<G(1 + r h0 (t)) (p? ((1 + A^f))*'- 1 )/ 2 ^)) 

+ \\^ + K(t)) il+1)/2 ^G Yl ,(t)hy 2 (t)\\D 

m<\Y\-i 



+ ||(1 + A^^VWIId). i = 0, l,f > 0, 1 > 1, 



y G IT, |y| + / < n + /c for some constants depending only on /. 
Let / = 1 and Y = I, then it follows from (5.39) that 

||(1 + Xm^hmn = Po D ((l + K(t)) 1/2 h(t)) (5.40) 

< d(l + r i>0 (f)) (p? (/»(*)) + Po D ((l + K(t))g(t))), t = 0,l,t>0, 

which shows that the inequality of the theorem is true for n = 0, k = 1. Suppose that it 
is true for < n < N and k = 1, for some iV > 0. Let 7 G II', |Y| = A + 1, and let 
< L < 2V + 1. It follows from (5.39) that 

Ul + XM^hyit)^ (5.41) 

<Ci(i + r <>0 (t))(pf(fc. y (t))+ 8Ti,mi(*)r# a |((i + \(*)) 1/2 M*)) 

|v 2 l<|y|-i 



+ £ Y 11(1 + A l (t)) 7 ^ lAt (t)/i y2 (t)|| D + ||(1 + A,(t))^(t)|| D 

Y U Y 2 
\Y 2 \<N-L 
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where we have used that 1 + X Q (t) < 2(1 + t) and 1 + (X 1 (t))(x) < 3(1 + t + \x\) and where 
we have used that |Yi| > L + 1 if and only if \Y 2 \ < N - L and that N -L < \Y\ - 1. Let 

Iy(f) = d(l + T 4> o(f)) ^V^i^iWpj^iKl + A.Ct)) 1 / 2 ^)), (5-42) 

ini<^ 

|v 2 l<|y|-i 

be the second term on the right-hand side of inequality (5.41). Since \Y\ = N + 1, we 
obtain that 

Iy(t)<CN E ^(*)p^+i-i((l + Ai(0) 1/2 M*)), (5-43) 
i<i<i 

where is a constant depending only on (£). Inequality (5.41) and the definition of 
W(t) give that 

+ \(t)) 1/2 h Y (t)\\i 

<&<%(1+Tw(t)) 2 (tf(h.y(t)) 2 

+ ||(1 + Xm^Gy^hMWl + 11(1 + A,(t)W(t)|| 2 D ) 

+ C a (c 1 (l + r i>0 (f)) ^ IK 1 + ^W)7 M ^ lM (t)^ 2 (t)|| D + /y(t)) 2 , 

l<|r 2 |<JV-L 

for some constant C (independent of all the variables in the inequality). Summation over 
Y E IT, \Y\ = N + 1 and the fact that 

E Pf (^(*)) 2 < 2p^ +2 (Mt)) 2 + C N p° +1 (h(t)) 2 , 

\Y\=N+l 

yen' 



for some constant Cn, give that 



E m + \(t)) 1/2 h Y (t)\\l (5-44) 
Yen' 

|V|=JV+1 

< C? (p D N+2 ih(t)f + E 11(1 + Kit))YG Y ,it)hiit)\\l + Pn + i ((i + Kit)Mt)f) 

Yen' 

\Y\=N + 1 
\Y\>L + 1 

+ c%(e$ +1 (h(t))+ E + E \\^ + \(t))^G Ylll (t)h Ya (t)\\D)\ 

Yen' Y 1 ,y 2 en' 

\y\=n+i in i+m 1=^+1 

i<|y 2 |<jv-_L 



where C{ and C' N are constants depending only on r i (t). 
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that 

P°((l + \(t)) 1/2 Ht)) (5.45) 
<C'n ( 1 + r h i(t))(p^ + i-Mt)) + Pn-i{(l + K(t))9(t)) 

0<1<K 

+ IK 1 + ^W)7 M ^ lM (t)/i Z2 (t)|| D ), 

z 1 ,z 2 en' 

\Z 1 \ + \Z 2 \<n-l 
\Z 2 \<n-K-l 

for < n < N, < K < n, where C' n is a constant depending only on r i0 (t). Since 
T~i i(t) < T i i + i(t), it follows from (5.45) that 

p D N {{l + \m l/2 Kt)) (5.46a) 

<c' N ( 1 + ^At))(p% + 2-Mt)) + P ° +1 _ l ((i + \Mg(t)) 



KKL 



+ 



\\a+\(t))rG Zl ,(t)h Z2 (t)\\D), 



\Z!\ + \Z 2 \<N+l-l 
\Z 2 \<N+1-L-1 



ii 1 < L < N + 1. According to the induction hypothesis the inequality of the theorem 
(with L = 0) gives that 

PN{^ + K(t)) 1/2 Ht)) (5.46b) 

< c[ (p D N+1 (h(t)) 2 + p° ((i + \MMt)) 2 ) 1/2 
+ C N \\( l + K^G Zl ,{t)h Z2 {t)\\D, 

z 1 ,z 2 en' 

\Z 1 \ + \Z 2 \<N 
\Z 2 \<N-1 

where C[ and C' N are constants depending only on r i Q (t). 

Adding (p^((l + A^t)) 1 / 2 /*^)) to both sides of inequality (5.44) and using (5.46b) 
for L = and (5.46a) for 1 < L < N + 1 we obtain that 

P^+i((l + A l (t)) 1/2 Mt)) (5.47) 

< c[ ( P % +2 (h(t)f + p° +1 ((i + \(t)) g (t)) 2 + £ IKi + xMh'Gy^ml] 1/2 

yen' 

\Y\=N + 1 
\Y\>L + 1 

+ C' N (p D N+1 {h{t))+ W^ + \^)l"G Zl ,{t)h Z2 {t)\\ D 

z 1 ,z 2 en' 

\Z 1 \ + \Z 2 \=N + l 
1<\Z 2 \<N-L 
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Yen' i<i<l 

\Y\=N+1 

+ E \\(i + \(t)h"G Zl »(t)h Z2 (t)\\ D )), 



z 1 ,z 2 en' 

z 2 \<N — L 
\Z 1 \ + \Z 2 \<N+l-l 



where C[ and C' N are constants depending only on r i (t). 

Let n = N + 1 — j and K = L — j for 1 < j < L, in inequality (5.45). Then < n < N 
and < K < n, so it follows from inequalities (5.43) and (5.45) that 



w{t)<c N E ^ +J w(^+2-^(^)) + p^ + i-^((i + A l (t)k(t)) 

l<j<L 0<l<L-j 

+ E m+\(t))rG Zl ^t)h Z2 (t)\\ D ), 



z x ,z 2 en' 

\Z 2 \<N-L 
\Z 1 \ + \Z 2 \<N + l-l-j 



where C' N is a constant depending only on r i0 (t). We have here used the fact that 
(1 + t m (£))t^(£) < Cijr il+j (t) for some constant Cij. Substituting j' = j,l' = j + I, 
we obtain that 

Iy{t)<C' N ^(*)(pN+2-j'(M*)) + P^+i-j'((l + \(*))i/(*)) (5-48) 

1<1'<L 

+ E \\(i+\(t))rG Zl »(t)h Z2 (t)\\D), 

z 1 ,z 2 en' 

\Z 2 \<N-L 
\Z 1 \ + \Z 2 \<N+l-l' 

where C' N is a constant depending only on T i (t). It follows from inequalities (5.47) and 
(5.48) that p% +1 ((l + \{t)) l/2 h{t)) is bounded by the left-hand side of inequality (5.47) 
without the term ly (t) and with a new constant C' N depending only on r i (t). This proves 
the inequality of the theorem with < n, < L < n and k = 1, by induction. 
For n > 0, k > 1, < L < n + k - 1, let 

Q { ni(t) (5-49) 



0<j<k-l 

+ E IKi + ^C*))^ 1 -^ 2 ^^*)^^)!!!,)) 172 



yen' 

\Y\=n + j 
\Y\>L + 1 



+ C' n+ k(Pn + k-i(h(t)) + E \\^ + K(t)) {k+1 - 3)/2 rG Zl ,{t)h Z2 {t)\\ D ) 



o<i<fc-i 
z 1 ,z 2 en' 

\Z 1 \ + \Z 2 \= n +j 
l<\Z 2 \<n+j-L-l 
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1<Z<L 0<j<fc-l 

n+j-l>0 



0<j<fc-l 

z 1 ,z 2 gn' 

\Z 1 \ + \Z 2 \=n+j-l 
\Z 2 \<n+j-L-l 

where C' N ,N > 1, are constants depending only on r i Q (t). We note that with an appro- 
priate choice of the constants C' N , N > 1, 

Qn^it) < Qn+i,L(t) for n > 0, > 1, < L < n + — 1, (5.50a) 
Qnl hL (t) < Q { ^t l \t) ioi n> 0,k> 1,0 <L<n + k, (5.50b) 
< for n > 0, > 1, < L < n + — 1, (5.50c) 

and moreover that the inequality of the theorem reads 

P°((l + \(t)) h/2 h(t))<Qi%(t), (5.50d) 

where n>0,/c>l,0<L<n + /c-l,£>0. 

We have proved that inequality (5.50d) is true for n > 0, k = 1, < L < n and we 
make the induction hypothesis Hk that it is true for n > 0, 1 < k < K, < L < n + k — 1, 
where K > 1. 

It follows from inequality (5.39) that 

||(1 + A i (t))( fe + 1 >/ 2 / il (t)|| jD (5.51) 
< (p? ((1 + \(t)) K/2 Ht)) + P ° ((1 + \ % (t)) iK+2)/2 9(t))), 

where C' K+1 is a constant depending only on T i0 (t). Using the induction hypothesis Hk 

for the first term on the right-hand side of inequality (5.51) and the definition of Q^^^if) 
for the second term, we obtain, choosing C' K+1 appropriately, 

Po D ((l + \(t)) {K+iy2 h(t)) < Q$(f) + Q^ +1) (t). 
Inequality (5.50b) then gives that 

p£((l + \ t (t)) (K+1)/2 Ht)) <Q { o K L +1 \t), 0<L<K, (5.52) 

after a redefinition of the constants C' N , N > 1. This shows that inequality (5.50d) is true 
for n = 0, k = K + l,0<L<K, if the hypothesis Hk is true. We now make the 
induction hypothesis Hk+i,n, where K > 1, N > 0, that (5.50d) is true for < n < N, 
l<k< K+1,0 < L < n + k-1. Thus H K +i,o is true if H K is true. Let < L < N+K + l 
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and let Y G II', \Y\ = N + 1. It then follows from inequality (5.39), in a similar way as 
(5.41) was obtained, that 

m + \(t)) {K+1)/2 h Y (t)\\ D (5.53) 

<c K+1 {i+T lfi {t))(p°{{i + \m K,2 h Y {t)) + \\{i 

+ J2 Y ^ lYil (t)p^ 2 + XM {K+1)/2 Ht)) 

|v- 2 |<|y|-i 

+ H(l + ^(*)) (JC+2)/ VGnM(*)^ a (*)llD), 

Y 1 ,Y 2 
\Y 2 \<N-L 

where we have redefined the constant Ck+i- Defining 

I { Y +1 \t) (5.54) 
= C K+1 (1 + r ii0 (t)) E T i,\Yi\P\Y 2 \ ((1 + \(t)) (K+1)/2 h(t)), 

\Yl\<L 
\Y 2 \<\Y\-1 

where \Y\ = N + 1, Y e II', < L < N + K + 1, we obtain from inequality (5.53) in the 
same way as we obtained inequality (5.44) 

E ll(l + ^(0) ( * +1)/2 M*)lli> (5-55) 
yen' 

\Y\=N+1 

<c^ +l ^ +2 ((i + \M) K/2 Ht)) 2 

+ E IK 1 + \(t)) iK+2)/2 G Y ,(t) hl (t)\\ 2 D + ((1 + \(t)) {K+2)/2 9(t)) 2 ) 

Yen' 

|V|=JV + 1 
\Y\>L + 1 

+ (c^ +K+2 ) 2 ( P ° +1 ((i + \M) K/2 Ht))+ e 

Yen' 

\Y\=N+1 



+ E + Ut)) {K+2)/2 l"G Yl ,{t)h Y M\D) 



| Yi | + |y 2 |=jv+i 



where C^+i an< ^ are constants depending only on r i (£). Adding + 

A i (t))^ +1 - ) / 2 /i(t))) 2 to both sides of inequality (5.55), redefining the constants C'^ +1 and 
C^ +K+2 , using that + X t (t)Y K+1 ^ 2 h(t)) < Q%^\ for < V < N + K, accord- 

ing to the hypothesis Hk+i,n and using that p^ +2 ((l + \(t)) K ^ 2 h(t)) < <5^ 2 l(0 f° r 
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0<L<N + K + 1 according to Hk, we obtain that 

PN + i((l + K(0 K+1)/2 h(t)) 2 (5.56) 

+ E IK 1 + \it)) {K+2)/2 Gy,{t)hS)\\l + + A*(0) ( * +2)/ V*)) 2 ) 

yen' 

\Y\=N+1 
\Y\>L + 1 

yen' 
|r|=jv+i 



|yil+|y 2 |=jv+i 
i< |y 2 |<iv-i- 

for < L < A + AT + 1 and < V < N + K. 

Using hypothesis Hk+i,n it follows from definition (5.54) of Iy^^ty), that 

E I? +1 \t) < C'^ +1 E r^Q^L-tit), 
Yen' i<i<l 

\Y\=N+1 

0<L<N + K + 1. Since r ijZ (t)(l + T id (t)) < r u+J (t) it follows from expression (5.49) of 
Q { n k Ut) that 



Yen' 
iyi=jv+i 



£ 4* +1) «) (5-57) 

1 

C'^ +K+2 E ^ + r i ,i{t)){tf , N+K+2-i(Kt)) 

1<1<L 

0<j<K 
N+l+j-l>0 

+ E ii c 1 + A * (t)) {K+2 - 3)/ 2 rG Zl ,(t)h Z2 (t) \\ D ) , 



0<j<K 

z 1 ,z 2 en' 

\Z 1 \ + \Z 2 \<N + l+j-l 
\Z 2 \<N+l+j-L-l 



where Cn +k+2 is a constant depending only on r i (t). If < L < A + A, then it follows 
from inequality (5.56) with L = L', inequality (5.57) and expression (5.49) of Q { n+iI, that 

P% + i{(l + K(t)) iK+1)/2 Ht)) <Q££i(f), 0<L<N + K, (5.58) 
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after a suitable definition of C' K+1 and C' K+N+2 - IfL = N + k + l, then it follows using 
(5.50c) for Q^L-i an< ^ inequalities (5.56) and (5.57), that 

PN + i{a + K(t)) iK+1)/2 h(t)) <Q ( M+il(t), L = N + k+l, (5.59) 

after a suitable definition of C' K+1 and C' K+N+2 . Inequalities (5.58) and (5.59) prove that 
Hk+i,n+i is true if Hk+i,n and Hk are true. Since Hk+i,o is true if Hk is true, it 
follows by induction that Hk+i,n is true for all N > 0, i.e. Hk+i is true if Hk is true. 
Since Hi is true it now follows by induction that Hk is true for all K > 1. This proves 
the theorem. 

In order to eliminate L°°-norms coming from the right-hand side of the inequality of 
Theorem 5.5 and in later energy estimates we shall derive appropriate L 2 — L°° estimates 
for the solution of the inhomogeneous Dirac equation and wave equation. Let -u, as in 
Proposition 2.15, be the solution of the wave equation Ou = with initial data (/, /) G 
M^. Since the evolution operator in Mq defined by the wave equation is unitary in Mq 
it follows that 

ii(/,/)iik= E WTnlM^MmiMo, n>o, (5.60) 

yen' 

\Y\<n 

where Y(t) is defined by (1.11). If (#, g) G M^, is an initial data for the wave equation at 
time t, if follows from Proposition 2.15 and (5.60) that 

(1 + \x\ +tf /2 - p \g(x)\ (5.61) 
+ (1 + |x| +t) £ (1 + |t - |x||) 3 / 2 ^+l^(|^V(7(x)| + \d u g{x)\) 

0<\v\<n-l 

<Cn, P ( £ \\T?&(g,g)\\M ) 1/2 , n >l,t> 0,1/2 <p<l. 
Yen' 

\Y\<n+2 

Similarly, using the L 1 — L°° estimate in [21], we obtain 

1/2 

(l + \ x \+tf/ 2 \a(x)\<c( H T nt)«llo) , *>0, (5.62) 

yen' 

\Y\<3 

a G -Doo. We note that estimates (5.61) and (5.62) are relations expressed directly on 
the space of initial data and that the bound is given by the canonical seminorms (in the 
space of differentiable vectors) composed by the time evolution defined in (1.11) of the 
enveloping algebra of the Poincare Lie algebra. We shall generalize this to a certain extent 
to the nonlinear case by first expressing the derivatives di and the second derivatives 
didj, 1 < i < j, in terms of the nonlinear generators for the representation of 5l(2, C) and 
then use the Sobolev inequalities for weighted L p spaces developed in [14]. 

In the case of the wave equation we introduce, for F, F G C°°(1R 3 ), t G R, x G 1R 3 , z, j G 
{1,2,3}, 

F M Jx)=x l F(x), F Mi .(x) = (x i d j -x j d i )F(x), F Pi = d,F, F Pq = F, (5.63) 
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where are for < \x < v < 3 the generators of sl(2, C) and M^ v = —M v ^. Moreover 
for /,/ G C°°(R 3 ) let K Y (t,fJ,F,F) and K Y (t, fJ,F,F), where Y G t/(sl(2,C)) and 
the degree of Y is at most two, be defined by 





= (/,/), 


(5.64a) 


(K Mij (t),K Mij (t))(x) 


= (xidj - Xjdi)(f(x),f(x)), 


(5.64b) 


{K Moi {t),K Moi {t)){x) 


= (xif(x) +td i f(x),x l Af(x) 


(5.64c) 




+ d i f(x)+td i f(x)+x i F(x)), 




(K Mlj M^ (t),k M .. MliV (t))(x) 


= (xidj - Xjdi)(K Mllv (t),k MliV (t))(x), 


(5.64d) 


(K Moi M 0j (t))(x) 


= Xi {k Mo3 (t))(x)+ tdi{K Mo] (t))(x), 


(5.64e) 


(k Mo . Moj (t))(x) 


= Xi A(K Moj (t))(x) + (diK Mo .(t))(x) 


(5.64f) 




+ (tdik M0 j (t))(x) + XiF Mo . +tP . (x), 





where I is the unit element in U(sl(2,C)), fj,,v G {0,1,2,3} and i,j G {1,2,3}. 

When there is no risk of confusion we omit the arguments /, /, F, F in (K, K) and 
write (K Y (t), K Y (t)). If u is a solution of the inhomogeneous wave equation Du = G, then 
it follows from the definition of £ y , y G £7(p), that 

(MW^MW) = (K Y ,k Y )(t,u(t),j t u(t),G(t),j t G(t)), (5.65) 

for Y G U(sl(2 : C)) and Y being of degree not greater than 2. 
K and K defined by (5.64a)-(5.64f) satisfy 

di(tf(x)+ x Af( x )) ( 5 - 66a ) 
i<i<3 

= (K MM (t))(x) - (d j K Mij (t))(x)-2d i f(x)-x i F(x) 
i<i<3 

and 

d i (t(k M ^(t))(x) + E xM K M»At))(x)) (5.66b) 
i<i<3 

= (k Moi M,At) - E fyKMiiMrM - 2d t K M ^{t))(x) - x z (F MMt) (t))(x), 

1<J<3 

where G {0, 1,2,3}, 1 < % < 3 and My-(t) = My for 1 < % < j < 3 and M 0i (t) = 
Moi + tPi. These two formulas express the dilatation generator y^d^ in terms of the action 
ofsl(2,C). 

In 4-dimensional conventional notations with contravariant coordinates < \i < 3, 
we have, using the summation convention, 



y v y v d l i = y^y v d v + y^iyud^ - y^d u ), 
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which reads 

Xd„ = y^D + y v M v ^ < fi < 3, (5.67) 
with D = y u d u , A = y v y v and M ^ u = y^,d v — y v d^. It follows from (5.67) that 

d„d v = X-^y^D + g^D) (5.68) 
+ A" 2 (y a y p {M afl M Pu + M av M Pli ) + y^y a DM au + y v y a DM ail 

- y»y a M av - y v y a M ail - y^-M^Jt 13 + 4D)), 

for < fi < 3,0 < v < 3. Formulas (5.66a), (5.66b), (5.67) and (5.68) give d l ,d i d J 
expressed in terms of Ky , Ky, F, F since, on initial conditions, □ can be replaced by F. 

For later reference we shall state particular L°°-estimates for the electromagnetic 
potential. 

Proposition 5.6. Let t > 0, (/, /) G M^, (F,F) G and suppose that the function 
x \—>Xi(F(x),F(x)) is an element of M^, 1 < % < 3. 

i) If a e R, then 

(1 + \x\) 1+a \f(x)\ < C(J2 IK 1 + I • r) a/2 ^(*)llL" + 11(1 - A)/|| L2 ), x G M 3 , 

y 

where the sum is taken over Y e II' n C/(su(2)), |Y| < 2. 

ii) 7/0 < <5 < 1, t/ien 

(l+t) 3 / 2 |/(x)|<C 5 (^||(^(t),^(t))|| M o + ||(l-A)/|| L2 

y 

+ ^(l+t)||F z(t) (t)|| L6/5 ), 0< \x\ <8t, 
z 

where Z(t) is given by (1.11) and the sums are taken overY.Z e II' D U(sl(2, C)), |Y| < 2 
and |Z| < 2. 

iii) 7/ < 5 X < 1 < 8 2 , then 

(i + t)(i + |t - l^iD^^^i/c^)! < c 5i , 52 (5^ ||(^(t),^(t))||^o + 11(1 - ^)/||^ 2 

y 

+ X)(l + f)||F z(t) (f)|| Le/B ), m< N <s 2 t, 
z 

where the domains of summation are as in ii). 

iv) If < 8 < 1 and a G K £/ien 

(1 + M) 3 / 2 +1/(z)| < C, >a (£ 11(1 + I • | 2 ) a/2 (^y(t),^y(t))ll M o + 11(1 - A)/|| L2 

y 

+ Ell( 1 + H) 1+a iW t )IUs)> < t < tflarl, 
z 

where domains of summation are as in ii). 
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Proof. Statement i) of the proposition follows from [[14], Theorem 3.1]. To prove statement 
ii) let, for given < 5 < 1,5' be such that < 5 < 5' < 1 and let <p E C°°(K 3 ,M) be 
a positive function with supp (p C < 8'},(p(x) = 1 for |x| < 5. For t > 1, let 

ipt(x) = (p(x/t). It follows from (5.66a)-(5.68) that 



Utf\\ L *+t E W d ^tf\\ L 2+t 2 J2 WMWl* (5-69) 

l<i<3 l<i<3 

1<J<3 



< 

Y 

where Y, Z e IT n *7(sl(2,C)) and \Y\ < 2, \Z\ < 2. Let g t (y) = 4>t(ty)f(ty),t > 1. Since 
IIIVI- 1 ^)^)!!^ <C||F z(t) (f)|| La/8 and 

sup t 3/2 |/(x)|<t 3 / 2 |b t || Loo (5.70) 

\x\<St 



<Ct^\\(l-A) 9] 



t\\L 2 



< 



c(utf\\ L 2+t \\Wtf\\ L2 +t 2 e iiWt/n L2 ), * > i, 



l<i<3 l<i<3 

1<J<3 



it follows from (5.69) that statement ii) is true for t > 1. For < £ < 1 it follows from 

||/|| L ~<C||(l-A)/|| La . 

To prove statement iii) we introduce the metric ds 2 = (1 + (R — t) 2 ) 1 dR 2 + (1 + 
R 2 )~ 1 ds' 2 in IR 3 — {x\\x\ < \} where R = \x\ and where ds' 2 is the Euclidean metric on 
the unit sphere. It then follows from (5.66a)-(5.68) and from [[14], Proposition 2.1] that 
statement iii) is true. Statement iv) follows similarly. This proves the proposition. 

In the case of the Dirac equation, let h be a solution in a time interval containing t of 

(17^ +m)h = g, ge C°°(R+ x R 3 ). (5.71) 

Let 

M..„ = ~M + 

4 



AV = M„ v + -( 7/i7l/ " 7„7 M )- (5-72) 



It follows from (5.67) that 



1 



A0„ = y^D - -y a (^ - 7m 7«) + y a M aii , (5.73) 
and it follows from the Dirac equation (5.71) that 

D(e- im ^ h ) = - e -^y»(-3/2h + X^y^M^h + i-y a y a g). (5.74) 
We observe that 

[AW°2/a]=0, ( 7 V) 2 = A, (5.75) 



which we get by a direct calculation. 
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Theorem 5.7. Let k G N, t G IR + ,x G M 3 and let the function x h- > ^(x) (resp. x h- > r t (x)) 
6e defined as in (5.13c) (resp. (5.26)). If h is a solution of equation (5.71), then 

(l+t + M) 3 / 2 (l + g t (x) + r t (x)) fc / 2 |/i(t, x) | 
< ^ (pjSUM*)) + E ^((1 + ft + r t )^ +7 -^/^(t)) + fpf ((1 + q^ k+4)/2 9(t))), 

0<j<k+5 

for some constants C\. independent oft, x, h, g. 

Proof. Let yo > 1 + \y\,y = (2/1,1/2,1/3) G IR 3 . Then {^^yu) 2 = y v y v I and the operator 
exp(— im^yv) is unitary on C 4 . It follows from (5.73), (5.74) and (5.75) that 

yo\d je - im ^h(y)\ (5.76) 
< c(q yo (y)\Hy)\ + Qyo(y) S/2 Y, \M a ph(y)\ + q yo (y) 1/2 yo\g(y)\) , 1 < j < 3. 

Let 99 G C°°(R) be a positive function such that (p(s) = for s < 1 and <p(s) = for s > 2 

and let Vyo(#) = fivo - \v\)- Since \ d j^vo{y)\ < c ( l + 2/o) _1 <?y (#)» Jt follows from (5.76), 
with /^(y) = e- im7 ^-/i(y), that 

(5.77) 

< C fc (llC +1 %o, .)IIlp(o w) + E ll^o /2+3/2 (^^)(2/o, -)IL,(Q. ) 

+ yo|li /2+fc/2 i/(yo, OIL^q^)) , 2/0 > 1, 1 < p < 00, 1 < j < 3, /c > 0, 

where Q yo = {y G R 3 \y > 1 + 

It now follows by a substitution of variable as in the proof of statement ii) of Propo- 
sition 5.6, using the Sobolev inequality || • \\ Loo < C(\\ • \\ LP + £V \\di ■ \\ LP ), p > 3, that 

vl /p q% 2 (v)\h(v)\ (5.78) 

<^,p(H^ 2+1 %o,-)IL,(Q to ) 

where yo > l,p > 3, 1 < j < 3, k > and \y\ + 2 < j/o- Similarly, as we obtained inequality 
(5.77), we get that (with a new function cp) 



+ E Hi 2+3 (M a pMp V h)(y or )\\ LP{Q , vo) +yo\\qyi 2+3/2 g(yo,-)\\ LP{Q/y()) 



+ yoJ2 hyi 2+2 (M a pg){y Q , ■) \\ LP (Q' yo )) > yo > 1, 1 < P < oo, 1 < j < 3, A; > 0, 



a,(3 
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where Q' yo = {ye R 3 \y > 1/2 + Sobolev inequality || ■ \\ LP < C(\\ ■ \\ L2 + 

J2i ' IIl 2 )' 2 < V < 6, and inequality (5.79) give, as in the case of (5.78), after a 
change of variable 



yo /2 - 3/P (ll<{ 2+1 %o, -)\\ LP(Qvo) + E Hi 2+3/2 (M aP h)(y , -)\\ LP(Qyo) ) (5.80) 
< C fe ,p(||^ /2+2 ^(2/o, OII^cq^) + ^ ll^o 7 ^ 572 ^^/.)^, -)IL 2 (Q^) 
+ E lk5o /2+3 (^«^^^)(2/o, -)ll^(Q^ o ) + 2/o|kf /2+3/2 ^(2/o, OII.c-cq^) 
+ ^Elli /2+2 (^)(^,-)llL 2 ( Q ; o )), 



a,/3 

where 2 < p < 6, yo > 1, 1 < j • < 3 and k > 0. It follows now from inequalities (5.78) and 
(5.80) with p = 6, that 

% /2 < /2 (y)l%)l (5-81) 

< ^ni /2+2 %o, .)ii La(gto) + E ni /2+5/2 »^)(yo, -)\\ LHQ/yo) 

a,/3 

+ E H^o 2 +3 (M a0 M^h)( yo ,-)\\ LHQ/yo) +yoH! ) 2+3/2 g(yo,-)h HQ/yo) 

+ ^olK{ 2+2 (^/3^)(^o, OIL^q^) + ^olk; ( { 2+1/2 ^(2/o,-)IL 6( Q w) ), vo >i + \y\,k>o. 

By considering a time-translation in equation (5.71), by using Sobolev embedding for the 
L 6 -term we obtain from (5.81), after changing the notation, 

{l+tf' 2 q k t /2 {x)\h^x)\ (5.82) 

<c k ( E ht /2+ \t?h)(t)\\ L * m + t E ht /2+2 (^9)(t)h HQD ), 

Yen' Yen' 

\Y\<2 \Y\<1 

t > 0, \x\ < t + 2,k > 0, where Q'( = {i£ M 3 ||x| < t + 3}. 

We next consider the decrease properties of h outside the light-one. According to the 
definition of r t ,t > 0, we have, with d a = d^d^d^ 3 , 

E (1 + \x\)M\d a h{t,x)\ = E r t (x)^\d a h(t,x)\, 

\a\<2 \a\<2 

for \x\ > t. Using a cut-off function and [[14] Proposition 2.1] we obtain 

(l + \x\) 3 / 2+l / 2 \h(t,x)\<C E \\r l t al+l/2 d a h(t)\\ LHOt) , (5.83) 

|a|<2 
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\x\ > t+ 1,1 > 0, where O t = {x G R 3 \\x\ > t}. 

Inequality (5.82) and Theorem 5.5, with G = 0, z = 0, n = 2, L = and replaced by 
k + 6, give that 

(l + t) 3 / 2 (l + ^(x)) fc />(t,x)| (5.84) 

<c*(p? +8 w*))+ E ^((i+^ (fc+7 - j)/ ^ 

0<j<fc+5 

t > 0, \x\ < t + 2,k > 0. 

Inequality (5.83) and Theorem 5.5 with G = 0, i = 1, n = 2, L = and /c replaced by 
/ + 4, give that 

(1 + \x\)^/ 2 \h(t, x)\ < Cp° ((1 + q t + r t f+^/ 2 h(t)) (5.85) 

<c l (pf ) +6 (h(t))+ Yl p? + ,(( 1 +^+^) (z+5 - j)/2 ^))), 

0<j<Z+3 

\x\ >t+l,t>0,l>0. 

The inequality of the theorem now follows from inequalities (5.84) and (5.85), since 
1 + q t (x) + r t (x) < C(l + q t (x)) for < \x\ < t + 1 and 1 + q t (x) + r t (x) < C(l + r t {x)) 
for \x\ > t > 0. This proves the theorem. 

To illustrate the use of the last theorem in our context, we shall apply it to the 
equation 

(i^ + m-^G^h = g. (5.86) 

In order to state the result we introduce certain notations. Let < a*- -* < • • • < a^ k ' < • • • 
be a sequence of real numbers and let 

b n= E E II n>l,b = a(°\ (5.87) 

l<p<n niH \-n p =n l<j<p 

Let 

T oo(n) (t)= J- (im^Gym^ + (l + t)U Y d,G^t)\\ Loo (5.88a) 
yen' 

\Y\<n 

+ (l + t)\\F Y (t)\\ Loo + ||Qy(t)|| L oo), t > 0,n > 

where (8(t))(x) = 6(t,x) = l + t+\x\,G Y » = G% for Y G IT, F Yfxu = d»G Yv -d v G Ylx , 
Qy(v) — y^G Y ^(y) and where £ Y * s given by (4.81). Let 

T 2 ^(t) = pf(G(t),G(t)) (5.88b) 

+ E (h^)" 3/2 ^)IIl 2 + ¥{t)- 1/2 F Y {t)\\ L , + l|5(tr 1/2 ^G^)|| L2 ), 

yen' 

\Y\<n 
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t > 0, n > 0. We introduce the notation T™(t) and T% jn (t),N, n > 0, by 

T™(t) = b n , (resp. T 2 N Jt) = b n ), (5.89a) 
where b n is given by formula (5.87) for 

a («) =r °°(»)(t), (resp. a< n) = T 2 ^^ (t)). (5.89b) 

We define 

Tl = T 2 n (5.89c) 
and we note that it follows from (5.87) that b ni b n2 < b ni+ri2 , ni, rii > 1, which gives that 

T™{t)T™{€) < T™ +n2 (t),Tl n Tl n2 (t) < Tl ni+n2 (t), n u n 2 > 1. (5.89d) 
Moreover 

Tl +N (t) < CTl n (t), (5.89e) 

where C is a function of T^(t). 

Theorem 5.8. Let N > 0,h Y G C°(R+,D) for \Y\ <N + 8, (G Y ,G Y ) e C°(M+,M 1 ) for 
\Y\ <N + 10, where Y e IT , h Y = £$h,G Y = tv G and G r{t) = f t Gy(t). Let 

H n (t)= E \\m 3/2 (l + qt + r t ) k/2 h Y (t)\\ Loo , n>0, 
Yen' 

\Y\+k<n 

where q t and r t are as in (5.13c) and (5.26). Let 

Rl(t)= E pP((l + ft + r t )*/V*)), 

l+k<n 

Rn(t)= E \\m 3/ Hl + Qt + r t ) k / 2 9 Y (t)\\^ 
Yen' 

\Y\+k<n 

and 

K(t)= E P?(*m + <lt + r t ) k/2 9'(t)), n>0, 

l+k<n 

where g' = (2m) l (m — i^d^ + 7 M G M )(7, g Y = £ Y g, g' Y = £ Y g'- If g is defined by formula 
(5.86) and if R% +g (t) < oo, R' N+7 (t) < oo,Tg°(t) < oo, Tg N (t) < oo then there is a 
constant a N depending only on T^°{t), such that 

H N (t) < a N (R' N+7 (t) + R% +9 (t) + R%(t) + p° +8 (h(t)) 

+ E T LMK 2+7 (t) + R 2 n2+g (t) + R™(t) + p% 2+8 (h(t)))). 

ni+n,2<N 
n 2 <N-l 
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Proof. We prove the theorem by induction in N. Suppose that the inequality of the 
theorem, with n instead of N, is true for < n < N — 1 and suppose that the hypotheses 
of the theorem are true for N. 

We first estimate + \{t)) k / 2 h{t)),i = or i = 1, for n + k < N + 8, where 

X i is as in Theorem 5.5. According to the hypotheses, h Y G C°(R + ,D) for \Y\ < 
A + 8, Gy G C°(R+,L 2 oc (R 3 ,R 4 )) (since \\G Y (t)\\ L6 < C||(Gy(t),0)|| Ml and L 6 (R 3 ) C 
Ll c (R 3 )) for |y| < A + 10 and G Y G C°(M+, L°°(R 3 , M 4 )) since ||GV(£)|| L oo < C||(l - 
A) 1 / 2 (G Y (t), 0)|| M i) for |y | <iV + 9,FG IT. Moreover 

ll^ 1M (t)^ 2 (t)||^ < llc^C^ILsll^C^ILs < c P |^ l 1 | (G'(*),o)pj^ 2|+1 (/ i (t)), 

by Sobolev embedding. This shows that G YllI (t)hy 2 (t) G C°(R+,D) for Y U Y 2 G n' such 
that |Yi| < A + 7 and \Y 2 \ < A + 6 - L, where < L < N + 7. Thus, the hypotheses of 
Theorem 5.5 are satisfied for n + k < A + 8. Using that 

\\(i+\m {k+1 - j)/2 i"G Zl ,(t)h Z2 (t)\\D 

<\\G Zl M\L4a + K(t)) {k+1 - j)/2 h Z2 (t)\\LS 

< C\\ (G Zl (t), 0) || M1 ||5(t)- 3/2 || L3 \\5(0 2 (1 + \{t)) {k+1 - j)/2 h z M\L~, 

for some constant C and using that ||5(t) _3 / 2 || L3 < C'(l + t)~ 1 ^ 2 < C for some constant 
C", we obtain using Theorem 5.5 that 

Pn '((1 + \(t)) k/2 Ht)) 

<C' n+ k E (^^W) E Pn + ,- ; ((l + A,(t)) (fc+1 - j)/2 ^)) 
0<Z<L 0<i<fc-l 

+ C; +fc E (l + ^W)Pn +fc -^W) 



0<;<L 



0<2<L o<j<fc-i 

z 2 en' 

n 1 + \Z 2 \<n+j-l 
\Z 2 \<n+j-L-l 

where n + /c < A + 8, 0<L<n + k — 1 and C^ +fc is a constant depending only on r i (t). 
Using the definitions of R n (t) and H n (t), we obtain that 

P°{(l + K(t)) k/2 h(t)) (5.90) 

<C' n+k E (i + V.WXW + C E (l + *i,»i(*))p£(M*)) 

ni<L n\<L 
ni+n2=n+k+l n\-\-n 2 =n-\-k 

+ C' n+k E (l + r i;ni (t))T 2 ^)(t)if n3 (t), 0<L<n + fc-l. 

+ri2+n3=n+fc+l 
ni <L, 713 <n+k — L 

Let 

/i (1) =/i-(2m)- 1 (G^/i + fl ). (5.91) 
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Then it follows that 



pS 



(h^(t))<p^(h(t)) + (2m)- 1 p^(g(t)) 

+ C n \\Gz(t)\\ L ~pZ(h(t)) 



zen' 

\Z\+n 2 <n 
\Z\<L 



+ C n E WGzAm^WhzMl 



L3- 



z 1 ,z 2 en' 
\z 1 \ + \z 2 \< n 

\Z 2 \<n-L-l 



Since \\h Z2 {t)\\ L3 < C(l + £)~ 1/2 ||<^) 3/2 ^ 2 (*)IIl~ < C\WY ,2 h Z2 (t) \\ Loo , we obtain that 
P°(h {1) (t)) < p°{h{t)) + (2m)- 1 p^(g(t)) (5.92) 



ni+n.2=n ni+ri2=n 
ni<L n 2 <n — L — l 

where < L < n. 
Let 

= (2m)~ Vt^a.*?^ - im^G^h (5.93a) 
- i(2m)~ 1 hd f ,G^ - z(8m) _1 (7^ - Yl^hF^, 

where 

^ = - ^a*. 0<^<3,0<z/<3. (5.93b) 

It follows from (5.93a) and (5.93b) that 

££<7« = (2my 1 rr G Y^G Y2V h Y3 (5.94a) 

-im- 1 (g^My* + \hy 2 d^ Yi + h^" - 7Y) V 2 ^) , ^ G ^(p), 

where 

F Y ^ = d»G Yv - d v G Ylt , G Yfx = G%. (5.94b) 
According to inequality (5.7d), we have 

\Y,G Yl d,h Y2 \5 (5.95) 
< C(E WJI^I + l^nl E \ h P^\ + E I^KI^yJ + I*yJ)), 
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where the sums are taken over 0</U<3,0<z/<3. Equality (5.94a) and inequality (5.95) 
give 



|^ (1) |<^( J2 \ G Yi\\GY 2 \\h Y3 \ (5.96) 

Y!,Y 2 ,Y 3 



+ 1^^11^1 + 1^11^!)), YeU(p). 



Using that 



\\G Yl ^t)G Y2U {t)h Yi {t)\\D < \\GYAt)\\L4GY 2 {t)\\L4h Y M\L* 

<C\\(G Yl (t)MM4(GY 2 (t)M M 4hY 3 (t)\\Le, 

by Holder inequality and Sobolev embedding, using the argument in the derivation of 
(5.92) and using definitions (5.88a) and (5.88b) of T°°^ and T 2( - n \ we obtain from (5.96) 

< C n+k E TZ(t)T%(t)tpS s ((1 + \{t)) k/2 h{t)) 

ni+n 2 +n 3 <n 
m+n 2 <L 

+ c n+k e ^(^(onwa + Ai(*))* /2 m*)il» 

zen' 

+ Cn+, E ^WPn. + lla + AiW)^)) 

ni +ii2<n 
ni <L 

+ c n+fc E T ^ (*) ll*(*) 3/2 (i + K(t)) k/2 h z (t) || LOC , 

zen',|z|>i 

ni + |Z|<n+l 
ni>i+l 

where < L < n. Using inequality (5.89d) we obtain that 
P°{5{t){l + K{t)) k,2 9 {1 \t)) 

<C n+k ( E ^WPn 2 + l((l + A!(t)) fc/2 Mt)) 
ni+n2<n 

ni <L 



n 1 <n,zen' 

i 1 + \Z\<n+l 
n 1 >L+l 



+ E T tm\m^+K(t)) k/2 h z (t)\\ L «^ 

n 1 + \Z\<n 
n t >L+l 
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where < L < n. Since 



ll*(f)/IL» < II/II^ 3 (II(*(*)) 3/2 /IIloo) 2/3 < c(||/|| La + HW)) 3/2 /M, 



it follows that 

p^(5(t)(l + Kit)) k/2 9 {1) it)) 

<C n+k [ T nTWpf 2 + l((l + AlW) fc/2 ^)) 

ni+ri2<n 

m <L 

ni+ri2<n 
ni>L+l 

+ E K(t)\\*(t) 3/ \i + \ 1 (t)) k / 2 h z (t)\\ La ,), 

n 1 +\Z\<n + l 

i»i <n,zen' 

ni>L + l 



where < L. This inequality and the definition of H n , give that 



E tfiMW + X^WgWit)) (5.97) 

n+k<M 

<Cm{ E ^(*)p£ + i((1 + Ai(0)* /2 M*)) 

ni+n 2 +fc<M 
ni <L 

+ E 0)p£((i + Ai(*))* /2 W)) 

ni+n 2 +fc<M 
n 1 >L+l 

+ E T^H^t)), 

n 1 +n 2 <M 
ni >L+l 

where L > is an integer. With L = L and i = 1 in inequality (5.90), we obtain, using 
thatr 1>n (*)<T~(*), 

Pn{^ + \(t)) k / 2 h(t)) (5.98) 
< C" +k (R 2 n+k+1 

ni+7i2<n+fc+l 
ii2 <n+k — Lq 

where C'^ +k is a constant depending only on T£^(£). It follows from inequalities (5.97) and 
(5.98) that 
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E r £(*)p£ + i ((1 + *i(t)) k/2 Ht)) (5.99) 

n 1 +n 2 +k<M 

m <L 

ni+n 2 <M+2 n 1 +n 2 <M+l 
ni<L ni<L 

+ E T-(t)T n 2 2 (t)if n3 (t)), L>0,L >0,M>0, 



ni+n 2 +n 3 <M+2 
ni<L,n 3 <M+l-L 



where a M Lq is a constant depending only on T^(t). Similarly we obtain that 

E Tn^Pn^ + Kit^Kt)) (5.100) 

n 1 +n 2 +k<M 
ni >L+l 

<%,L„( E (*)<,(*)+ E 0)p£(M*)) 

ni>L+l ni+n 2 <M+l 
ni+n 2 <M+2 n x >L+l 

+ E Tl^HnAt)), L>0,L o >0,M>0, 



+n 2 <M + 2 
n x >L+l 
n 2 <M — L — Lq 



n+k<M 



where a M L(j is a constant depending only on Tf? {t). It follows from inequalities (5.97) and 
(5.99), and from inequality (5.100) with N instead of L , that 

E P°{5m + \{t)) k/2 9 {1 \t)) (5-101) 

M 

< a M,L ,N ( E T ™mUt)+ E tw^w 

ni+n 2 <M+2 ni+n 2 <M+2 
ni<L ni>L+l 

+ E T ^)PnMt))+ E ^(C^)) 

ni+n 2 <M+l ni+n 2 <M+l 
ni<L ni>L+l 

+ E T-(t)T n 2 2 (t)^ n3 (t)+ E Tl(t)H n2 (ti 



"■1 + ri 2+ ri 3 < Af + 2 nx +n 2 < A/ + 2 

ri^<Z/ n-^>Z/ + l 

?23<M + 1 — I/q n 2 <M — L — Nq 



where M, L, L , N are nonnegative integers and a M L N is a constant depending only on 
•//N/) and 7-(/). 

Since /i and (7 satisfy equation (5.86) it follows, as in the proof of Theorem 5.1 (cf. 
(5.8) and (5.9)), that 

(iYd^ + m)h {1) = g' + g {1) , (5.102a) 
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where hS 1 ' is given by (5.91), gW by (5.93a) and g' = (2m) l (m - i^d^ + i^G^g. It 
follows from (5.102) that 

(z 7 ^ + m)/4 1} =g' Y + g ( y\ Y e *7(j>). (5.102b) 
It follows from Theorem 5.7 and equation (5.102b) that 

E mx)f' 2 (l + \ l (t^)) k / 2 \h^(t,x)\ (5.103) 
Yen' 

\Y\ + k<N 

< C N (p° +8 (hU(t)) + R' N+7 (t) + E (*(*)(! + *i(t)) k VHt)j), 

n+k<N+7 

for some constant C N . Let n = N + 8, L = 8 in (5.92) and let M = N + 7, L = 9, L = 
9,N = in (5.101). It then follows from inequalities (5.92), (5.101) and (5.103) that 

E (S(t,x)f/ 2 (l + X 1 (t,x)) k / 2 \h^(t,x)\ <b N (t), (5.104) 
Yen' 

\Y\+k<N 

where 

b N (t) = a N (R' N+7 (t) + R 2 N+9 (t) + p° +8 (h(t))+ Yl T ^) R lM ( 5 - 105a ) 

ni+n 2 <JV + 9 

n 2 <N-l 

+ E ^i(*)p£(M*))+ E 

ni+n 2 <A r +8 n 1 +n 2 <N+9 
n 2 <N-2 n 2 <N-l 



for some constant a N depending only on Tg°(t). According to definition (5.89a) of n 
and according to inequality (5.89e), it follows from (5.104a) that 

b N (t) < a N (R' N+7 (t) + R 2 N+9 (t) + p% +8 (h(t)) (5.105b) 
+ E T L, (*) « (t) + Pn 2 (Ht)) + H n2 (f ))) . 

ni+n 2 <N 
n 2 <N-l 

Definition (5.91) of gives that 

/£) = V - (2m)- 1 G I/j7 ' i V " (2m)- 1 g Y - (2m)" 1 E^ G n^ h Y 2 , 

Y U Y 2 
\Y2\<\Y\-1 

Fell', which together with inequality (5.104) shows that 

E 5(t,x) 3 / 2 (l + A 1 (t,x)) fc / 2 (|/. y (t,x)|-(2m)- 1 |G' n/J (t,x)||/ ly (t,x)|) 
yen' 

\Y\+k<N 

<2m- 1 ^(t) + (2m)- 1 E U G * (*) h- ll^) 3/2 (l + *i(t)) k/2 h Ya (t) \\ Loo + b N (t). 

Y 1 ,Y 2 en' 

\Y\+k<N 
\Y 2 \<\Y\-1 
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Using that ||G yi (f)|| L co < ||(1 - A) 1 / 2 VGy 1 (t)|| L2 < ((G(t), 0)) , that 

S(t, xf' 2 {l + A x (f , *)) fc/2 |G M (t, x) \\h Y (t, x) | 

< \8(t, xy/ 2 G(t, x)\(8(t, xf' 2 {l + X^t, x)) k ' 2 \h Y {t, x)\) £k \h Y (t, x)\ x - ek 
where e k = (2 + fc)/(3 + k) and that \h Y (t, x)\ < Cp^^ +2 (h(t)), we obtain that 

S(t, xf' 2 {\ + Ai(t, x)) fc / 2 |/i y (t, x)| (5.106) 
- (2m)- 1 T oo (t) (*(f, x) 3 / 2 (l + X^t, x)) k / 2 \h Y {t, x)\f k {pf Y ^ 2 {h{t)f-^ 

< (2m)- 1 R^(t) + (2m)" 1 E T 2 x (t)ff na (f) + 

ni+n 2 <JV+l 
n 2 <N-l 

For fixed t, x, and Y, let a = 5(t,x) 3 / 2 (l + A 1 (t, x)) fc / 2 |/i y (t, x)| and let b' N be the right- 
hand side of inequality (5.106). Then 

a- (2m)- l T^(t)(pf Y]+2 (h(t))) 1 - Sk a^ < b' N . 
Since < e k < 1, it follows that 

a<C lP f Yl+2 (h(t)) + C 2 b' N , 

where C\ and C 2 are constants depending on e k and (2m)" 1 r o °°(t). Thus, it follows from 
(5.106) that 

5(t 1 x)(l + X 1 (t 1 x)) k/2 \h Y (t 1 x)\ 

< C km (R%(t) + J2 T 2 ni (t)H n2 (t) + b N (t)), 

ni+ri2<iV 
n 2 <7V-l 

Y e IT, |y| + k < N, which together with inequalities (5.104) and (5.105b) give that 

H N (t) < a N (R' N+7 (t)+R 2 N+9 (t) + R%(t) + f% +8 (h(t)) (5.107) 



+ 

n 1 +n 2 <N,n 2 <N-l 

where constant depending only on Tg°(t). 

The inequality of the theorem for A = follows by taking A = in (5.107). For 
N > 1 it follows from inequality (5.107), the induction hypothesis and the inequality of 
the theorem, that 

H N (t) < a N (R' N+7 (t) + R 2 N+9 (t) + R%(t) + p% +8 (h(t)) 

+ E T lnMRlM + PnMt))) 
ni+n 2 <N 
n 2 <N-l 

+ E T ln^)*n 2 (K 2 + 7(t) + Rl 2+ 9(t) + ^ (*) + p£-H»(M*)) 
ni+n 2 <N 
n 2 <N-l 

+ E T lns (*) Wu+t(*) + <+9(*) + + Pn 4+8 (^W) 

n 3 +n 4 <n 2 

n4<n 2 — 1 
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N > 1, where a N depends only on Tg°(t) and where we have chosen a < a 1 < ■ ■ ■ < a N . 
This inequality and the fact that 

°" E E T L^n 2 (K 4 + 7(t) + Rl 4+9 (t) + K° 4 W + p£+s(M*))) 

n 1 +n 2 <N n 3 +n 4 <n 2 
n 2 <N — 1 ?i4<n2 — 1 

< a N a N _ x COO +^n 2+9 (*) + P£+8(M*))), 

ni+n2<-/V 

n 2 <iV-l 

obtained by using inequality (5.89d), prove the theorem, after redefinition of the con- 
stant a N . 

Theorem 5.5 and Theorem 5.8 give an estimate of p^((l + qt + r t) k ^ 2 (Ht)) n °t con- 
taining L°° -norms of h Y (t),Y G IT'. To state the result we adapt the notation of these 
theorems. 

Corollary 5.9. Let n > 0, k > 1, L > 3, let h Y G C°(R+,D) for Y G IT, \Y\ < 

max(n + k, n + k + 8 - L), let Gy G G°(M+, L°°(R 3 , M 4 )) /or < \Y \ < L, Y G IT and 
let S^Gy e C°(M+, L 2 (M 3 , R 4 )), for \Y\ < n + k - 1, Y G W, if L < n + k - 2, where 
(8(t))(x) = (l + t+ \x\). Let 

4,«(*)=( e (p? +j ((i+\(t)) {q+1 - j)/2 9m 2 ) 1/2 > ^=o,i, 

0<i<q-l 
p+j>0 

for integers p > — q + 1, q > 1 and i?^ = otherwise, let 

r P W = ( E ^W^yCOIIi-CRS.R*)) 172 , P>0 
yen' 

|y|<p 

and Ze£ y + (s) = /or s < and x+(s) = 1 for s > 0, s G R. Let (Gy, Gy) G G°(K+, M 1 ) 
/or Y G IT 7 , |y| < n + k - L + 10. // R% +9 (t) + R' N+7 (t) + T 9N (t) + T 9 °°(t) < oo for 
N = max(l, n + k — L), then 

tfi{{i + \{t)) k/2 Kt)) 

< C' k (p% +k (h(t)) + Rl k (t)) 
+ C' n+ k E C 1 + T ^ (*))(*£, (Ht)) + R\ 2 - k , k {t)) 

ni +n 2 =n+k 
l< ni <L 

+ C'ix+in + k-L- 2)r n+fc _ 1 (t) (1 + Tl (t))(R' 8 (t) + R 2 w (t) + R?(t) + f${h(t))) 

+c; +k J2 (! + ^,n 1 (t))T n2 (t)(i +Ti n3 (t)) 

ti^KL ,ri2 <n-\-k — ^ 
rig +714 < n + fe — L — 2 

(K 4+7 (t) + R 2 n4+9 (t) + R%(t) + p£ +8 (fc(f))). 
where the constants C' q depend only on r 10 (t) and the constants C' q ' on Tg°(t). 
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Proof. The hypotheses of Theorem 5.8 are satisfied for N = max(l, n + k — L), so -ffjv(£) 
is finite. Therefore and according to the hypotheses of the corollary, the hypotheses of 
Theorem 5.5 are satisfied. It follows from theorem 5.5 that 



p%{(l + \(t)) k/2 Ht)) 

< C' k (p2 +k (h(t)) + <*(*) + E r ni (t)H n2 (t)) 



n^-\-ri'2='ri-\-h 
n ^ < n-\- k — 1 
71 2 + — L — 2 



ri + n 2 = n + fc 
71 1 <^+fe — 2 
n,2<n J rk — L — 1 



+ c; +fc E ( 1 + ^i,/(*))(pn+fe-/(^)) + K-«, fc (*)+ E r ni (t)^ n2 (t)), 

n ^ <ri + fe — £ — 1 
■n,2<'ri-\-k — L — 1 

where C£ and C^ +fc are constants depending only on r 10 (t). This inequality gives 

P?((l + \(f)) fc/2 M*)) (5.108) 
< C' k (pS+ k (h(t)) + K, k it) + X+(n + k-L- 2)T n+k _ 1 (t)H 1 (t)) 

+ C' n+ k E ( 1 + ^A t ))(Pn+k-l(Kt)) + K-l,k( t )) 



KKL 



+ C n+k E + E r ni (t)^ n2 (t), 



0<.1<.L n^-\-ri2=n + k — l 

71 1 <^ + fc — 2 
n.2< ri +fc — ^ — 2 



where C£ and C^ +fc are constants depending only on r 10 (t). 
It follows from Theorem 5.8 that 



E ( 1+t mW) E r m ( 5 - 109 ) 

71 1 < ^ + — 2 
n2<n+)e - 1* — 2 

^ (i + r 1)ni (t))r n2 (t)if n3 (t) 



77 ^ < X, , 77 2 ^ 77. -)- fc — 2 
71 3 < 77 + fc — Iv — 2 



<«n+ fc ( E (l + r ljni (t))r n2 (t) 



ri l+ ri 2+ rj '3+ rj '4 = n + fc + 1 
n-^ < _L , 7i 2 < 7i -)- k — 2 
+77,4 < + — L — 2 



(1 + T 9 2 n3 (t))(K 4+7 (t) + Rl 4+9 (t) + R%(t) + pZ+sW)))), 
where a n+k is a constant depending only on T 9 °°(t). Theorem 5.8 also gives that 

ffi(f) < 0l (l + T 9 2 (t)) (i£(f) + # 2 (t) + i?f (t) + p°(h(t))), (5.110) 
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where a 1 depends only on Tg°(t). The inequality of the corollary follows from inequalities 
(5.108), (5.109) and (5.110), and by suitably defining the constants C'l and C" +k . This 
proves the corollary. 

The preceding results of this chapter permit to establish L 2 -estimates of £ Y h, where 
h is a solution of equation (5.1) and Y G IT'. Suppose that ^ Y g ^ C°(IR + , D), Y G IT', and 
that (£y G i£p y g ) e C°(R+, MP), Y G IT, for some 1/2 < p < 1. We recall that 

hy = &h, g Y =^9, Gy M = (£y YeU(p), (5.111a) 

and introduce 

f Y {t)= f w{t,s){-i 1 °)g Y {s)ds, YeU(p). (5.111b) 

J to 

We also introduce the subset cr n , n > 0, of IT' defined by 

a n = I n f]W, (5.112) 

where I n is the ideal in U(p) generated by the elements of order n in U(M 4: ). 

According to the definition of IT', a n is a basis of I n . We note that U' = cr D cr 1 D 
• • • D <r n D cr n+1 D • • ., and that cr 1 n C/"(fiI(2, C)) = {0}. When n is given the standard 
ordering, P < P ± < P 2 < P 3 < M 23 < M 13 < M 12 < M 01 < M 02 < M 03 , we note 
that, if Y G cr n , then Y = XZ, where X G IT n U(R 4 ), \X\ = n, Z G IT, and that 
IT' = cr 1 U (U($l(2,C)) fl IT). When not specified, IT will always be given the standard 
ordering. 

Proposition 5.10. Let Y, Y 2 , Y 3 G IT', let < a(Yi, Y 2 ) < 1, let h Y , G YfJt , g Y , f Y be given 
by (5.111a) and (5.111b), let 6 Z = ££(7^/1) +g z ,Z e W, let h be given by (5.3c), let 
x^Gf,, = and let t, to > 0. 

i) Ifh z (t ) G D for Z G W,\Z\ < \Y\ and if h! Y = h Y -(2m)~ 1 l"G Yl ^Hy 2 , 



then 



\Y 2 \<\Y\-1 

v 1 en'n(7(s[(2,c)) 



\\\h' Y (t)\\D-\K(t )\\ D \-\\f Y (t)\\ D 

Y /■max(i,t ) 

< E / WGY^rhy^Wvds 

v, v„ J min(t,ti\) 



y 1 .y 2 Jmin(t,t ) 

\Y 2 \<\Y\-1 



Y 1 err 1 



Y /•max(t,t ) 

+ 2m" 1 £ / (I + ^-^II^o^^^Hd 

v . v „ Jmin(t,t ) V V 



n.*2 
|y 2 i<|y|-i 

y 1 6n'nc/(s[(2,c)) 



l-a(y 1 ,Y 2 ) . . 



Ki<3 



+ II7^ m ( S )G^( S )/v 2 (s)||d + ll7 M Gy lM ( S )# y2 ( S )|| D W 
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ii) If h z (t ) e D, d v h z {to) e D for Z e IT ,0 < v < 3, \Z\ < \Y\ and if h ( z ] = d v h z + 
i G Zl vh Z2 , 



Zl,Z 2 



9iz = -f Y^{^Gz x v - d v Gz^)h Z2 + ^ G ^ d » h z 2 + ^h Z2 ) 



Z t ,Z 2 z l< z 2 

\Z 2 \<\Z\-1 

+ i G ZlV (i^d^ + m-^G^)h Z2 

Z\,Z 2 
\Z 2 \<\Z\-1 

+ il/' i Gz 1 nG u h Z2 +iG v g z , 

z l' z 2 
\Z 2 \<\Z\-1 

z 1 en'n(7(st(2,c)) 
Z 



9^=1" E G Zllt dvh Za , 



z l< z 2 

\z 2 \<\z\-i 
z 1 en'ntr(si(2,c)) 



then 



\\\h%\t) - (2my 1 gi 1 f(t)\\ D - \\h Y (t ) - (2m)- 1 g^(to)\\ D \ 

/■max(t,to) 

<WfpMt)\\ D + / \\9i%)\\ D d8 



' min(t,to) 



+ (2m)" 1 £ / (((l + ^-'dlGnoW^nWIIc 

v. v_ </min(t,to) 



I v 2 1 < I y | - 1 
y 1 en'n(/(5((2,c)) 



1<!<3 



\ 1— a(Yi,Y 2 ) lv v ■. 



+ ||(V?£>))fcp w ^ 

+ || 7 YG a ( S )Gy^( S )^ y2 ( S )|| D + ||7^ lM ( S )^ 2 ( S )|| D )d S . 
Proof. Since 

it follows from equation (5.1) and definition (5.111b) of f Y that 

(i 7 "0 M + m- l^G^)(h Y - f Y ) = g 1Y + g 2Y , (5.113a) 
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where 



9iy= 1^G Yl vh Y2 ,g 2Y , g 2Y = ^ l^G Ylf ,h Y2 . (5.113b) 

Yl,Y 2 Y 1 ,Y 2 
|Y2l<l^|-l \Y 2 \<\Y\-1 

Y 1 ecr 1 y 1 en'nc/(s!(2,c)) 

We have here used that IT = a 1 U (IT n U(si(2, C))) and that a 1 n (IT n U(si(2, C))) = 0. 
We note that f Y (to) = and that h' Y = h Y — (2m)~ l g 2Y , which gives that 

\\\h' Y (t)\\ D -\\h' Y (t )\\ D \<\\f Y (t)\\D\ 

+ \\\h Y (t) - f Y (t) - (2my 1 g 2Y (t)\\ D - \\h Y (t ) - f Y (t ) - (2m)- 1 g 2Y (t )\\ D \. 

The inequality in statement i) of the proposition now follows from Corollary 5.2 whith 
h, g, g x replaced by h Y — f Y , g 1Y +g 2Y , g 1Y , respectively, and from the fact that x^Gy (x) = 
for Yi e IT fl L/(s((2,C)), which in its turn follows from the s[(2, C) covariance of the 
condition x^Gj(x) = 0. 

The definitions in statement ii) of the proposition give 

{lY d, + m- ^G,)(hP - f PvY ) = g[$ + g$. 

The inequality in statement ii) follows, similarly as in the case of the inequality in state- 
ment i), from this equation and from Corollary 5.2 with h,g,g 1 replaced by h Y ^ — f Pi/Y , 

9iy + 92yi9iyi respectively This proves the proposition. 
In the sequel of this chapter we shall suppose that 

G li (y) = A li (y)-d^(A,y), < fi < 3, (5.114) 

where £ Y A G C°(R+, Mq ) for some < p < 1, for Y e IT, and \Y\ < N for some A > 0. 
We introduce the notation 

S Y (t)= sup ((l + sr- 1 \\(A Y (s),A PoY (s))\\M P + \\(AY(s),A PoY (s))\\ M1 (5.115a) 

0<s<t v 

+ (1 + S ) 1/2 -1|5( S )DA y ( S )|| L2(M3iK4) + (1 + S ) 1/2 - p ||(^A yM ( S )|| L2(M3iI 
for < p < 1, Y e IT, and 

S"> n {t)=( J2 E \\(By(s),B PoY (s))\\ 2 m^ 1/2 , (5.H5b) 

Yen' Yen' 

\Y\<n \Y\<n-l 

where < p < l,n > and B^y) = y^d v A v {y), A Y ^ = {£ >Y I A)^B Y ^ = (^B)^. We also 
introduce 

[A] n (t)= £ SU P ((l + s + \x\) 3 / 2 - p (\A Y (s,x)\ + \B Y (s,x)\)) (5.116a) 
yen' 

\Y\<n 

+ E SU P + s +\ x \)( 1 + \ s -\ x \\) 1/2 (\ A y(s,x)\ + \B y (s,x)\)), 

Y i xeR 3 

\Y\<n — — 
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n > 0, < p < 1, where B Y is as in (5.115b), and let 

[A]' n (t)= SU P ((l+t + \x\) 3 / 2 - p \A Y (t,x)\) (5.116b) 



yen' 

\Y\<n 



+ V sup ((l + t+|x|)(l+ |t- |a;||) 1/2 |Ay(t,a;)|), 

1 xfR 3 



1 x 

\Y\<1 



n > 0,0 < p < 1. We note that the second sum in (5.116a) and (5.116b) is absent for 
n = 0, since |Y | > 1 if Y e cr 1 . It follows from Lemma 4.4 that 

[G] /n (*) < C n L4] n+1 (t), n> 0,t> 0,1/2 < p< 1, (5.116c) 

where the constant C n depends only on p. 

Let S p N n (t) (resp. [^]jv,n(*)) be defined by b n in formula (5.87) with = S p > N+n (t) 
(resp. [A] N ' +n (t)) and let S£(£) = S^ n (t) (resp. L4] n (t) = [A] 0in (t)). We introduce the 
notation: 



1/2 

=( I] IKIli?) » 0<i<n, (5.117a) 



Yea- 1 

\Y\<n 



and 



tf(6)= ( E HVIIm,) 1/2 , 0<*<n, (5.117b) 



\Y\<n 



where Y ^ a Y (resp. 6 y ) is a function from cr 1 to D (resp. M p ). 

In the next lemma we shall estimate the sum over Yi e IT' n t/(sl(2, C)) on the right- 
hand side in the inequalities of statements i) and ii) of Proposition 5.10. To state the 
result, let us introduce the following notations: 

J Y (t)=2m- 1 {(^ + t)- 1 (\\G Yl0 (t)h PoY2 (t)\\D (5-118) 

|v 2 l<|y|-i 
y 1 en'nu(s 1(2, c)) 



+ E (IIGniWWJOIlD + IIGniW^WlW)) 

l<i<3 

ll^wa^wii^^) + 11(^(0)^ (t)|| D 

+ ^ h'V (dvG Yl u(t) - duGvM) h Y2 (t) \\ D 

+ h^G,{t)G YlV {t)h Y2 {t)\\D + \\rG Yl »(t)e Y2 (t)\\ D 
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Y G U',t > 0, where 9 Z is defined as in Proposition 5.10, and where aiYi^Y^) = 1/2, if 
|Yi| = 1 and |>2| = |^| — 1, and a(Yi, Y2) = otherwise; 



k { n 1) (L,t)= (^] ni+1 W( 1 + ^) 1/2 ^ 2 (^)) + ^]n 1+ 3(t)pf 2 (Mt))), (5.119a) 

n J -\-rL2 = 71 

l<ni<L 

#>(L,f) = S^(t)(l + [Ar+\t))H n3+1 (t) 



(5.119b) 



7ii-\-ri2-\-rL^=n 

n 2 — n l— 71 ~ 1 
713 < n — — 1 



+ E (l + ^) 2 " P ll7^ lAt ^ 2 (t)|| D , 



Y 1 ,Y 2 en' 

L + l<\Y 1 \<n-l 



k ( *HL,t)= ^]3,n 1 (t)(pf 2 (Mt))+<_ 1 , 1 (t)) 



l<m<L 



and 



4 2) 0M) = E C 1 + [^]2,„ 1 (t))5^(t)(l + 5f 0i „ 8 (t)) 



(5.119c) 



(5.119d) 



713-1-714 < n — L — 2 



« 4+7 (t) + < +9 (t) + + pZ + s(Ht))), 

where n > 0, L > 0, t > 0, where # n , i?° fc , R' n , i?^, are defined in Theorem 5.8 and 
Corollary 5.9. 

Lemma 5.11. Let 1/2 < p < l,h z G C°(R+,D), let G be given by (5.114) and 
(A z ,A Po z) E C°(R+,MP) n C°(R+,M 1 ) /or Zen' and |Z| sufficiently large. Let 
L > l,g = (17^ + m- ^G^)h,x+{s) = for s < 0,x+(s) = 1 for s > and Ze£ 
FG^y^ <r l+1 ,i > 0. Ifi = \Y\, then J Y {t) = 0, if 1 < i < \Y\ - 1, tfien 

JY(t)<C[ y| (l + t)- 2+ "J«(L,t), 

w/iere 

jSHL,t) = [A] 3 (t)(pSW)Y^^ 

+ kW{L,t) + l£\L,t) + fc<?> {L ,t)+ CZff (L,t), 

n > 1, < I < n, e = max(l/2,2(l — p)), p njn+1 = 0, Jn = for I > n + 1, and if 
i = 0, \Y\ > 1, then 

Jy{t)<{l + t)- 2+ P(c' m J^\{L,t) 

+ C X+ (\Y\ -L- l)(S Y (t)(l + [AWt))!!^) + (1 + t) 2 -^G Y ,(t)g(t)\\ D )), 
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for some constant C depending only on p, a constant C' Y ^ depending only on p and [A] 3 (t) 
and a constant C" Y \ depending only on p and [A] 9 {i). 

Proof. Let Y E cr l , i > 0. Then the sum in definition (5.118) of Jy(t) runs over a subset 

of {(Yi,y 2 ) en'x rr|Yi e n'rw(*[(2,c)), y 2 eo-\i< \y 2 \ < \y\ -i}, which shows that 

1 < |^i | < |^| — i- If i = |^| > 0, then it follows that Jy = 0. We therefore only need to 
consider the case < % < \Y\ — 1. 

Let Y E a\0 < i < \Y\ - 1 and let L > 1. Since F Zflu = d^G Zv - d u G z ^ = 
d^A Zu — d v A z ^ for Z E IT, it follows from definition (5.118) of Jy and from the definitions 
of norms, that 

Jy(t)<C ((l + t)" 5/2+p+a(yi ' y2) [G] /|Yl| (t) (5.120) 

i<im<-c- 

Yen'ni/(5i(2,c)) 

p^i +1 ,(^)) 1 - a(n ' y2) P^| +1) , +1 (Mt)) cl(yi ^ ) 

+ (1 + t)- 2+ "[G] /|ri|+1 (t)p^ M ((l + U^mf^pfy^Mt)) 2 ^ 1 
+ (l + t)- 3+2 "[G]' (t)[G]'l yi l(t)p^ |)J (Mt)) 

+ (l + t)- 3 /^[G]^l(t)pf y2|)J (^))) 
+ C {^ + t)- 3/2 ¥(t)- 1 G Yl ^\ L2 H lY2l+1 (t) 

Yl,Y 2 
1+L<\Y X \ 

Y 1 en'nu(si(2,c)) 
+ (l+t)- 1 ^d(t)- 1 d^Gy 1 ,(t)\\^H\y 2l (t) 

+ (1 + t)" 3 / 2 1| (t), Ap on (f )) \\ Ml H\ Yal (t) 

+ (1 + t)- 2+ "[G]'°(t) IW^Gn (f ) || La fT|y 2 | (^ 

+ 2m" 1 h"Gy^Y 2 {l v G u h + g){t)\\ D , 

Yl,Y 2 

i<\Y2\<\Y\-l 

1/2 < p < l,t > 0, < i < \Y\ -1,76 cr l , for some constant C depending only on p. 

We shall estimate the different terms on the right-hand side of inequality (5.120). 
According to definition (5.114) of G, it follows that 

Gy^y) = Ay^it) - d^(A Y , y), < p < 3, (5.121a) 

y eR+ x R 3 , for Y G U(sl(2, C)). This gives that 

G Yfl (y) = Ay^(y) - I Yfl (y) - y v d^I Yv (y), (5.121b) 

Y G £/(sl(2,C)), where 

^(y) = / A^sy)ds, < // < 3, 
./o 
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and I Yfl = (£y J) M for Y E U(p). It follows from equality (5.121b) that for Z E WnU(R^) 
and Y E W D U{sl(2, C)): 

G'zy M (y) = ^r M (y)-Z/ l/ a M /^( 2 /)-/ Z y M ( 2 /)-|Z| ]T O^/z^y^y), (5.121c) 

0<i/<3 

for some positive integers C V {Z) and some elements E ]TrW(M 4 ), |^| = |Z| -1. Since 

L 6/(3-2p) 

< C p (l +t)- 1+p \\\V\ p A ZY (t)\\ L2 , < p < 1, 
it follows from statement ii) of Lemma 4.5 that 

imr'GzYmm^^) (5-122) 



< C(l + t)~ a sup ((1 + ^^-'lllVl^r^H^ + (1 + s) b \\{A ZY {s), A PoZY (s))\\ Ml 

0<s<t v 

+ (1 + «) 6 - 1 |z|q Z | 5] ||(A xy («), a w («))|| m1 ), 

xen'nc/(M 4 ) 
\x\=\z\-i 

< p < 1,Z E H'nU (M 4 ), y E U'r)U{sl{2,C)), where a = 6 for b < \Z\ + l/2,a= \Z\ + l/2 
for b > \Z\ + 1/2, and where the constants C, C\ z \ depend only on p, a and 6. 
We introduce the notation 

1 /2 

r„(o = ( wr^Ymho***)) , *>o. (5.123) 

yen' 

|V|<n 

It follows from (5.122) that 

r„(t) < (l + t)- a C sup ((1 + .) H "-Vr((^(^),0)) (5.124) 

0<s<t v 

+ (1 + s) b pf ((A(s), A(s))) + (1 + sf^nC^U ((A(s),A(s)))), 

n > 0, < p < 1, where a = 6 for 6 < 1/2, a = 1/2 for 6 > 1/2 and where the constants 
C, C n depend only on p, a, 6. Inequalities (5.122) and (5.124) with 6 = give, according 
to (5.115a) and (5.115b), 

||a(*) _1 Gzy(*)|| L 2 (5.125a) 

< cs zr (t) + |z|q Z |S ,1 'i zy i (t), z e W n t/(M 4 ), Fen'n t/(s((2, C)), 

and 

T n (t) < CS p > n (t) + nCnS 1 ' 71 - 1 ^), n > 0, (5.125b) 
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where < p < 1 and C, C n depends only on p. 

It follows from the definition of G that for Z E IT n U(R 4 ), Y e IT n U(sl(2, C)): 

d' i GzYM = Zzd tt G Y M (5.126) 

= S z (d»A Yli (y)-nj y v A Yu (sy)ds^ 



= d»A ZY M-h(y)-I 2 (y)-I 3 (y), 



where 



and 



h(y) = 2 f s 1+ ^(d^A ZYfI )(sy)ds, (5.127a) 
Jo 

h{y)= I y»s 2+ W(nA ZY ^(sy)ds, (5.127b) 
Jo 

h(y) = \Z\ C ^ Z ) f s 1+ \ z \UA ZvY ){sy)ds, (5.127c) 

for some constants C U {Z) and elements Z v e II' n £/"(IR 4 ), |Z^| = |Z| — 1. The result, given 
by (4.86a), (4.86b) and (4.86c) in the proof of Lemma 4.5, implies that 

\\h{t)\\ L ,<C^ b {l + t)-^ sup {{l + s) b ^A ZY ^s)\\ L2 ), (5.128a) 

0<s<t 

where a x = b 1 for 6 X < 1/2 + \Z\ and = 1/2 + \Z\ for b > 1/2 + |Z|, 

||5(t)- £ / 2 (t)|| L2 <C a>b , e (l + t)- a » sup ((l + ^^H^) 1 -^^^)^)!!^), (5.128b) 

0<s<t 

where < e < l,a 2 = b 2 for b 2 < l/2 + e+\Z\ and a 2 = l/2 + e+\Z\ for 6 2 > l/2 + e + \Z\, 

\\h(t)\\^<\Z\C a , b ,\ z \(l + t)-^ E SU P ((l + «) 6 -|l(°^xy)(«)|| La ). ( 5 - 128c ) 

xen'nc/(M 4 ) °- s - t 

|X| = |Z|-1 



where a 3 = 6 3 for 6 3 < 1/2 + \Z\ and a 3 = 1/2 + \Z\ for 6 3 > 1/2 + \Z\. Let a x = a — e, a 2 = 
a, a 3 = a — e, = b — e,b 2 = b and 6 3 = 6 — e. It then follows from (5.126), (5.128a), 
(5.128b) and (5.128c) that, for Z e IT n U(R 4 ), Y ell'n U(sl(2, C)), 

||5(t)- £ ^G^ M (t)|L 2(ffi 3, M ) (5.129) 

< Ca,6, £ (l + t)~ a SUp ((1 + s) b - S \\d»A ZYfl (s)\\ L2 + (1 + S) 6 !^^) 1 -™^^)!!^ 
0<s<t v 

+ \z\c lz] Yl (i + s) b - s \\nA XY (s)\\ L2 

xen'nu(R 4 ) 
\x\=\z\-i 
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where a = 6 for 6 < 1/2 + e + \Z\ and a = 1/2 + e + \Z\ for b > 1/2 + e + \Z\ and where 
< e < 1. Inequality (5.129) gives that 

( E ll^ £ ^y M (t)||| W) ) 1/2 (5.130a) 



yen' 

\Y\<n 



<C aAe (l + t)- a sup ((i + ,) & - £ ( E IK^ M ( S )||| 2 ) 

0<s<t V V ' 



yen' 

|y|<n 



1/2 



yen' 

\Y\<n 



+ nC n (l + s) b ~ s ( E |pAy( S )||l 2 ) 1/2 ) 



yen' 

|y|<n-l 

where a = 6 for b < 1/2 + e, a = 1/2 + £ for b > 1/2 + e and < e < 1. Moreover, with 
e = 1 and 6 = 3/2 — p, < p < 1 in inequality (5.129), we obtain that 

my^GY^Wv < C(l + t)" 3/2+ ^ y (t), (5.130b) 

FGlI'n U(si(2, C)), < p < 1, where C is a constant depending only on p. 

In order to estimate the last sum on the right-hand side of inequality (5.120), we note 
that according to (5.116c) 

E^ \\G Yl ,(t)G ZlU (t)h Z2 (t)\\ L2 (5.131a) 
yi,y 2 z x ,z 2 

i<l>2|<|y|-l \Y!\ + \Zi\<L 

< c m (i+r 3+2p e [A} ni+1 (t)[Ar +i (t) P ^(h(t)), 

™l+™2+™3=l y 
1 <nj +^2 ^ ^ 

y G IT, 1/2 < p < 1. Moreover, according to (5.120), (5.125a) and (5.125b), we obtain 
that 

E F E^ \\GY^(t)GzAt)h Z2 (t)\\^ (5.131b) 

«<l>2|<|y|-i im+|Zii>i,+i 

<(l + t)" 2+p E^ ( ll*(*)- 1 Gn(0llL»[G] /|Zl| (*)^|z 2 |W 

yi,y 2 z i' z 2 
-i 2| -i i mi>izii 

kY 2 



+ E 2 [^"^'WPW^^WIL^i^iW) 



Z\,Z 2 
\Yl\ + \Z!\>L + l 
\Y 1 \<\Z 1 \ 
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< (1 + t)-^{c X+ (-i) X+ (\Y\ -L- 1)S Y {t)[A]\t)H Q {t) 
+ C m S^(t)[Ar+\t)H n3 (t)), 

n l+ n 2+ n 3 = \ Y \ 

L+l<n 1 +n 2 
n 2 <ni<\Y\-l 

Y e <j\Y £ cr i+1 , < i < \Y\ - 1, 1/2 < p < 1, where the constants C, C\ Y \ depend only 
on p and where X+( s ) = for s < and x+( s ) = 1 for s > 0. It follows from the definition 
of [A] n and from (5.131a) and (5.131b), that 

E F WGy^GzAmzMlo (5.132a) 

*i.*2 Z t ,Z 2 
|v 2 l<|y|-i 
y 1 en'nu(si(2,c)) 

<q K i(i+t)- 3 + 2 ^ Yl Wm+M&mt)) 

i<m<L 

+ (1 + t)- 2+p (c X+ (-z)x + (|r| — L — l)S Y (t)[A]\t)H (t) 

+ C\Y\ E ^(*)[^] n2 + 1 (*)^n 3 (t)), 

n 2 <n 1 <|y|-l 

y G <r*, y £ cr i+1 , < i < \Y\ - 1, 1/2 < p < 1, L > 0. The first sum on the right-hand 
side of inequality (5.132a) is bounded by k^(L, t) and the second by l^(L, t). This gives 

E F E^ II W*)Gzi*(*)*z a (*)lli> (5.132b) 

Y 1,Y 2 Z lt Z 2 
\Y 2 \<\Y\-1 

y 1 en'n(7(6[(2,c)) 

< (1 + t)-^C X+ {-i)x + (\Y\ -L- l)S Y (t)[A]\t)H (t) 
+ C m ((l + f)"^ 2 'A$(L,f) + (1 + f)- 2 +'Z$(L,f)), 

Fe<r 8 ,y^ cr i+1 , < z < |y| - 1, 1/2 < p < 1, L > 0, where C and C|y| are constants 
depending only on p. 

To use Corollary 5.9, in order to estimate p\y 2 \ ((l + A 1 (t)) 1 / 2 /i(t)) in inequality (5.120), 

we shall first express the quantities T 2 (t), defined by (5.89c), in terms of S Y defined 
by (5.115a). If Y e IT n £/(st(2, C)), then y»G Yil = since y»G^ = 0. Therefore, if 
Z G II' n £/"(IR 4 ), then 

= ^Gy M (y)= yi*GzYM + \Z\ ^(Z)Gz.yM, 

0<M<3 

for some constants C M (Z) and elements Z M G II' fl £/"(IR 4 ), |Z M | = |Z| — 1. Let Qx{y) = 
y^Gx^iy), X G IT. Then we obtain that 

Qzy = -\Z\ C ^ Z )°z,y^ (5.133) 

0<M<3 
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for Z E IT n U(R 4 ),Y e IT n U{sl(2,C)). It follows from inequality (5.122) and from 
equality (5.133) that 

\\5(t)- 1 Q ZY (t)\\ L2 <C aMzl \Z\(l + t)- a (5.134) 

sup ( E ((i + ^^-^llvi^^^c^H^ + (i + ^^K^^C^^^o^^C^))!!^^) 
+ (i + s) 6 - 1 ^! - 1) £ ||(^( s ),^ oXr ( s ))|| M1 ), 

xen'n(7(M 4 ) 

\X\ = \Z\-2 

where Z E W f] U(R 4 ),Y e IT n L/(sl(2, C)), < p < 1, a = 6 for b < \Z\ - 1/2 and 
a = \Z\ - 1/2 for 6 > |Z| - 1/2. Since 

E iwr 1 ^)!^ < E E wm-'Qzvm^, 

\Y\<n n 1 +n 2 =n Yen'nu(a 1(2, C)) 

ygn' zsn'n[/(M 4 ) 

|y|=7il, |Z|=n 2 

it follows from (5.134), choosing p — for |Z| > 2, that 

E IWr 1 ^)!!^ (5-135) 



yen' 

\Y\<n 



< nC n (l + t)~ a sup ((1 + sf+^p^dAis), 0)) + (1 + s) fo pf-i((A(s), A(«)))), 

0<s<t v / 



where a = b for 6 < 1/2, a = 1/2 for b > 1/2, < p < 1, n > and where the constant C n 
depends only on a, 6, p. Statement i) of Lemma 4.5 gives that 

pf((G(t),G(t))) (5-136) 
<C(l + t)~ a sup ((l + s) b {p£ 1 ((A(s),A(s))) 

0<s<t v 

+ pf((B(s),B(s))) + C n pf ((A(s),A(s))))), 

where a = b for b < 1/2, a = 1/2 for b > 1/2, £? M = y^d v A v and where the constants C, C n 
depend only on a and b. It follows from inequality (5.130a) with e = 1/2, b = 1 — p, < 
p < 1, that 

( E \\m- 1/2 d»G Y ,(t)\\l 2 ) 1/2 (5.137) 
Yen' 

\Y\<n 

< (1 +t)- 1+p C(S p ' n (t) +nC n S p ' n - 1 (t)), < p < 1, 

where the constants depend only on p. It follows from (5.88b), (5.115a), (5.115b), (5.135), 
(5.136) and (5.137), that 

T 2(n \t) < CS p ' n+1 (t) + C n S p ' n (t), < p < 1, (5.138) 
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where the constants C, C n depend only on p. 

Corollary 5.9, (5.116c), (5.125b), (5.138), give that 

fttf((l + \i(t)) 1/2 h(t)) (5.139a) 

< c[ ( P ° +1 (h(t)) + K A (t)) + c' n+1 C 1 + i A r +1 (t))(PnMt)) + K 2 -iM 

ni +ri2=n+l 
l<ni <Lq 

+ C'{ X+ {n - L - 1) {S^ n (t) + nC n ^ n -\t)) 

(1 + S^\t) + C 9 S?> 9 (t)) (R' 8 (t) + R 2 10 (t) + R?(t) + p°(h(t)) 

+ c: +1 Yl (! + [Ar +l (t))s^(t)(i + s p 10in3 ( t )) 

n^<.L l Q,ri2<'ri—l 
n 3 + n ^ < n — Lq — 1 

where n > 0, Lq > 3, 1/2 < p < 1, i = 0, 1, where the constants C\ depend only on p, C[ 
depends only on p and [A] 1 (t), and C[' depend only on p and [A] 9 (t). The last inequality 
shows that 

Pn((l + A (t)) 1/2 Mt)) (5.139b) 
< C[(p° +1 (h(t)) + R^it)) +C' n+1 (p° (h(t)) + R° n _ hl (t)) 
+ C;+i^i+i(^o, t) + C;Vi4+i(£o, t), n > 0, L > 3, 1/2 < p < 1, 
where the constants C' 1 ,C' n+l depend only on p and [A] 1 (t), the constant C^ +1 depends 

only on p and [A] 9 (t), and where k^+i, respectively are given by (5.119c) and (5.119d). 

Let Y E cr\Y cr l+1 ,0 < i < \Y\ — 1. It then follows from inequalities (5.116c), 
(5.120), (5.125a), (5.125b), (5.130b), from the fact that the domain of summation for the 
sums on the left-hand side of inequality (5.120) is a subset of {(Yi,Y 2 ) G IF x LT 1 1^ e 
U(sl(2, C)),y 2 G (t\ Y 2 £ and from the definition of a(Y u Y 2 ) in (5.118), 

Jr(t) 

< C m ((! + t)- 2+p ([A]^ +1 (t) + [A]^+ 2 (t) + [A] 1 (t)[A]\ Yl \ +1 (t)) 



l<\Yl\<L 

Y" 1 en'nc/(i5[(2,c)) 



(pft,i + i,*(M*)) 1 - a(yi ' ya) pft l | + i,i + i(M*)) o(n ' y3) 

+ pft,i,i((i + A (t)) 1/2 Mt)) 2(1 - p) P^ M (Mt)) 2p - 1 + ef^CM*))) 

+ (l+t)- 3 /^[A]l^l+ 1 (t)^ 2|)J (^))) 
+ C £ Y (1 + t)- 2 +^^(t)(iJ|^ 2 | +1 (t) + iJ|^ 2 |(t) + [A] 1 ^)^!^,^)) 



^1^2 
l + £.<|Vll 
Y" 1 £n'n(7(s[(2,C)) 



+ 2m- 1 J2 W-fGY^mZWGvh + gWWD, 1/2 < p < 1, 



|v 2 |<|y|-i 

Y"i en'rW(s I(2,C)) 
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where the constants C,C\y\ depend only on p. This inequality gives, since 
pfy 2 \Mt)) < ^ 2 | )i ((l + A (t)) 1 /^ (t ))2(i-P)^ 2| i(/ , (t)) 2p-i ) 

that 

Jy{t)<C\ Y \ ((l + t)- 2+p [A] lYl \ + 2(t) (5.140) 



l<|Vl|<i 

r 1 en'n(/(si(2,c)) 



(pft,i + i,i(M*)) 1 - o(n ' ira) pft l | + i I * +1 (M*)) a(yi ' ya) 

+ P&|,,((1 + A (t)) 1/2 ^)) 2(1 - p) pfr 2 |,(^)) 2p - 1 ) 

+ (i+t)- 3 / 2+ "[^]i yi " +i (t)p^i, i a/(t))) 

+ C C 1 + *) _2+p 5 yi (0(1 + [^] 1 (t))^|r 2 | + i(t) 



i+i<fti 

y 1 en'n(7(s[(2,c)) 

.y 



+ 2m" 1 ^ ||7^ yiM (t)^ 2 (7^/i + ^)(t)|| D , l/2<p<l, 



|V"2l<|y|-l 

£n'n(7(s[(2,c)) 



where C and Cjy| are constants depending only on p. 

According to the definition of a(Y 1: Y 2 ) in (5.118) and according to definitions (5.119a) 
and (5.119b) of k ( n ] and we obtain from (5.132b) and (5.140) that 

Mt) < qy|(i + t)- 2+ "([A] 3 (t)(p^ M (Mt)) 1/2 p^ M+1 (Mt)) 1/2 (5.i4i) 
+ P^i_i,i((i + A (t)) 1/2 Mt)) 2(1 - p) pfy|- 1 ,(Mt)) 2p - 1 ) 



+ 



E [A]. 1+2 (t)p^,((l + A (t))V^( t )) + fc W( L , t ) + /W( L , t) 



ni+n 2 = |y| 
2<ni <L,i<n 2 

+ c(i + t)- 2 +^ + (l^|-^-i)x + H) 

(s y (*)(i + [^] 1 (t))i?i(t) + (i + t) 2 -VG Y ,(t) gi (t)\\D), 

where F G cr\ Y £ cr i+1 , < i < |Y| — 1,1/2 < p < 1, L > 1, and where C and C\ Y \ are 
constants depending only on p. 

It follows from inequality (5.139a) that 

Pn{(l + K(t)) 1/2 Ht)) (5.142) 

< Cn+l E C 1 + ^r +1 W)(Pn 2 (/^)) + K 2 -l,lW) 
ni+n 2 =n+l 
0<ni<L 

+c: +1 e (i+[^] ni+i (t))^' n2 (t) 

n \ ^ ^0 ' ri 2 — 71 
n g +714 < n — i Q — 1 

(1 + Sf 0i „ 8 (f)) « 4+7 (t) + < +9 (t) + R%(t) + p£ +8 (f)), 
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where n > 0, L > 3, 1/2 < p < 1, i = 0, 1, and where the constant C^ +1 depends only on 
p and and C" +1 depends only on p and [A] 9 (t). It follows from (5.142) that 

ni+n 2 = \Y\ 

2< ni <L 

^ c \y\ E E i A u + 2m + [Ar +i (t))( P ^(h(t)) + R° n4A (t)) 

ni +n 2 = \Y\ n 3 +n 4 =n 2 + l 
2<ni<L 0<n 3 <L (^i) 

+cfa E E [A] ni+2 ( t )(i + [Ar+\t))s^(t) 

n 1 +n, 2 = \Y\ n 3 +n 4 +n 5 +n 6 =n 2 +l 
2<n 1 <L ■n 3 <L (n 1 ) 
— — n 4: <n 2 + l,nc > +n§<rL 2 + l — L o( n l)~ 1 

(i + sf 0)n5 (t))(< 6+7 (t) + # 2 6+9 (t) + + P £, +8 (f)), 

where we have chosen Lo(ni) = L — n\ for ni < L — 3 and Lo = 3 for ni > L — 2 and where 
1/2 < p < 1, the constant C' Y ^ depends on and the constant C' Y ^ on [A] 9 (t). It 

(2) 

follows from definition (5.119c) of k n and the convexity properties (analoguous to those 
of (5.89d) and (5.89c)) for [A] N , n , that 

E ^]n 1+ 2(t)pf 2) ,((l + A (t)) 1/2 Mt)) <C[ Y] k^t) + C'{y^{L^ (5.143) 

ni+n 2 = \Y\ 
2< ni <L 

where 1/2 < p < 1,Y e H',L > and where C' Y ^ is a constant depending only on 
p, L, [A] 3 (t), and C" Y \ is a constant depending only on p, L, [A] 9 (t). 

Using that (a+^c 1 " 6 < (c^+^c 1 " 6 < a e c 1 " e + e6+(l-e)c for a, 6, c > 0, < e < 1, 
we obtain from (5.139b) that 

pfy|-i((l + A W) 1/2 Mt)) 2(1 " P Vfn- 1) ,(^)) 2p - 1 (5-144) 

< (^(p^|(Mt))+ J RiV|-i,iW)) 2(1 " P Vfr|-i,(^)) 2p - 1 
+ C'\ Y \k\ Y \(L,t) + C" Y ^ Y ^(L,t) + C[ y |p| Z ^|_ 1 (/i(t)) + C'|y|i?| ) y |_ 2il (t), 

where 1/2 < p < 1 and where the constants C[, Cj^ depend only on p and [A] 1 (t), and 
the constant depends only on p and [A] 9 (t). 

It follows from inequalities (5.141), (5.143) and (5.144), that 

Jv(t) < C(l + t)- 2+ ^ + H) X+ (|y| — L — l) (5.145) 
{S Y (t)(l + [^4] 1 (£))#! (£) + (1 + t) 2 ^||7 M G^(t)^(t)|| D ) 

+ C | ^(l + t)- 2 +"([A]3(t)p^ | (/ i (t)) e p^ M (/i(t)) 1 - e 

+ [A]3(t)^ l _ M (t) 2 ( 1 -^pfn- 1 ,(^)) 2p - 1 

+ fe|^| (L, t) + /jy^ (L, t) + C[y^fc^y| (L, t) + C^/^i (L, t) j , 
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where Y E er\ Y ^ cr l+1 , < i < \Y\ — 1, 1/2 < p < 1, L > 1 and where are constants 
depending only on [A] n (t) and p. This proves the lemma. 

To obtain L 2 -estimates of solutions h of equation (5.1), we next estimate the terms 
on the right-hand side of the inequalities in Proposition 5.10, which have not already been 
considered in Lemma 5.11. 

Lemma 5.12. Let 1/2 < p < 1, h z E C°(R+,D) and (A z ,A PoZ ) E C°(R+,MP) n 
C°(M+,M 1 ) for Z E IT and \Z\ sufficiently large. Let G be given by (5.114), L > 1, 
9 = (*7 M ^ + to - l^G^h, X+ (s) = 0fors<0, x+ (s) = 1 for s > 0, let Y E <t\ 

Y ^ cr l+1 , i > 0, and let Jn be defined as in Lemma 5.11. 

a) If i = 0, then 

\\h Y (t)\\ D < \\h Y (t )\\ D + (i+to)- 3 / 2 ^c lYl y \^r +1 ^M^)) 

n x +n 2 = \Y\ 
l<ni<L 

+ (1 +t )-V2q y| J2 S^(t )H n2 (t ) + \\fy(t)\\ D 

ni+n 2 = \Y\ 
ni>L+l 

+ (i +ty^c m y w ni+1 (t)pZ(h(t)) 

ni+n 2 = \Y\ 
l< ni <L 

+ (1 + ty^Cox+m -L- l)S Y (t)H (t) 
+ (l+t)- 1 / 2 C lYl Yl S^(t)H n2 (t) 

ni+n 2 = \Y\ 
L+l< ni <\Y\-l 

/•max(t,t ) 

+ / (l + 8)- 2+ p(q Yl J$](L,8) + X+ (\Y\-L-l) 

Jmin(t,to) 

C {S Y (s)(l + [AWsVH^s) + (1 + s)*-o\\rG Y ,(s)g(s)\\ D ))ds. 

b) If 1 <i < \Y\, then Y = P U Z for some Z E IT', and 

IIM*)IId< IIM*o)Hd 

+ (l + to)- 3/2+ ^|y| £ [A] 2+n Hto)p° 2 (Hto)) 

n 1 +n 2 = \Y\-l 

0<ni<L 

+ (l + t )- 1/2 qy| Y S p ^(t )H n2+1 (t ) 

m+n 2 = \Y\-l 
ni >L+l 

+ (l + t)-^C lYl y l A ] 2+ni (t)pZ(h(t)) 

n 1 +n 2 = \Y\-l 
0< ni <L 

+ (l + t)- 1 / 2 C ]Yl Y S^(t)H n2+1 (t) 

n 1 +n 2 = \Y\-l 
ni >L+l 
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pmax(t,to) 



+ \\f Y (t)\\n+ / (l + s)-^C' lYl J^(L,s)ds. 

J min(t,tn) 



' min(t,to) 

The constants C n ,n > 0, depend only on p and the constants C' n depend only on p and 
[A] 3 (max(t ,t)). 

Proof. To prove statement a), let h' Y (t) be as in statement i) of Proposition 5.10. It follows 
from inequalities (5.116c), (5.125a) and (5.125b), that 

\\hy(t) ~ h'y(t)\\ D < (1 + t)~^C m l A r + 1 (t)PnMt)) (5-146) 

rn+n 2 = \Y\ 
l< ni <L 

+ (1 + tyWCx+m -L- l)S Y (t)H (t) 

+ (l + t)- 1 / 2 C ]Yl Yl S^(t)H n2 (t), 

ni+n 2 = \Y\ 
L+l<ni<|r|-l 

where the constants C and CWi depend only on p. Since Y e cr° and Y £ cr 1 , the sum 
over Y"i e cr 1 on the right-hand side in the inequality of statement i) of Proposition 5.10, 
vanish. This inequality then gives, according to definition (5.118) of J Y , that 



(•max(t,t ) 

|^(OllD<ll^(*b)llD+ll/y(*)llD+ / M*)** 

J min(i,io) 



This inequality, the use of inequality (5.146) to estimate H^WIId an d ll^-y^o) llr> an d the 
estimate of J Y (s) in Lemma 5.11, give the estimate of statement a). 

To prove statement b), we observe that it follows from the definition of a 1 that Y = 
P V Z for some Z e <x l_1 and Z cr 1 . Let g["J and g^z be as in statement ii) of 
Proposition 5.10. It follows that 

\\h Y (t) - hP(t) + (2m)- 1 gP(t)\\ D (5.147a) 

< zZ^^^^zMlD + ^m)- 1 W-fG Zllt (t)h Pt>Za (t)\\D- 

Z 1: Z 2 Z 1' Z 2 

\Z 2 \<\Z\-1 

z 1 6n'ni7(«[(2,c)) 

This inequality, inequalities (5.116c), (5.125b) and the fact that S^ n (t) < S p > n (t) for p<l, 
give that 

\\h Y (t) - h%\t) + (2m)- 1 g^\t)\\ D (5.147b) 

n 1 +n 2 = \Y\-l 
0<ni<L 

+ C ]Yl (l + t)- 1 / 2 Yl S»^(t)H n2+1 (t), 

n 1 +n 2 = \Y\-l 
ni>L+l 
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where C\y\ depends only on p. 

Using the gauge invariance of the electromagnetic field, and 

(z 7 ^ M + m - ^G^)h Z2 =g Z2 + E 2 l^Gz^h^ 

Zz,Z 4 
\Z 4 \<\Z 2 \-1 

we obtain from the definition of g" z that 

\\9^(t)\\D < ^ \\r(d»A Zl „(t)-d„A Zl ,(t))h Z2 (t)\\n (5-148) 

Z\,Z 2 



+ E h"G Zl ,(t)h PvZ2 (t)\\ D 



\Z 2 \<\Z\-1 

z 1 e<r 1 



+ C E J2\\ G ^)Gz 20 (t)h Za (t)\\ D + E \\GzAt)9z 2 (t)W- 

Zi,Z 2 ,Z 3 a, (3 Z\,Z 2 
\Z 3 \<\Z\-1 

Let X G IT 7 . Then according to statement i) of Lemma 4.5, with p = 1, 
||Gp M x(t)|| L2 <||(G'x(t),G'p x(t))||M 1 



<C sup (IK^W.^W)!^! + 11^(^,5^(^)11^ 

0<s<t v 

+ pS +1 ((^( S ),i( S ))) + C|x|pS((^4( S ),i( S )))), 
where B^(y) = y^d v A v (y) and A x = A PqX for A G IT'. This gives that 

\\G x {t)\\ L2 < C ^' |x| (t) + C|^|S' 1 'l^l- 1 (t), for X G <r\ (5.149) 

for two numerical constants Co and C\x\- 

For the first term on the right-hand side of inequality (5.148), we obtain that 

^2 Z h^A ZlU (t)-d u A Zl ,(t))h Z2 (t)\\ D (5.150) 



Zi ,z 2 



< (1 + t)- 2+ ^| Z | E ^] ni + 1 WPn 2 ((l + A (t)) 1/2 Mt)) 2(1 -" ) P^(Mt)) 2p - 1 

ni+n 2 — \Z\ 
0<ni<L 

+ (1 + t)" 3/2 q^| E p^ 1 ((A(t), i(t)))^ n2 (t) 

ni+ri2 = |^| 
ni>L+l 

< (1 + t)- 2+ ^|Z| E ^] ni + 1 WPn 2 ((l + A (t)) 1/2 Mt)) 2(1 - p) P^ 2 (Mt)) 2p - 1 

n 1 +n 2 = \Z\ 
0<ni<L 

+ (1 + t)- 3 / 2 q Z |/« +1 (L + 1, t), l > 0, z g n'. 
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For the second term on the right-hand side of inequality (5.148), we obtain, using (5.149), 
E Z h-GzMhp^WWj, (5.151) 



Z 1,Z 2 
\Z 2 \<\Z\-1 



<(i+t)- 2 +^ix + (*-2) Yl ^r +2 (t) 



n 1 -\-n 2 = \Z\ 
l< ni <L 



e£+i((i + A (t)) 1/2 fc(0) 2(1 - p) p£ + i(^(*)) 2p - 1 

+ (1 + t)- 3 / 2 C lzlX+ ^ - 2) y S 1,ni (t)Hn 2 +i(t) 



n 1 +n 2 = \Z\ 
ni>L+l 



<(l + t)- 2 +^| X+ (z-2) £ [A]-+ 2 (t) 



rn+n 2 = \Z\ 

i<m<L 



p£+i((l + A (0) 1/ ^(*)) 2(1 - p) p£ + i(^(*)) 2p - 1 



+ (1 + t)- 3/2 qz|x+(^ - 2)Z^ +1 (L + 1, t), 



where Z e rr 1 ' 1 and Z £ a\ 1 < i < |Z| + 1. 

Proceeding like in (5.131a) and (5.131b), we obtain 

\\Gz ia {t)Gz 2 p{t)h Z3 {t)\\ D (5-152) 

Z\,Z 2 ,Zz 
\Z 3 \<\Z\-1 



ni+2 



n 1 +n 2 = \Z\ 
l< ni <L 



+ (i + t )- 2 +pc lzl £ 5^ ni (t)[i4] na+1 (t)fr B8 (t) 



™l+™2+™3=l z l 
ri2 5- ^ 1 
ra 3 <|Z|-i-l 



< (1 + t)" 3 + 2 "q Z |^ +1 (L,t) + (1 + t)- 2 +"C| Z |/W +1 (L,t), 
for Z Ell' and L > 0. It follows from definitions (5.119a) and (5.119b), that 

\\GzAt)9zM\D (5-153) 



,z 

Z\,Z 2 



ni+n 2 = \Z\ 
0<n!<L 



+ C\z\ E ll7 M ^ lM (t)^ 2 (t)|| D 



\Zl\ + \Z2\ = \Z\ 
\Z 1 \>L + 1 

z 1 ,z 2 en' 



< (i + t)" 2+p qzi (^zi+i( L + 1, *) + 4i+i( L + M)), L > o, z g n'. 
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Inequality (5.148), inequalities (5.150), (5.151) and (5.153), with L instead of L + 1, 
and inequality (5.152), give that 

\\9^(t)\\ D (5-154) 
<(l + t)- 2 ^qy|[i4] 3 (0p^|-i((l + Ao(t)) 1/2 ft(0) 2(1 - p) P^|-i(^(*)) 2p - 1 

+ (1 + t)~^C m l^WPnM + K(t)) 1/2 Ht)) 

n 1 +n 2 = \Y\-l 

l<m<L-i 

+ (i + t)~ 2 ^c m W +2 (*)p£+i((i + V*)) 1/2 ^)) 

ni+n 2 = |r|-l 
2<ni<L-l 

+ (1 + t)- 2+ ^|y | (A$ (L, f) + (L, f)), 

where Z'GlI / ,l/2<p<l and where C|y| is a constant depending only on p. Majorizing 
the second and the third term on the right-hand side of this inequality with the help of 
(5.143), we obtain that 

\\g[l(t)\\n (5-155) 
<(l + t)- 2 ^q r |[^] 3 (t)p^ | _ 1 ((l + A (t))V^( t ))2(i-P) p ^ | _ i( ^ )) 2p-i 

+ (i + t)- 2+ pq Y] (a$(l, t) + i\ Y ] (l, t)) 

+ (l + t)- 2 ^(C[ y| ^ ) | (L,t)+C | ^ | /fJ ) | (L,t)), 

where Z e II', L > 1,1/2 < p < 1 and where the constant C|y depends only on p, 
the constant only on p and [A] 3 (t) and the constant C" Y \ only on p and [A] 9 (t). 

Inequalities (5.144) and (5.155) and the definition of Jn (L,t) in Lemma 5.11, give that 
\\g^(t)\\ D (5-156) 



< 



(l+t)- 2+ ^,[A] 3 (t)^^ 

+ (1 + 1) ~ 2+p C\ Y \ [k\ Y ] (L, t) + l\ Y ) (L, t)) 

+ (1 +t)-^(C[ Yl k\ Y \(L,t) + C[ Yl l\ Y )(L,t)) 

<(l + t)- 2+p C[ Yl J^(t), i>l, 

where Z e IT', Y = P V Z, L > 1, 1/2 < p < 1 and where the constant C|y| depends only on 
p, C' y only of p and [A] 3 (t) and the constant only on p and [A] 9 (t). 
Since, according to statement ii) of Proposition 5.10, 

\\h Y (t)\\ D < \\h Y (t) - h%\t) + (2my 1 g^(t)\\ D + \\h%\t) - (2my 1 g^(t)\\ D 
< \\h Y (t) - hf{t) + (2my 1 g^(t)\\ D + \\h%\to) - (2m)- 1 g^(t )\\ D 

+ \\fy(t)\\D+ / {\\9i2(s)\\D + Ms))d8, 

J min(t,to) 
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where Jy(s) is given by (5.118), the inequality of statement b) follows from (5.147b), 
(5.156) and Lemma 5.11. This proves the lemma. 

Lemma 5.11 and Lemma 5.12 lead to L 2 -estimates of h Y (t),Y G IT', where h is a 
solution of (5.1), in terms of L? and L°° norms of h z (to), f z (s), g z (s) and Az(s),Z G IT'. 
We recall that h Y (to) is a function of hj(to) for a fixed potential G and an inhomogeneous 
term g in equation (5.1), which is obtained by eliminating time derivatives in h Y (to) by 
equation (5.1). 

Theorem 5.13. Let n > 0, 1/2 < p < 1, (1 - A) 1 / 2 (A X , A PoX ) G C°(R + ,M 1 ) for X = I, 
X G s((2,C), let (1- A) 1/2 (B,B) G C^R+.M 1 ), where B^y) = y^A u (y), B = ±B, 
let A Y G C (M+,L oo (M 3 ,M 4 )) forY G IT, \Y\ <n + 3, let B Y G C°(R+, L°°(R 3 , R 4 )) for 
Y G IT, \Y\ < n + 2, let G M be given by (5.144), f be given by (5.111b), let g Y = ^ Y g G 
C°(R + , D) for Y G IT, \Y\ < n, let 

Q n (t)= sup p?(/(a))+ £ l A h,*-i(t) 

*°- S -* 0<l<n-l 

( sup pf (/(*))+ Al + «)- 3/2+P pf((l + A («)) 1/2 ^))^), 

/or < to < where A is as in Theorem 5.5 and for < t < to let Q n be given by the 
same expression, but with t and to interchanged on the right-hand side. If h Y (to) G D 
for Y G n 7 , \Y\ < n, then h given by (5.3c) is the unique solution of equation (5.1a) in 
C°(R + ,D), with initial data h(t ). This solution satisfies h Y G C°(R + ,D) for Y G II', 
|T| <n,h PY E C°(R+, (1 - A) 1/2 D) for Y G IT, \Y\ < n, and 

P°(h(t))<C n ( P °(h(t )) + £ [A]3,n-z(Opf(^0))+Qn(t)), 

0<l<n-l 

fort, t > 0, where t' = max(t,t ) o,nd where the constant C n depends only on [A] 3 (t') and 
P- 

If moreover the functiont^ (l+t)~ 3 ^ 2+p (l+X (t)) 1 ^ 2 g Y (t) is an element ofL 1 (R + , D) 
for Y G n 7 , \Y\ < n, and if for each Y G IT, \Y\ < n, there exists g 1Y and g 2Y such that 
9y = 9iy + 92Y> an d suc h that: 

a) g 1Y eL 1 {R+,D), 

b) (m-z7^ + 7"G>W eL^R+.D) and lim \\g 2Y (t)\\ D = 0, 

then there exists a unique solution h G C°(R + ,D) of equation (5.1a) such that \\h(t)\\ D — > 
0, when t — > oo. This solution satisfies p®(h(t)) < C n Q^(t), t > 0, where is given 
by the above expression of Q n (t), with to = oo. Further, f Y G C°(R + ,D), f Y (t) — > as 

t — > oo and f Y (t) is the limit of J t w(t, s)i~f°g Y (s)ds in D as T — > oo. 

Proof. First let to < oo. It follows from statement i) of Lemma 4.5, with p = 1, that 
G C°(R+, (1 - A)" 1 /^ 1 ), where G(t) = £ t G(t), since (1 - A) X / 2 {A X , A PqX ) G 
C°(R+, M 1 ) for X = I, X G sl(2, C)) and (1-A) 1/2 (B, S) G C°(R+, M 1 ). Since /i(t ) G L> 
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and g G C°(IR + ,D), it follows that conditions (5.1b), (5.1c) and (5. Id) hold for r = 0, 
which proves that equation (5.1a) has a unique solution h G C°(IR + , D), that this solution 
is given by (5.3c) and that h P ^ G C°(M+, (1 - A) 1/2 D) for < \i < 3. 

Application of £ Y to equation (5.1a) gives that (i'j^d^ + m — 7 M G At )/i y = g' Y , Y G IT', 
where 

Y 

9y= E l"GY^h Yi +g Y . 

Y U Y 2 
\Y2\<\Y\-1 

Since, according to inequality (4.82) 

\\G z (t)\\L- <c sup ( E + E 

u - s - r \Y\<\Z\ + 1 \Y\<\Z\ 

for Z G IT, it follows from the hypothesis that G z G C°(R+, L°°(R 3 , R 4 )) for \Z\ < n. 
This shows that, if \Y\ < n, then g' Y G C°(M+,D) if h z G C°(R+,D) for \Z\ < \Y\ - 1. 
Repeating the argument which proved that h t G C°(1R + , D) and that h P G C°(1R + , (1 — 

A) 1 / 2 !)), it follows that V e C°(M+,D) and that h P ^ Y G C°(M+, (1 - A) 1 / 2 !)) for 
\Y\<n,YeW. 

It follows from the definition of Jn\L,t) in Lemma 5.11 and definitions (5.119a), 
(5.119b), (5.119c) and (5.119d) of k { n\ l { n\ and /i 2) , that 

J«(n,f) < 2[i4] 3 (t)(p?(M*)) + ^-i,i(*)) + A& 1) (M) + *? ) (M)» n > l,z > 0. 

This inequality and definitions (5.119a) and (5.119c) of k^ and kn^ give that 

4°(M)<C E [A]s, ni (t)(p° 2 (h(t))+R° n2 _ hl (t)) (5.157) 

ni+n2—n 

+ E [^]3,n 1 (*)(l+*) 1/2 Pn 2 (^W), n>l,i>0, 

ni+n 2 =n 

n 2 <n — 1 

where C is a numerical constant. It follows from this inequality, from statement a) of 
Lemma 4.12 in the case Y G cr°, Y £ a 1 and from statement b) in the case Y G er 1 , with 
L = \Y\, that 

IIM*)b< + (5-158) 

+ q y |(i +t )- 3/2+p E ^r +1 (*o)p£(^o)) 

ni+n 2 = |y| 

n 2 <|y|-i 

+ q y ,(i + t)-^+» E M ni+1 (*)e&(M*)) 

ni+n 2 = |y| 
n 2 <|Y|-l 

(■max(t,t ) 

+ mciyi / (i+.)- 2+p ( e [^]s,n.w(p£(fcW)+<-i I iW) 

v ' J ' n 1 +n 2 = \Y\ 

+ E [A] 3 , m ( s )(i + s ) 1/2 pf 2 (/i( s )))rf s , y G n / ,i/2< P <i, 

ni+n 2 = |Y|,n 2 <|y|-l 
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where C\y\ is a constant depending only on p and C' y | a constant depending only on p 
and L4] 3 (t'), t' = max(t,t )- Summation over \Y\ < k < n, give that 

fpg(h(t)) < Cpg(h(to)) + Crf(/(f)) (5.159) 
+ C k (C 1 + io)- 3/2+p [Ar +1 (t )pZ(h(t )) 



n\+n,2=k 
U2<k—1 



+ (i+t)-^[Ar+ i (t) P ^(h(t))) 

/•max(t,t ) , 

+ ((l + «)- 2+P £ [43,»i(«)(p£(M«)) + <-l,l(*)) 

Jmin(t,to) m+n 2 =k 

+ (l + «)- 3 / 2 ^ £ MW^G/W))**, 



n 1 +n2=k 
ri2 <k — 1 



< /c < n, 1/2 < p < 1, where C is a numerical constant, C k depends only on p and C' k 
only on p and [A] 3 (t'). 

Let, for < k < n, t' = min(t, to), t" = max(t, to), 

Q<*>(f) = sup (Cpg(h(to)) + Cipg(f(8)) (5.160) 

t'<s<t" V 

+c k Yl {( l +to)- 3/2+p [Ar +i (t ) P ^ 2 (h(to)) 

n 1 +U2=k 
n,2<k — l 



+ (l + s)- 3 / 2+ P[Ar +1 (s)p° 2 (h(s)))) 

t" 

+ kC' k j t ( Yl [ A knAs)[(l + s)- 2+P (pZ(Ks)) + R n2-l,l( S )) 
* m+n2=k 

n,2<k — l 

+ (1 + s)- 3 ^pZ(9(s))) + (1 + S )- 2+ ^_ M («))rf S , 



where the constants C,C k , C' k are as in (5.159). Inequality (5.159) now reads 

-max(t,to) 
' min(t,io) 



/•max(t,to) 

pg(h(t)) < QW{t) + kC' k / (1 + s)- 2+ ?[A] 3 ,o(s)pZ (h(s))ds, (5.161) 

J minft ,tn) 



< < n,t > 0, where C£ is a constant depending only on p and [A] 3 (max(t, to))- Since 
Q( k ) j s increasing on the interval [to,t], when to < t and decreasing on the interval [£, to]> 
when t < t 7 it follows from Gronwall lemma that 

p^(h(t))<C' k Q^(t), t>0,k>0, (5.162) 

where C' k is a new constant depending only on p and L4] 3 (max(t, to))- 
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Inequality (5.162) gives for k = that 



p^(h(t))<C^(h(t ))+ sup *#(/(*)) 

v t'<s<t" 

where t' = min(t, to),t" = max(t, to) and C' a constant depending only on p and L4] 3 (t"), 
which shows that the statement of the theorem is true for n = 0. Suppose that the 
inequality of the theorem is true with n — 1 instead of n. Using the convexity property for 
the functions [A]N,i(t) (analog to (5.89d), (5.89e)), we then obtain that p®(h(t)) satisfies 
the inequality of the theorem for n, since 



£ (l + s)- 2 +P[A] 3 , ni (s)R n2 _ hl (s) 

= (l + S )- 2+ ' ^Is.mWpS.-iCCl + AoW^W) 



ni+n 2 =n 



ni+n 2 =n 
n 2 >l 

<C(l + s)-^ J2 [^]3,»-z-i(a)pf((l + A ( a )) 1 / 2 (/( a )), 

0<Z<n-l 

according to the definition of in Corollary 5.9. This proves the statement of the 
theorem for < to < 00 • 

Let to = oo. If h 1 ,h 2 E C°(M, + ,D) are two solutions of equation (5.1a) such that 
ll^i(*)llr> ~~ * CM = 1? 2, when t — > oo, then due to the unitarity of iu(t, s) in D: 

= lim Wh^s) - h 2 (s)\\ D = Wh^t) - h 2 (t)\\ D , t > 0. 

s^oo 

This proves the uniqueness of the solution h. To prove the existence of h we first prove the 
existence of f Y for Y E IT, \Y\ < n, T > 0. Introduce /£, / ( T )y e C°(M+, D), i e {0, 1, 2}, 

by /y = /(o)y 

/ ( T )y (t) = forO<T<t, (5.163) 
/(T)y (*) = / s)i-y g {i)Y (s)ds for < t < T, 

where <7(j)y = <7jy are given by conditions a) and b) of the theorem for % E {1,2} and 
where g^ Y = 9y /y has the properties: 

f^(t)-f^(t)=w(t,T 2 )f^, 0<t<T 2 <T u 
which together with the definition of f^ Y give that 

sup\\f^ Y (s)-f% Y (s)\\ D < sup \\f$ Y (8)\\ D , iE {0,1,2}, (5.164) 

s>0 T 2 <s<Ti 
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for < T2 < T\. In the case of condition a) we obtain that 

sup||/J )y ( S )-/g y ( S )|| D < f 2 \\g {1)Y (s)\\ D ds, 0<T 2 <Tl (5.165a) 

In the case of condition b), statement iib) of Theorem 5.1 gives, since ffyy * s a solution of 
equation (5.1a), (with g^ 2 )Y instead of g) in the interval [0, Ti] and which can be extended 
to a solution h G C°(M+, D), h(t) = jf 1 w(t, s)i-f°g {2)Y (s)ds, with h{Tx) = 0: 



sup\\f 2 ) Y (s)-f 2 ] Y (s)\\ D (5.165b) 

s>0 y ' W 

< sup (m- 1 \\g {2)Y (s)\\ D ) + (2m)- 1 [ \\((m - + ^G^)g {2)Y )( S )\\ D ds, 

T 2 <s<T 1 JT 2 

< T2 < T\. Inequalities (5.165a) and (5.165b), conditions a) and b), prove that f Y , 
T G N, is a Cauchy sequence in L°°(R + ,D) converging to an element f Y G C°(IR + ,-D) 
satisfying ||/y(t)||£> — > when t — > 00, for Y G IT', |Y| < n. Let us define h(t) = fj(t). 

We next construct a sequence of solutions h k , vanishing for sufficiently large t, of 
equation (5.1a) converging to h and to which we can apply the estimate of the theorem 
for finite t . Let ip G C$°(R),ip(s) = 1 for \s\ < 1, <p(s) = for \s\ > 2 and let <p k (t,x) = 
ip{k-\l + t 2 + M 2 ) 1 / 2 ), k > 1. Then |(^ fc )(*,a:)| < C m (l + t 2 + \x\ 2 )\ Y \/ 2 k-\ Y \ , 
y G IT, where Cjy| is independent of t and x. If (£, x) belongs to the support of £y</? fc , 

then fc-^l + t 2 + {xD 1 / 2 < 2, which shows that \(£ Y <p)(t,x)\ < C\ Y \^ Yl - Let g { k % = 

£W*nV*)0<i)y a for y G II', |Y| < V £ {0, 1,2}. Then g(<p k g) = gf Y = g$ + g$ 
and 

\\g { k l Y (t)\\D<C\Y\ E II%)zWIId, yGn',|y|<n,t>o,zG{o,i,2}, (5.166a) 

|s|<|v| 

for some constant C\y\ independent of t. Similarly we obtain that 

\\(^ + \(t)) 1/2 (^^ k g))(t)\\ D (5.166b) 

<C lY] Yl \\(l + W)) 1/2 (tz9)(t)\\D, YeW,\Y\<n,t>0,j = 0,l, 
ze~n' 

\Z\<\Y\ 

where C\ Y \ is independent of t. Moreover 



\{tp,Y<Pk)(t,x)\<C\Y\{l + 1? + \x\ 2 )- l/2 , 

where C\y\ is independent of t, gives that 

|| ((m - i 7 "0„ + -fGJgQ) (t) \\ D (5.166c) 



zen' 

\Z\<\Y\ 
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t > 0, Y G IT, \Y\ < n, where C\y\ is independent of t. 

Let g k = <p k g : n > 1. Since <p k (t, x) = 1 for (l+t 2 + |x| 2 ) 1 / 2 < and since KCyV'fcX^ x )l 
is uniformly bounded in k,t,x, it follows from the dominated convergence theorem that 
\\(9kl-9 ii)Y )(t)\\D for i G {0,1,2}, t > 0, || (1 + A^)) 1 /^ - (o)y )(f) || D - 0, a.e. 

t > and || ((m - z 7 ^ + 7^X0$ - <7 (2)y ))(t) || D -> 0, a.e. t > 0, for Y G II', \Y\ < n. 
This shows, together with the bound (5.166a) that 

lim (sup || fog. -g m ){s)\\ D ) = 0, % G {0,1,2}, (5.167a) 
together with the bound (5.166b) that 

/•oo 

hm / (l + S )- 3 / 2+ 1|(l + A ( S )) 1 / 2 (4 1 )- %)r )( s )|| D d s = , (5.167b) 
together with the bound (5.166a) and the condition a) of the theorem that 

/•OO 

hm / \\(g$-g (1)Y )(s)\\ D ds = 0, (5.167c) 
and together with the bounds (5.166a), (5.166c) and the condition b) of the theorem that 

poo 

hm / \\((m-ird» + rG»)(g k 2 Y -g {2)Y ))(s)\\ D ds = 0, (5.167d) 

and that 

hm hm H^g - 9{2)Y )(s)\\ D = 0, (5.167e) 

for y G IF and |Y| < n. Let f k Y G C°(R + , D) be the unique solution of equation (5.1a), 

with g k ° Y instead of g and with initial data f k Y (to) = 0, k > 1, where (1 + t 2 ,) 1 ^ 2 > 

Then <7^(t) = for t > to, so / fe Y (t) = for t > to- It follows from statement iib) of 
Theorem 5.1 and from limits (5.167a), (5.167c), (5.167d) and (5.167e) that f k Y is a Cauchy 
sequence for the uniform convergence topology in C (M + , D). f kY therefore converges to 
f Y in this topology, for Y G IT', \Y\ < n. In particular f k l converges to /j = /i. 

Let us define h k = f kI ,k > 1. The support of the function f k f M + — > D is a subset of 
[0, 2fc[, > 1. Taking to, sufficiently large, it now follows from the inequality of the theorem 
for finite to, that 

Pn(h kl (t)-h k2 (t)) (5.168) 




+ jf°(l + *)- 3/2+ "pf ((1 + \ (s)) 1/2 (9kM ~ 9kM) ds ))' 
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where C n depends only on L4] 3 (oo). Since f k Y is a Cauchy sequence in C°(WL + ,D) for 
the uniform convergence topology, it follows from the limit (5.167b) and inequality (5.168) 
that £y h k E C°(IR + , D), is a Cauchy sequence, in this topology, of functions with compact 
support, \Y\ <n,Y e IT. This proves that G C°(R+,D) and UyH^Wd ~* °> when 
t — > oo, for Y E IT, \Y\ < n. Finally, it follows from inequality (5.168) that p^(h(t)) < 
C n Q£°(£), where C n depends only on L4] 3 (oo). This proves the theorem. 

In Theorem 5.13 we loose several orders in the seminorms of the electromagnetic 
potential. We shall derive a result, based on Theorem 5.8, Lemma 5.11, Lemma 5.12 and 
Theorem 5.13, where no seminorms are lost. We introduce the notation 

Hn(t ,t)= Yl ( 1 + S 10,n 1 (t)){ R n 2+ 7(t)+R 2 n2+9 (t) (5.169) 
ni+ri2—n 

+ RZ(t) + Pn 2+ 8(Ht0)) + Y [A]s,n 2+ 8-l(t")pP(Hto))+Qn 2+ s(t)), 

0<l<n 2 +7 

where n > 0, to, t > 0, t" = max(£, to) and where R' n , R 2 W are given in Theorem 5.8 
and Q n is given in Theorem 5.13. It follows from Theorem 5.8, definition (5.88a) of T°°( n \ 
inequality (5.116c), x fl G^(x) = for G M given by (5.114) and inequality (5.138) that 

H n (t) < a n H n (t , t), n>0,t ,t> 0, (5.170) 

where a n depends only on [A] n (max(t, to)). Let 

VS(to,t) = tpg(h(to)) + Q n (t)+ Y [Ah,n-i(t")pP(h(to)), (5.171) 

0<Z<n-l 

where t ,t > 0, n > 0,t" = max(£ ,£) and where Q n is given in Theorem 5.13. In the 
situation of Theorem 5.13 it follows that 

Pn(Ht)) < C n p°(t ,t), n>0,t ,t> 0. (5.172) 

We introduce, for n > 0, to, t > 0, t' = min(t , t), t" = max(t , t), L > 0, the notation 

k' n (L,t ,t) (5.173a) 
= (l+t )- 3 / 2 ^ \M ni+ \to)P°Mto)) 

n 1 +n 2 =n 

l<m<L 

+ (l + t )- 1/2 Y S^(to)H n2 (t ,t ) + (l+t)- 3 / 2+ P Y lAr +1 (t)p° 2 (t ,t) 

ni+n 2 =n n 1 +n 2 =n 
m>L+l l<ni<L 

n 2 <L 

t" 

+ (l+t)" 1 / 2 Y S p ^(t)H n2 (t ,t) + J (l + s)- 2+ Pk n (L,t ,s)ds, 

ni+n 2 =n * 
L+l<ni<n-l 
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where 

kn(L,t ,t) (5.173b) 
= E {[AhnAt)(pZ 2 (t ,t) + R n2 _ hl (t)) + (l + t)^[Ar+\t) P Z(g(t))) 



+ E C 1 + [^2,n 1 (t))^ 2 (t)(l + Sfo.nsW) 



n l + Tl 2+ Tl 3+ Tl 4= Tl 
n.-^ < L — 1 , n-2 < ti — 1 
n.3 +n-4 <n — L 



(R' n4+7 (t)+R 2 n4+9 (t) + RZ(t) + p n4+8 (to,t)) 



y i, y 2en' 
ini + l^2l=« 

L<\Y 1 \=n-l 



Here -R° 2 _ 1; i is given in Corollary 5.9. 

Theorem 5.14. Let 1/2 <p<l,18<L + 9<re + 8< 2L, (1 - A) 1 / 2 (A X , A PqX ) G 
C°(M+,M 1 ) /orl = I orX G sl(2,C), Ze* (1-A) 1/2 (S, f?) G C°(M+,M 1 ), where B^y) = 
y ll d v A v , B = f t B, let (A Y ,A PoY ) G C°(R+, M p ) n C°(R+, M 1 ) /or Y G IT, |Y| < re, 
□A y G C°(R+,L 2 (R 3 ,R 4 )) /or Y G n', |Y| < re, let (B Y ,B PoY ) G C°(M+,M 1 ) for 
Y G IT, |Y| < re - 1, Zei 5 3 / 2 ~ p A Y G C°(R+, L°°(R 3 , R 4 )) /or Y G IT, |y| < L + 3, let the 
funtion (t,x) i-> (l + |x|+t)(l+|t-|x| |) 1/2 A y (t, x) fee an element o/C°(R + , L°°(R 3 , R 4 )) /or 
y G o- 1 , |y| < L + 3, letb z l 2 - p B Y G C°(R+, L°°(R 3 , R 4 )) for Y G IT, |Y| < L + 2, Zet t/ie 
function (t,x) i-> (1 + * + |x|)(l + |t- |x| |) 1/2 S y (£, x) fee an element of C° (R + , L°° (R 3 , R 4 ) ) 
/or F £ (T 1 , |Y| < L + 2, let g Y G C°(R+ D) /or y G IT, |Y| < re, Zei R'^s) , R 2 L+1 (s) , 
R'Lsis) be finite for t' < s < t" , where t' = min(t, to) and t" = max(t, to), let G M be given 
by (5.114), let f be given by (5.111b) and let 

k n (L,t ,t) 

t" 

= k' n (L, t , t) + (l + ty^S^moito, t) +J (1 + s)- 2+ p([A] 3 (s)R° n _ hl (s) 
+ S^(s)(l + [A] 1 (s))~H 1 (t , s) + (l + s) 2 -?( E \h"G YfI (s)g(s)\\ 2 D y /2 )ds. 

\Y\=n 

If h Y (to) G D for Y G IT', \Y\ < n then h given by (5.3c) is the unique solution of equation 
(5.1a) in C°(M, + ,D), with initial data h(to). This solution satisfies 

h Y G C°(R + , D), h P Y G C°(R+,(1- A) 1 / 2 !)) for Y G IT', \Y\ < re, 



and 



(h(t))<C n (p°(h(to))+ sup (p%(f(s)) + a n k n (L,t ,s)) 

V t'<s<t" 

+ E [A]s,n 1 (t")(PnM t o))+ sup (p° 2 (f( S )) + a n2 k n2 (L,t ,s)) 



t'<s<t' 

n-^ -\-n2=n 
l<n 1 <L 
n. 2 >L + l 
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where C n depends only on p and [A\ z (t") and a t , < I < n, depends only on p and 
[AY\t"). 

Moreover if k^(L,t) is given by k n (L,to,t) with p®(h(to)) = and to = oo, if 
k^(L) = sup t>0 k^{L, t) < oo and if for each Y G II', \Y\ < n, there exists g 1Y and g 2Y 
such that g Y = g^y + g 2 y> an d such that: 

a) g lY eL\M+,D), 

b) (m-^+fG^^a'fl+D) and lim \\g 2Y (t)\\ D = 0, 

then there exists a unique solution h G C°(R + , D) of equation (5.1a) such that \\h{t)\\ D — > 
0, when t — > oo. This solution satisfies 

tpS(h(t)) <C n ( S up(pZ(f(s)) + a n k™(L lS )) 

V t<s 

+ ^]3,n 1 (oo)sup(^ 2 (/( S )) + a n2 C 2 (L, S ))), 

~^ t<s J 

1<«1 <L 
n. 2 >L + l 

where the constants C n and a ; ,0 < / < n are as above. Further, f Y G C°(R + ,-D), 
f Y (t) ^ as t — > oo and f Y (t) is the limit of J* f T w(t, s)i^°g Y (s)ds in D when T — > oo. 

Proof. First let < to < °°- According to the hypothesis, it follows from Theorem 5.13 
that equation (5.1a) has a unique solution h G C°(R + , D), that 

h Y eC°(R+,D), (1 — A)~ 1 / 2 h P ^ Y G C°(R + , D) for Y G n', \Y\ < L, < p < 3, 

and that 

P?(M*))<c i (p?(M*o))+ E [^]3j-»(* ,/ )p?(M*o)) + Q»(0), 

0<Z<j — 1 

where t" = max(t, t ) and where Cj depends only on L4] 3 (t"). 
Like in the beginning of the proof of Theorem 5.13, let 

Y 

9y= E YG Y ^h Y2 +g Y . 

m<\Y\-\ 

As in the proof of Theorem 5. 13 it follows that G Y G C°(R+, L°°(R 3 , R 4 )) for Y G IT, \Y\ < 
L. It follows from the hypothesis of the theorem, from definition (5.115d) of S p,n and from 
inequality (5.125b) that 5 _1 GV G C°(R+, L 2 (R 3 ,R 4 )) for Y G IT, \Y\ < n. Moreover since 
\\S(t)h z (t)\\ Loo < H\ z \{t) < a,\ z \H\ z \(to,t), where a^ z \ depends only on L4] n (max(t, to)), 
according to (5.170), it follows from the hypothesis that 5h z G C°(R+, L°°(R 3 , C 4 )) for 
Z G IT, \Z\ < n - L < L - 8. Since g Y G C°(R+, D) for \Y\ < n, Y G IT, it follows that 
g' Y G C°(R+, D) for Y G IT, \Y\ < n, which together with h Y (t ) G D for Y G IT, |y| < n, 
give that V G C°(R+, D) and /i p y G C°(R+, (1 - A) 1 ^) f or Y G IT, |y| < n. 
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Statement a) of Lemma 5.12 and statement b), but with L — 1 instead of L, give, for 
< % < n, 

P°Mt)) (5-174) 
<P^(^o)) + P^(/W) + (l+to)- 3/2+ ^ n lA] ni+1 (t )p°Mto)) 

n 1 +n2=n 

i<m<L 

+ (l + t )- 1/2 C n S^(t )H n2 (t ) + (l + t)- 3 / 2 +PC n [Ar +1 (t)p° 2 (h(t)) 

"1+"2 = 1 "1+12=1 

n 1 >L+l l<n 1 <L 

+ (l + t)- 1 ^ Yl S^(t)H n2 (t) + (1 +t)- 1 / 2 x+ (-i)C S^(t)Ho(t) 

Tii+n 2 =n 
L+l<ni<n-l 



+ C' n J i (l + «)- 2+ "( J2 Ji l) (L-l,s) + X+ (^)Ji°HL,s)) 

* Z>max(i,l) 
t" 

+ X+H)C J t (1 + s)-^[s^(s)(l + [A}\ S )) Hl (s) 
+ (l + s) 2 - p ( \\rG Y ,(s)g(s)\\l) 1/2 )ds, 



where C n depends only on p and C' n depends on p and [A] 3 (t // ). It follows from definitions 
(5.119a)-(5.119d) of k£\ l£\ k (2) and l {2) and from definition (5.173b) of k n , that 

(L, t) + #> (L, t) + k™ (L, t) + Z(?) (L, t) (5.175) 
+ *£> (L-l,t) + #> (i - 1, t) + fci 2) (L - 1, t) + 4 2 ) (L — 1, t) 
< 2 (L, f ) + #> (L - 1, f ) + fc<?> (L, f ) + #> (L - 1, f )) 

<C ]T [A] 3 , m (t)p^ 2 (Mt))+aJ n (L,t ,t), 

n ^ +n2 — 11 
!<«1 <■£- 
™2 >■£- + ! 

where C is a numerical constant and a n depends only on [A] 11 (t // ). The definition of 
Jn in Lemma 5.11, inequalities (5.170) and (5.172), definition (5.173a) of k' n (L,to,t) and 
inequalities (5.174) and (5.175) give 

PSW)) _ (5-176) 

< p°(h(t )) + *?(/(*)) + a n k' n (L,t ,t) + (l + ty^a^im^t) 

n-^ -\-n.2~™ 
n 2 >L+l 



t" 

+ C J (1 + S )- 2+ "(>> n ( S )(l + [A] 1 ( S ))a 1 ^ 1 (t , s) 
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+ (l + sf- p ( J2 \\rG Y ,(s) 9 (s)f D ) )ds 

\Y\=n 

t" 

" t n -i -I- n. n = n 



n ^ + n 2 = n 
™ 2 >-L + l 



+ C;[A] 3 ( S )(p^(/,( S )) e pf )1 (/,( S )) 1 - e + J R°_ M ( S ) 2 ( 1 ^)pf i (M S ))^- 1 ))^, 



and for 1 < i < n, that 
n 



PnMt)) (5-177) 
< Pn/Hto)) + p^iU(t)) + a n k' n (L,t ,t) 



n ^ +ri2 =n 
l<n 1 <L 
n >L+l 



t" 



™l+™2 =rl 
n 2 >L+l 



+ ^] 3 («)(p^(M«)) e p^ + i(M«)) 1 - e + ^-i,i(«) 2(1 " p) pS(M«)) 2p - 1 ))^, 

where 18<L + 9<n + 8<2L,£ = max(l/2, 2(1 - p)), 1/2 < p < 1, t' = min(£, £ ), *" = 
max(t,to) and where C n depends only on p, C only on p and L4] 3 (t") and a n only on p 
and [A] 11 ^"). Let 

fe n (L, t , *) = K(L, t , t) + (l + ty^S^^Hoito, t) (5.178) 
t" 

+ J (1 + s)- 2 +p(s^(s)(1 + [^] 1 ( a ))H 1 (*o, a) 

+ (i + «) 2 - p ( E ii7^ M (^( s )iii,) 1/2 + [^] 3 ( s x 5l ( s ))d S , 



|y|=n 



for n > 0,L > 0, t, t > 0, t' = mm(t,t ),t" = max(£, to). It follows from inequalities 
(5.176) and (5.177) that 

p°4h(t))<p° t (h(to)) + p°df(t)) + a n k n (L,to,t) (5.179) 

+ c n (i + t)- 3/2+ " £ [4 ni+1 (« 2 (/*(*)) 

Ti^ — ^ 

Kni <£ 
n 2 >Z, + l 



+ c; jf (i + s )- 2+p ([A] 3 ( s ) P f (h(s)yp° l+1 (h( s )) 



l-e 



71 1 ~^~ n 2 =n 
l<n 1 <L 
n, 2 >L + l 
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where 0<z<n, 18<L + 9<n + 8<2L,e = max(l/2, 2(1 - p)), 1/2 < p < 1 and where 
C n depends only on p, C only on p and [A] 3 (t") and a n only on p and 

To solve the system of inequalities (5.179) in the variables p^(/i(t)), we introduce 
the variables 

S u = sup p%(h(s)), forO<j'</<n, (5.180a) 

t'<s<t" 

£ u = forj>/ + l, 
where t' = min(t, to),t" = max(t, to), and we introduce the positive real numbers 

Vi = P?(h(t ))+ sup (pP(/(s)) + ai fc,(L,*o,s)), < / < n. (5.180b) 

t'<s<t" 

It then follows from (5.179) that 

^<v n +K i A hnAnL 2 ,o+KiA}\t'')e n ,oC7+i' ( 5 - 181 ) 

n l ^~ n 2 — n 
l<n 1 <L 
n, 2 >L + l 

where < z < n, L + 9<n + 8<2L and where b n is a constant depending only on p and 
on [A] 3 (t"). Let 

a n = V n + K E [^]3,»i(*")en 2 ,o» ( 5 - 182 a) 

n 2 >L + l 

and 

/3 n =6 n L4] 3 (0- (5.182b) 
Then inequalities (5.181) give that 

where < z < n, L + 9<n + 8< 2L. We note that a L+1 = rj L+1 because of (5.182a). The 
solutions x > of the inequality 

x < a + bx £ y l ~ £ , (5.183a) 
where y>0, a>0, 6>0,0<£<1 satisfy 

x < 2a + 26(1 + 2b) k - 1 y, k e N, k > 1/(1 - e) > 1. (5.183b) 

As a matter of fact for < e < 1: 

i) if eb < 1/2 then x < a + bx e y 1 ~ e < a + ebx + (1 — e)by gives that x < 2a + 2(1 — e)by, 

ii) if eb > 1/2 and (2b) 1 ^ 1 ~ e ^y < x then bx e y 1 ~ e < x/2 and inequality (5.183a) give that 
x < 2a, 



188 



FLATO SIMON TAFLIN 



iii) if eb > 1/2 and {2b) 1 ^ 1 ~ e ">y > x then x < (2b) k y since 2b > l/e > 1. 

Applying the result (5.183b) to the solutions £ n of inequality (5.182c), with i = 0, it 
follows that £ n0 < 2ct n + 2/3 n (l + 2 / 9 n ) fc ~ 1 ^ n l . Majorizing £ j by the right-hand side of 
inequality (5.182c), with z = 1, we obtain that 

£ n>0 < 2a n + 2/3J1 + 2/3 n ) fc " 1 a n + 2/3 n (l + 2/3 n ) fc - 1 /? n ^, ^7 2 e , 

to which we apply inequality (5.183b). Continuing this iteration, we obtain after a finite 
number of steps, since C n ,n+i = O' that £ n0 < 7 n a n , where 7 n is a polynomial in /? n . Since 
a L+1 = r) L+1 , we obtain, using ^ — ^i a i for L + 1 < / < n and using expression (5.182a) 
of a n and (5.182b) of f3 n , that 

ai<i]i + h E [ A h,ni(t")at n2 ,atL+i = VL+i> 

n i -\-n 2 =l 
l<n 1 <L 
n 2 >L + l 

where L + 10 < I + 8 < 2L and where b n depends only on p and L4] 3 (t"). Iteration 
of this inequality for L + 2 < I < n, the convexity property [A]3 jni (t")[A]s, n2 (t") < 
C ni+n2 [A]s, ni +n 2 (t"), where C ni+ri2 depends only on [A] 3)0 (t") and the fact that n— L— 1 < 
L — 9 < L give that 

a n < Vn + b n [ A h,m{t")Vn 2 , L + 9<n + 8<2L, 

n l J r n 2 =n 
l<n 1 <L 
n 2 >L+l 

for some constants b n depending only on p and L4] 3 (t"). The last inequality and the fact 
that £ n o < 7 n a n prove the inequality of the theorem, when to < oo. The proof of the case 
to = oo, is done by the same limit procedure as in the proof of the case to = °o of Theorem 
5.13. We omit the details since they are so similar to those of that proof. This proves the 
theorem. 

Remark 5.15. For the case of to = oo in Theorem 5.14 expressions (5.173a) of k' n and 
(5.173b) oik n are simplified. Let 

K(t)= E ( 1 + S knM(K 2 ^t) + Rl 2+9 (t) + RZ(t) + QZ +8 (t)), (5-184) 

n 1 +n 2 =n 

where Qf°(t) is given in Theorem 5.13 and let 

C°0M) = (i + tr 3/2+p E W ni+1 V)Q%(t) (5-185) 

n l -\-ri 2 =n 
l<n 1 <L 
n 2 <L 

/OO 
(l + s)- 2+ ^(L,s)ds, 

7tl-t-Tt2=« 

L+l<ni<n-l 
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where k n (L,t) is given by expression (5.173b) of k n (L,to,t), with pf (to,t) replaced by 
Qf°(t) and with to = oo. Inequalities (5.176) and (5.177) are then true with Hi(to,t) 
replaced by H l (£), k' n (L, to, t) replaced by k'£°{L, £), with p^(h(to)) = and with to = oo. 
These inequalities will be useful for the nonlinear case, where A is a function of the Dirac 
field. 

In order to use Theorem 5.13 and 5.14 we need an estimate to f Y , Y G IT', given by 
(5.111b). To state the result we introduce first certain notations. Let 1/2 < p < l,rj G 
[0, p[, 7] ^ 1/2, let e = 7] if 77 < 1/2 and e = 1/2 if n > 1/2, let < p' < 1, let 

r n M (t ,t) = (l + to)- 1/2 - £ sup ((l + srpf(a(s),a(s))) (5.186) 

0<s<£ 

+ [\l + s)- 2+ r- £ sup ((l + sy+o'-'p^' (a(s% d(s')) 

Jt 0<s'<s v 

+ (1 + s'fpf (a(s% a(s')) + (1 + s'Y +1/2 - p pf (0, W)) 

+ (l + S ^+3/2-P p ^ (0)Da(s / )) ^ S) 

for n > 0,0 < t < t < oo, let T™(t ,t) = T™(t,t ) for < t < t < oo and let 
T^f(t, oo) = lim^^oo r^(£, to) when this limit exists. Here a Y = £,Y a -> Y G IT'. Let 

T°(to,t) = (l + t y-z /2 p°(r(to)) (5.187) 

/•max(Mo) , 

+ / ((1 + «)- 5/2+P P^ + i(r( S )) + (1 + *)" 3/2 pf ((1 + A ( S )) 1/2 r(«)) 

+ (1 + S )" 3+2 V^(r( S )) + (1 + S )" 3/2+ Vf (((<7^ + m)r)(a)))ds, 

for n > 0, t > 0, t > 0, 1/2 < p < 1 and let t£(oo, t) be given by (5.187), but without the 
first term on the right-hand side. When to G M + U {oo} is fixed we shall write r^f (t) and 
r^(t) instead of (t ,t) and r^(t ,t). 

Proposition 5.16. Let t G M + U{oo},/9 g]1/2, 1[,t, G [0, l/2[U]l/2, p[, p' G [0, 1[ and 

let e = 7] if 7] < 1/2 and £ = 1/2 if rj > 1/2. Let g = 7 M (a,, — d M #(a))r, gy = /or 
y G IT, Zet / y ,y G n' 6e given 6g (5.111b) and let and be defined by (5.186) 
and (5.187). Let (1 - A) 1 / 2 (A*, A PqX ) G C°(R+,M 1 ) /or I = I or I G sZ(2,C), fet 
(1 - A) 1 / 2 (B, S) G C°(R + , M 1 ) and let be given by (5.114). Let B^y) = y^A* \y), 
and let 

0n{t)= E SU P (( 1 + [^] 1 ( S ))H^) 3/ V( S )ILoc) 

y|<n+i 

+ V sup + s ) 2 -P\\5{s){{i^d^ + m)r Y ){s)\\ Loo ), n>0,t>0, 

t'<i<t" 
Yen' 1 - - 

\Y\<n 

where t' = min(t, t ), t" = max(t,t ) and Zet 0^(£) = [a] n+2 (t")(l + [^(t"))- 



190 FLATO SIMON TAFLIN 

i) // (a Y ,a PoY ) G C°(R+,M 1 ) n C°(R+,Mp') for Y G W , \Y\ < n, 5 3 / 2 r Y G C°(R+, 
L°°(R 3 ,C 4 )) for \Y\ < n, if 8(i^d„ + m)r Y G C°(R+, L°°(R 3 ,R 4 )) for \Y\ < n, where 
S(t, x) = (S(t))(x), and if < j < n, then 

< cwrfw?® + c n ^(f)<£_,(f), 

0<l<n-l 

where =0 if 1 < j < n. 

ii) // r Y G C°(R+, D) for Y G IT, \Y\ < n + 1, (1 + A^^Ty G C°(R+, D) /or |y| < n 
and, z/a y G C°(R+, L°°(R 3 , C 4 )) for Y G IT, |y| < n + 2 and t/ [a] n+2 (t") < oo, then 

P°(f(t))< Cn C-Mrfit), n>0. 

0<l<n 

hi) If < L < n,(a Y ,a PoY ) G C°(R + ,M 1 ) fl (7°(I+ M"') for Y G IT, |y| < n, 
r Y G C°(R+,L>) for \Y\ < n + 1, (1 + AJ 1 / 2 ^ G C (R+,D) /or |y| < n, if a Y G 
C (R+,L oo (R 3 ,C 4 )) /or Y e W, \Y\ < n + 2 and if [a] L+2 (t") < oo, if 5 3 / 2 r Y G 
C (R+,L oo (R 3 ,C 4 )) for |y| <n-L, S(i^d^ + m)r Y G C°(R+, L°°(R 3 , R 4 )) for \Y\ < n, 
then 

p£i(/(f)) 

<CWrf(t<(t) + C n ( £ <(t)r n D 2 (t)+ £ *>0, 

ni+ri2=n ni+ri2=n 
0<m<L L+l<ni<n-l 

where C n are constants depending only on p, p', r\, and C^> = for 1 < j < n. 
Proof. Let = a M - <V?(a), < // < 3 and £y M = Y G II'. If 

f Yl ,Y 2 (t)= [ w(t,s)(-i 7 °)rb Yl ^s)r Y2 (s)ds, (5.188a) 

•/to 

then by definition (5.111b) of / y 

/v(*)= ( 5 - 188b ) 

According to the hypothesis, it follows that 7 M o yi ^ r Y" 2 G C°(R + ,.D), when Yi,Y2 are in 
the domain of summation in (5.188b) and \Y\ < n, Y G IT'. 

Let t < oo- Since the two cases < t < t and < t < t are so similar, we only 
consider the situation where < to < t. Like in the beginning of the proof of Theorem 5.13, 
it follows that f Y y 2 G C°(R+, D) is the unique solution of (i7 M <9 M + m — 7 M G M )/ yi Y2 = 
l^Y^Yzi with fr^Y^to) = 0. 
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For Y 1 E IT n U(sl(2, C)) denote by 

I Yl ,Y 2 (t) (5.189a) 

= Wlfv^it) ~ (2m)-V&n M (0ry a (0llD " V^o>Y 2 (*o)|l4 

where (Yi, I2) is in the domain of summation in (5.188b) and Y e IT', |Y| < n. It follows 
from Corollary 5.2, with a l = and using the gauge invariance of the electromagnetic field 
that 

I Yl ,Y 2 (t) (5.189b) 
t" 

<c I ((1 -h s)- 1 (ll^ i0 ( s )^ o ^ 2 ( s )||^ + 5^ (II^.C^)^,^^^)!!^ -h 116^,(^)^(^)11^)) 

Jv l<i<3 

+ + \\l»l v {d»a YlV {s) - d v a Ylil (s))r Y2 (s)\\ D 

+ h^G,(s)b YlU (s)r Y2 (s)\\ D + h"by llt (8)R Ya (8)\\ D )d8, 

where R Y2 = (i'j^d^ + m)r Y2 and C is a numerical constant. Since [G]'°(t) < C [A] 1 (t), 
according to (5.116c), it follows from (5.189b) that 

t" 

<C (1 + ,)- 2+ '- £ ((l + sf' 2 -^\\{a Yl {s\ a PoYl (s))\\ Ml \\S(s) 3 / 2 r Y2 (s) 
+ (l + S ) £ ||5( S )-V 1 («)llL 2 ((l + «) 1/2 - p (ll^) 3/2 r Poy2 («) 
+ E (IIW 3/2 ^ M yJ«)ILc- + IIW 3/ V a («)llLco)) 

l<i<3 

+ [A] 1 (s)\\5(s) 3/2 r Y2 (s)\\ L o + (1 + s) 2 -?\\5(s)R Y2 (s)\\ Loa ) 

+ (1 + s) 3/2-p +£ ]m -l {s) || l2 || 5(s) 3/2 ry2 (s) 



IL 00 



where C is a constant depending only on p. Since 1/2 < p < 1, this inequality gives, 
according to the definition of 0® , 

I YuY2 (t) (5.190) 
t" 

< C jf (1 + ,)- 2+ "- £ ((l + S ) 1/2 ^ +e ||(a yi (,),a Poyi ( S ))|| Ml + (1 + aniWVxWIlL" 

+ (1 + S )3/2-P +1 | 5(s) -l Wi(s) || L A^ 2|(t)7 



where C is a constant depending only on p. Inequality (5.122) gives, since Y\ G IT' D 
U(sl{2,C)), that 

(I + OIW^MOIIl* (5.191a) 
<C sup ((l + S )^'- 1 |||Vr'a yi ( S )|| L2 + (l + S r||(a yi ( S ),a Poyi ( S ))|| Ml ), 
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since e = r\ for rj < 1/2, e = 1/2 for r\ > 1/2 and < p' < 1. Moreover inequality (5.129) 
gives that 

(l + t) £+3/2 -1l^)- 1 « i (t)|| i2 (5.191b) 
<C snp ((^^/^^^(^^^(l + ^^-Hina^^ll^), 

0<s<t V ' 

since £ + 3/2 — p < 3/2. In inequality (5.191a), C depends only on s, r], p' and in (5.191b) 
only on s, p. It follows from inequalities (5.190), (5.191a) and (5.191b), since 1/2 — p + e < 
e < ?7, that 

lYuY.it) <Cr Y ^{t)6^{t), (5.192a) 

where C depends only on s,r},p',p, where (Yi,Y 2 ) is in the domain of summation in 
(5.188b), Y E IT, \Y\ < n, Y 1 e IT n U(sl(2,C)), and where 



\Mp' 



t" 

T Y f(t)= [ (l + s)- 2+ ?- s sup ((l + sy+o'-'Uay^a^is') 

Jt' 0<s'<s v 

+ (1 + sr\\(a Yl (s'),a PoYl ( S '))\\ Ml + (1 + sr +1/2 - p \\d,a Yi {s')\\ L2 

+ (1 + S / )"+ 3 / 2 -"||Da yi ( S / )llL 2 )^- (5.192b) 

It follows from (5.116c) and (5.189b) that 

t" 

I YuY2 (t) < C lYll J ((1 + s)- 5 ^[a]^ +1 (s)ply 2l+ Ms)) 

+ (1 + V 3/2 H |Yl|+2 («)pfy 2 |((l + Xi{s)) 1/2 r{*)) 
+ (1 + S )- 3/2 [a]l^l +1 ( S )^ 2| ((l + A 1 (s)) 1/2 r(s)) 
+ (l + S )- 3 +^[A] 1 ( S )[a]^l+ 1 ( S )p^ 2| (r( S )) 

+ (l + S )- 3 / 2 +"[a]l^l+Vfy 2 |(^)))^ 

which shows that 

I YuY2 (t) (5.193) 
t" 

< C ]Yll e^(t) jf ((1 + *r 5/2+ ^ 2 | +1 (r(,)) + (1 + S )- 3/2 p^ 2| ((l + A 1 (,)) 1 / 2 r(,)) 
+ (1 + S )- 3+2 Vfr 2 |(K«)) + (1 + S )- 3/2+ Vfr 2 |(^)))^, 



where C\ Yl \ depends only on p and where (Y"i, Y2) is in the domain of summation in (5.88b), 
Y e W, \Y\ <n. 

Let 9 M (y) = Jq 1 a fl (sy)ds, < p < 3, and let qy^ = (Cyq)^ for Y - e f7(p). Similarly as 
(5.121c) was obtained, it follows that 

bzY^(y) = a ZY ^y) - v u d^zYv(y) - izY^iy) - \ z \ Yl ^(^fe^^'Wi (5.194) 

0<!^<3 
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for some positive integers C V (Z) and some elements Z v e II' n U(sl(2, C)), |Z^| = |Z| — 1, 
when Z eW n U(R 4 ) and FGffn t/(sl(2, C)). Using the estimate 

II^)- 3/ VIIl 2 <II^)- 3/2 IIl3|^IIl 6 

<C{i + t)- l ' 2 \\\vM L 2 

<c(i+t)-^ Yl ii^h^ 

0<i<3 

for the first and third term on the right-hand side of inequality (5.194), we obtain that 

\\6(t)-V 2 b ZY (t)\\ L * 

KCil+t)- 1 ' 2 (hp»ZY(t)\\L* + hP»ZY(t)\\Lz) 

0<M<3 

+ |Z|(l+t)- 3 / 2 C v {Z)\\q Z ^ Y {t)\\ L2 . 

0<^<3 
0<M<3 

This inequality and the result given by (4.86a)-(4.86b), show that 

\\S(t)- s /% ZY (t)\\ L2 (5.195) 
KCil + ty 1 / 2 -* sup {(l + s)x'\\(a ZY (s),a PoZY (s))\\ Ml ) 

0<s<t 

+ \z\c(i + t)- 1 /^ c ^ z ) su p (( 1 + ") x '~ 1 \\^zM^ a PozM s ))\\M^^ 

0<^<3 

where X = x' f° r x' < \Z\ + 1/2, X = \Z\ + 1/2 for > |Z| + 1/2, where C depends only 
on x and x' and where Z e IT n t/(M 4 ), F 6ffn £/(st(2, C)). 

Due to the unitarity of the linear time evolution in M 1 , we have 

t" 

\\(a Y (t),a PoY (t))\\ M i < \\(a Y (t ),a PoY (t ))\\ Ml + [ \\(0, J Y ( S ))\\ Ml ds, (5.196) 

Jt' 

where Jy = Da Y and Y G IT'. It follows from inequalities (5.195) and (5.196) that 

\\5(tr s / 2 b Y (t)\\ L2 KCil + ty 1 ' 2 -* (5.197) 
sup ((l + S )^||(a y ( S ),a Poy ( S ))|| M1 + |y|(l + ,)^-V^- 1 ((a( S ),a( S )))) 



0<s<t 

H 



t" 

Cf ((1 + ^)- 1/2 -^'||na :K ( S )|| z , 2 + + S )- 3/2 - x+ ^'pf^|-i((0, 



where Y e IT', x = x' fo r x' < 1/2, X = 1/2 for > 1/2 and -1/2 - x + x' < 0- Since 
these conditions are satisfied with x = £ and = 77 it follows from (5.186), (5.192b) and 
(5.197) that 

\\m- 3/2 by(t)\\ L2 < C(r Y M (t) + r Y M (t) + |y|T,Vi(*)), y G n', (5.198) 
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where 

4 M (t) = (l + t )- 1/2 - £ sup ((l + sn(a Y (s),a PoY (s))\\ Ml ). (5.199) 

0<s<t 

(We note that inequality (5.197) is also true for to > t). 

Since ■^e~ T>t r Y (t) = e~ lVt (—i^°)(i^^d^ + m)r Y (t), we obtain using (5.187) that 

(l+t)" 3/2+ V^V(t)) (5.200) 

t" 

< (1 + to)- 3/2+p P°(r(t )) + jf ((1 + s)-^{p - mPnHs)) 

+ (1 + s)- 3/2+p pf ((z 7 M ^ + m)r(s)))ds 

< r,?(f). 

It follows from inequalities (5.189a), (5.192a) and (5.198), that 

Uy^yMId < C(r Y f(t) + r Y f(t) + IYiIt^,.^))^) (5.201a) 

and from (5.187), (5.189a), (5.193) and (5.200), that 

Uy^yMId < C\ YlUY2 ^{t)r^{t\ (5.201b) 

where Y"i G IF fl U(sl(2 : C)), (Y"i, Y 2 ) are in the domain of summation in (5.188b) and 
YeW,\Y\<n. 

For Y\ G a 1 , there is v such that Y\ = P V Z, Z G IT', \Z\ = \Yi \ — 1. It follows from 
(5.7b') and from the gauge invar iance of the electromagnetic field, that 

+ m- rG,)(f YuY2 + ib Zu r Y2 ) (5.202) 
= ^(d u a ZfI - d^a Zv )r Y2 + b Zu (i^d^ + m- i^G^r^. 

With the notation 

InMt) = \\fY,,Y^) + ib Zv {t)r Y ^t)\\ D - \\bzMr Y2 (to)\\ D , (5.203) 
it follows from (5.202) that 

t" 

I Yl ,Y 2 (t) < J (\\l^d u a z ^s) - d»a Zu (s))r Y2 (s)\\ D (5.204) 
+ \\b Zv {s)R Y2 {s)\\ D + \\b Ziy (s)rG,(s)r Y2 (s)\\ D )ds, 

for Y\ = P U Z, Z G IF. This inequality gives that 

t" 

Iy u y&)<C [ «l + s)- 3 / 2 \\(a z (s),a PoZ (s))\\ Ml 
Jt' 

+ (l + s)- 2+ P\\5(s)- 1 b z „(s)\\ L2 )dse°(t). 
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It follows then from inequality (5.122), that 

t" 

lY lt Y a (t)<COfa(t)J ((l + s)- 3 / 2 \\(a z (s),a PoZ (s))\\ Ml 

+ (l + s)- 2+p - £ sup ((l + 8 , ) r,+f, '- 1 \\\V\ p 'a z (s , )\\ L3 

0<s'<s ^ 

+ (l + sr\\(a z (s'),a PoZ (s'))\\ Ml 

+ (1 + /)"- 1 q z ,|Z|pg;_ 1 ((a(/), a( 8 '))j))d8, 

and then from definition (5.186) of r M , that 

I Yl ,Y 2 (t) < C^T^^e^t), (5.205a) 

where Yi G cr 1 . It also follows from inequalities (5.116c) and (5.204) that 

t" 

I Yl , Y2 (t) < C ]Yll jf ((1 + s)-^[a]^(s)pl Y2l ((l + X 1 (s)) 1/2 r(s)) 

+ (l + sr 3/2+ >F ll (s)p{ Y2l (R(s)) 

+ (l + ,)- 3+ ^[A] 1 ( S )[a]l^l( S )pf y2| (r( S )))^, 

which gives that 

Iy u yM < q^l^l-iW^lW, (5.205b) 

where Y\ G cr 1 . It follows from definition (5.203) of I Yi ,y 2 an d from inequalities (5.198) 
and (5.205a), that 

f Yl ,Y 2 (t) < qni^Fini-iW^l (5.206a) 

and that 

f Yl , Y2 (t) < qy^r^^r^it), (5.206b) 

where Y\ G cr 1 . 

Decomposition (5.188b), inequality (5.201a) and inequality (5.206a) prove statement i) 
of the proposition, since 

ll/y(*)llD<ll/y,i(*)ll + qy| 

Y U Y 2 
|Yi|<|V|-l 

Statement ii) follows from inequalities (5.201b) and (5.206b). Statement iii) follows by 
using (5.201a) and (5.206a) for |Yi| > L + l and inequalities (5.201b) and (5.206b) for 
< \Yi\ < L. This proves the proposition. 

Finally in this chapter we shall prove two corollaries, which are particular cases of 
Theorem 5.13 and Proposition 5.16 and which are obtained by using the convexity property 
of the seminorms || ■ \\ E given by Corollary 2.6. 
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Corollary 5.17. Let t E [0,oo],n> 0,1/2 < p < 1, (1 - A) 1 / 2 ^*, a PqX ) E C°(M+,M 1 ) 
forX = IorX E sl(2,C), Zei (1 - A) 1/2 (B, S) G C°(M+,M 1 ), where B^y) = y^d v A v (y), 
B = f t B, let A Y E C°(K+, L°°(M 3 , IR 4 )), F E IT, let 

[A]\t) <c,|H| BjVo+ ,, />0,t>0, 



/or some element u E E^, integers N and L independent of u and /, and some constants 
C\ depending only on\u\ E , L Q > N , letG^ be given by (5.114), f be given by (5.111b), 
let 



Qn(t)= ( SUP h P^(/(s))+ E H U lls JVo+3+rl _ i 

0<Z<n-l 
t" 

SUp p?(f(s))+ [ (l + a )- 3 /2+PpP((l + Ao(a ))l^( a )) da ) j 



w/iere £' = min(£,£ ), = max(t,t )- ^/*o £ ^ + «™d 7iy(*o) E D for Y E IT , |y| < n, 
£/ien /i given by (5.3c) is the unique solution of equation (5.1a) in C°(R + ,-D) with initial 
data h(to) at to. This solution satisfies h Y , (1 — A) _1 / 2 /i p Y E C°(IR + , D), < \x < 3, and 

P?(M*))<^„(p?(MM)+ E II«II^ 0+ 3 + „_,p?(^(*o)) + Q»(0), 

0<;<n-l 

/or t G R + , where the constant C n depends only on \\u\\ E , L = max(Lo, A^o + 3) and p. If 
t = oo, if the function t ^ (1 + t)" 3 / 2 +^(l + A (t)) 1 / 2 o y (£) zs an element ofL 1 (R+,D) 
/or y G IT 7 , |y| < n, and i//or eac/i y G II', |y| < n, there exists g 1Y and g 2Y such that 
9y = 9iy + 92Y' an d su °h that: 

a) g^EL^R+.D), 

b) (m-i^+T^We^fR^) ana 1 ]im\\g 2Y (t)\\ D = 0, 

t — >oo 

then there exists a unique solution h E C°(R + ,D) of equation (5.1a) such that \\h(t)\\ D — > 
0, when t — > oo. TTiis solution satisfies p®(h(t)) < C n Q^{t), where Q^(t) is given by the 
above expression of Q n (t) with to = oo. Further f Y E C (M + ,-D), f Y (t) — > in D when 
t — > oo and is £/ie Zz'mzY o/ J* t w(t, s)i / y°g Y (s)ds in D, when T — > oo, /or y G II', 

|y|<n. 

Proof. Since [A] 9_M (t) < Ci+ g ||it|| s +g+J ,Z > 0, g > 0, according to the hypothesis, it 
follows from the definition of [A] q j before formula (5.117a) and from (5.87), that 

[A] q ,o(t)<C q \\u\\E No+g 



and that 



MM < E E 



n iH \-n p =l 
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where C^p is a constant depending only on p and • Repeated use of Corollary 2.6 

shows that 

h\\E No+g+ni •■•h\\ ENo+q+np < K N +q+l(\\u\\E No+q ) P \\ u \\E No+q+l , 

since ri\ + • • • + n p = I, where KN 0+q +i is a constant independent of u. This shows that 

[A] q At)<C q ,i\\u\\ ENo+q+l , (5.207) 

where C q j is a constant depending only on p and H^Ue , M = max(L , N + q). Using 
inequality (5.207) with q = 3, the corollary follows from Theorem 5.13 by redefining Qjv(t). 
This proves the corollary. 

Corollary 5.18. Let n>0,t £ [0, oo], let A, h(t ), f and G be as in Corollary 5.17, let 
pe]l/2, l[,7/e [0, l/2[U]l/2, p[, p' G [0,1[ and let e = rj if n < 1/2 and e = 1/2 if r] > 1/2. 
Let g = 7^(0^ — d fl i}(a))r and g Y = Z,y9 f or Y e ^ • 

i) // (a y , a PoF ) G C°(K+, M 1 ) n C°(R+ M p ') /or F G IT, |Y| < n, = 0, 

||5(t) 3 / 2 (i + x^y-^ryit)^ + IKi + AiW)^ 1 / 2 ^^)!^ < qy|hl| £jV(i+|y| 

and 

\\d(t) 3 -P(trd,+m)r Y (t)\\ Loo < C 1y1 \\u\\ Eno \\u\\ Eno+iyi , t>0,YeW 
where C\y\,Nq and u are as in Corollary 5.17, then 

0<l<n-l 0<l<n 

for to < 00, and 

p5W)) <c n Y: HlE^.^it) 

0<l<n 

for to = 00, where C' n is a constant depending only on \\u\\ En +g . 

ii) Ifr Y G C°(R+,D) forY G IT, \Y\ < ra+1, (l + A^ 1 / 2 ^ G C (K+,L>) for \Y\ < n and 
if [a] l (t) < Ci\\u\\ En > 0, where C/, AT and it are as m Corollary 5.17, then 

PniHt)) 

<c n (p°(h(t ))+ £ h\\E No+3+n _ l pF(Ht ))+ £ IMI^ 0+ 3 +B _,^(*)), 

0<Z<n-l 0<Z<n 

for to < 00, and 

*?(*(*)) < ^ £ IMI^ 0+ 3 + „-^)> 

0<Z<n 

for to = 00, where C' n is a constant depending only on \\u\\ En +g . 
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Proof. It follows from the definitions of 9® in Proposition 5.16 that 

0f (t) < kA{\ + Ci||u||p )C 7 -+i||u||p + CL||u|L IIuIL \ 

when the hypothesis of statement i) are satisfied. Here Kj is a numerical constant indepen- 
dent of u and C/, / > 0, are constants depending only on ||tt|| £jVo - Thus for new constants 

depending only on ||u|| Sjv +1 , we have that Qf{t) < Cj \\u\\ E , which together with 
statement i) of Proposition 5.16 gives that 

pf(f(t)) <C n J2 \HE Ko+i+1 . t ri M (t). (5.208) 

0<l<j 

With = a M — d M i?(a), Holder inequality give that 

\\(i + x 1 (t)) 1 / 2 9Y (t)\\D< Y, Y \\ b yM\LA^ + Xi(t)) 1/2 r Y M\^ 

Y U Y 2 

p = 6/(3 - 2p), g = 3/p. We have that 

IKi + A^)) 1 /^)^,, 

< (||5(t) (1 -" )3/ 1(i + K{t)) p - 1/2 r Y M* /p - 2 \\L~ ll(i + A^r 1 / 2 ^)^)' 73 

< (i + t)- i/2 ii5(t) 3/2 (i + x^y-^ryMil-^m + ^(t)y- 1/2 r Y2 (t)\\ 2 D /3 
<qr 2 |ihii EjVo+l , 2l (i+t)- 1/2 , 

where C\y 2 \ depends only on ||u|| s and where the last step follows from the hypothesis 

of statement i). Since HViWIIlp — ^pll l^l P Vi (*) IIl 2 ' ^ now f° uows from statement i) of 
Lemma 4.5 (with p = 1) that 

IKi + V*)) 1 /^)!^ 



<C n £ (l+t)" 1 /^ sup ((l + S )>^ 1 +1 ((a( S ),d(,))))|| W | 



0<s<t 

ni+n 2 = \Y - - 



where we have used that <9 M a M = 0. This shows that 



E No +n 2 ' 



t" 

J (l + sy^pfdl + X^ms^dsKCj <+i(*)ll«ll^ 0+Ba , (5-209) 



ni+n 2 =j 
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where Cj depends only on . It follows from inequalities (5.208) and (5.209) that 

Q n defined in Corollary 5.17 satisfies 

Qn(t)<C n ( ll«ll^ 0+ „ +1 -,^(*) 
0<l<n 

+ ll^H^o+s+n-. ( \\ U \\E No+l+1 _ j Tj*(t)+ ll U ll^o+I-j^+l(*))) 

0<l<n-l 0<j<Z 0<j<Z 

E W U \\E No+3+n „ l T l M ( t )i 
0<l<n 

where we have used Corollary 2.6. Here C n depends only on ||m|| Sjv and C' n only on 
II^IIbjv • Statement i) of the corollary now follows from Corollary 5.17. Since the proof 
of statement ii) is so similar, we omit it. 
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6. Construction of the modified wave operator and its inverse. 

The properties, given by Theorem 4.9, Theorem 4.10 and Theorem 4.11 of Aj,4>'j : 
where we choose J > (3/2 — p)/(l — p), 1/2 < p < 1, of the approximate solution Aj, 4>j 
defined by (4.135a) and (4.135b), permit to prove the existence of modified wave oper- 
ators for the M-D equations. To do this we shall first introduce new functions A* n , 0* , 
n > 0, slightly different from the above approximate solutions, but having the advan- 
tage of satisfying the Lorentz gauge condition <9 M A* /i = 0. Then, we shall prove that 
(A* , exp(it?(A* ))0* ), n > 0, converges to a solution of the M-D equations. 

Let us fix once for all J > (3/2 - p)/(l - p) + 2. Given u = (f, /, a) G E%, we shall 
prove that there is a unique solution 0q G C°(R + ,D) such that ||</>o(t) — e tT> a\\ D — > 0, 
when t — > oo, of the equation 

/oo 
e^v^Aj^ + Bj^Y^mds, t>0, (6.1a) 

where Bj^ = -d^(Aj),0 < p < 3. A^ is defined by 

A*Jt) = cos(\V\t)U + \V\- 1 sm(t\V\)U (6.1b) 

/oo 
IVI" 1 sin(|V|(t - S ))((^)+ 7 °7 M ^)(«)^, t > 0. 

For n > 0, we then prove that the equations 

/oo 
e (t - s)V «A^ + B;)tVC + i)(^«, t > 0, (6.2a) 

wh ere B*^ = -d^(A* n ) and 

K+iJt) = cos(|V|t)/ M + IVI" 1 sin(t|V|)/ M (6.2b) 

/oo 
iVl^sinflVKf- S ))((C + i)V>i+i)(^s, t > 0, 

have a unique solution j^n+i) e C°(K+, and that (A; M , A; D ), where 

a^ = a; +1)M -a;^, a; d = c + i-C, n>o, (6.3) 

converges to zero in an appropriate space when n — > oo. 

To begin with we complete Theorem 4.9 and Theorem 5.10 by decrease properties, 
established in chapter 5, of solutions of the inhomogeneous Dirac equation. We adapt the 
notation used in Theorem 4.9, Theorem 4.10, Corollary 5.9 and use (S(t))(x) = 1 + t + \x\. 
We recall that Aq and Ai are defined in Theorem 5.5. 
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Lemma 6.1. Ifn>0, and 1/2 < p < 1 then there exists N > such that 



sup ||(1 + \x(t)) ' {D l (j) n Y {u;v\, . . .,v t ))(t)\\ D 
t>o v 

+ (1 + || (1 + X 1 (t)) k/2 (D l ((j)' n+lj Y - <P' n , Y ))(u; v u ..., vt))(t) \\ D 

+ \\(S(t)) 3/2 (l + Xi(t)) k/2 (D% Y (u; v u . . . ^mW^ 

+ ||(5(t)) 3/2+ ^(l + ^l(t)) k/2 (D l ((f) f n+1 Y - &,y))(«; ««))(0ILc 
< ^L,/,fe(|k||^J^kr ,L+fc(^l 5 ---,^) + ^L,/,fc(lkll^)lkll^ +l+ JMe^ ■•■\\ V i\\e^i 



for all L > 0, / > 0, k > 0, Y E II', \Y\ < L, Vl , . . . , uj G w/iere F LjZjfc and are 
increasing polynomials on [0, oof. 

Proof. If = then the statement follows from Theorem 4.9 and Theorem 4.10. Let 
k > 1. It follows from (4.137c) that (z7^d M + m)0o = and that 

(iy^ + m )«^ = 7 ^(A n _ ljM + B n _ x ^)4>' n _ x , n > 1. (6.4) 

Corollary 5.9 (with G = 0, g = g n = 7^(A n _i )M + B n -i lM )0n-i for n > 1 and o = # = 
for n = and L > max(3, n + — 1)) gives 

p£((l + A!(t))*/VU*)) (6-5) 
<C L+fc (pf +fc (^(*))+ E PL+i((l + Ai(0) ( * +W)/ ^„(*))), 

0<j<fc-l 

n > 0, L > 0, k > 1, where Cl+u is a numerical constant. This gives that 

pfftl + Axft))*/ 2 ^*)) < C L+fc pf +fc (^(t)) = C L+fc ||a|| Dl+fc , (6.6) 
L > 0, /c > 1, where we have used that </>o(i) = e tX) a. Moreover using, for n > 1, that 

pf + i((l + Al(t)) ( * +W)/ ^n) (6-7) 
— «o+ l i 

C L+ j being a polynomial in ||w|| b p which follows from Theorem 4.9 and Corollary 4.12, 

JV Q 

inequality (6.5) gives that 

P?((l + \i(t)) k/2 cf>' n (t)) (6-8) 

<ctl k {p D L+ Mt))+ E ll«ll^ o+ii pg((i + ^i(*)) ( *- j)/ V„_i(0)), 

ii+i2=L+j 
0<j<fc-l 
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(n) 

n > 1, L > 0, k > 1, where C y L _(_ k is a polynomial in . We make the induction 

hypothesis, 

p£((l + Ai(t))*/%(0) < + > L > 0, > 1, (6.9) 

for < N < n — 1, where C^ +k is some polynomial in HitH^p . According to inequal- 

JVq 

ity (6.6) the hypothesis is true for A = since ||a|| D < . It follows from 

L + k ^N +L + k 

inequality (6.8) and Theorem 4.9 that (for a new polynomial C^_ k ) 

pf((i + AiW) fc/2 ^w) 

<C% k (\\u\\ EPNo+L+k + J2 hH o JME k+ ^ +k _^ n>l, 

ii+i 2 =L+j 
0<j<k-l 

which together with Corollary 2.6 proves that inequality (6.9) is true for every N > 0. 
Similarly differentiation of both members of equation (6.4) / times and induction give 

that 

p£ ((1 + Ai(f))*/ 2 (£>y n («; Vl , . . . , vi))(t)) (6.10) 
<F Lthk {\\u\\ E p )K l N L+k {v 1 ,...,v l ) + F' Llk {\\u\\ EP )\\u\\ e p \\v x \\ EP ■■■\\vi\\ E P , 

N N Q N + L + k N N 

L > 0, 1 > 0, k > 1, where Fl^/- and F' L L k are polynomials depending on n > 0. 

To prove the estimate of || (5(t)) 3 / 2 (l + Xi(t)) k/2 (p' njY (t)\\ Loo , Y e IT, we use Theo- 
rem 5.8 with G = 0, equation (6.4) and note that the hypothesis of Theorem 5.8 are 
satisfied due to Theorem 4.9. With the notation 

Qn,k,L(t)= E IK*(*)) 3/2 (l + Ai(t)) fc/ Xy(0llLco, (6-11) 
Yen' 
l^l<i 

n > 0, /c > 0, L > 0, we then obtain that 

Qn,k,L(t)<C k+L (p^ + Mt))+ E P? (*(t)(l + A!(t))^(t)) (6.12) 

i+j<A:+L+7 

+ E ^((i + AiW)- 772 ^^)) 

i+j</c+L+9 

+ E \\Mt)) a/ \l + Mt)Y /2 9n,YmL-), n>0,k>0,L>0, 
Yen' 

\Y\+j<k+L 

where g' n = (2m)" 1 (m - i^d^g^ g njY = Cy9 n , g' n ,Y = ^Yd'n and where Cfc+L is a 
numerical constant. Similarly as we obtained (6.7) it follows that 

E p?((i+Mf)) i/2 *„(*)) 

i+j<fc+L+9 

<cu* E E Nk + . pg((i + Ai(t))°- 1)/2 0LiW), 

i+j<k+L+9 ii+12—i 



MAXWELL - DIRAC EQUATIONS 203 

where C' L+k is a polynomial in IHI^p . This inequality, Corollary 2.6 and inequality (6.9), 
which we have proved is true for all N > 0, give that 



E P?{(l + \i(t)y' 2 g n (t))<Ctl k \\u\\ EPN IMIbp , n>0,/c>0,L>0, 

i+j<L+k+9 

(6.13) 

where C^) k is a polynomial in ||u|| s p . Similarly it follows that 

E \\m) 3/2 (l + Mt)y /2 9 n ,y(t)\\^ (6-14) 
yen' 

\Y\+j<k+L 

<C' k+ L E E Nk + . ll*(*)(l + Ai(t)) i/2 0U,y 2 (*)llLco, 

n > 0, > 0, L > 0, where C k+L is a polynomial in E p N(j . To estimate the term with g' n in 
(6.12), we note that according to equality (5.7a) (with G = 0) 

(m - z 7 M <9 M )<7 n = l u {A n -i,v + B n - ltV )(m + z7 M <Wn-i (6-15) 

- ^7*V " ry)ti(^ - <^n-i, M ), « > i. 

where we have used the gauge invariance of the last term. The first term on the right- 
hand side vanish when n = 1, since (m + i^^d^)^ = 0. According to Theorem 4.9 and 
Corollary 4.12 it follows from equality (6.15) that 

\\S(t)(l + Mt)y /2 9' n ,y(t)\\ D (6-16) 
^ C it\ £ y (Ns' , | H(^)) 1/2 ( 1 + ^W) j/2 (^ M + m)^_ liy2 (t)|| D 

+ IHI^ o+|n J|(l + Ai(t))^-i,y a (*)llD 

+ 2 E F + Ai(t)) j/2 «_ ljyi (t) + S^_ 1>yi (t))aX-i,y a (*)llD, 

where F e n',n > 1, and where C ™\ Y \ ls a polynomial in \\u\ e p n . If Y\ G cr 1 in the last 
term in the right-hand side of inequality (6.16), then it follows from Theorem 4.9 and 
Corollary 4.12 that 

IIWCl + AxW^^^W + B^^^X-i.nWIlD (6-17) 

^ C P?i|Nk +|y| E IKl + AlW^Vn-l^WIlD, 
° 1 0<At<3 
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where Y\ G cr 1 and where is a polynomial in \\u\\ EP . If Y\ G II' n t/"(sl(2, C)), then 

+ S n _i j y 1 ) At (y) = 0. It therefore follows from inequality (5.7d), the definition 
of \m , Theorem 4.9 and Corollary 4.12 that 

II^Cl + AiW^^^CO + B^^^^^-i.nWIlD (6-18) 

^ c S?iNk +|y| ( E II(i + AiW) j/2 ^- W2 WIId 

° 1 0<m<3 

+ IK 1 + MOWn-i^Y^llc + 11(1 + Ai(t))^V„-i,y a WIId), 

0<M<^<3 

where Y"i G IT' fl L/(sl(2,C)) and where C&\ is a polynomial in 1 1 1/, 1 1 ^ . Since {i^^d^ + 

l r l| " No 

m)4>Q = 0, it follows from equation (6.4), Theorem 4.9 and Corollary 4.12 that 

||(<^)) 1/2 (1 + Xi(t)y/\ird, + m)^ n _ ljZ {t)\\ D (6.19) 

<c\z\ E li; +11 p"(( 1 + Ai(t)) ,/2 l 2 (t)), n>l, 

ii+i* = \Z\ 

where Z G II', is a polynomial in and where the right-hand side is given the 

value zero when n = 1. Inequalities (6.16), (6.17), (6.18) and (6.19) give that 

||««)(l + A 1 (i))-" 2 «,,; v .(i)|| D (6.20) 

il+i 2 +i 3 = \Y\ 

+ E Nk + . p£((i + M*)) i/! V»-i (*))). ^>Uen', 

ii+i2 = |V| 

fro) 

where the sum over 21 + ^2 + ^3 = |y| is absent when n = 1 and where C ■ ^ is a polynomial 
in ||w|| b p • The already proved inequality (6.9), inequality (6.20) and Corollary 2.6 give 

Nq 

that 

II^Cl + A^O^Vn.yWII^^Cj^lMIsP \\U\\ EP , (6.21) 

y G IT, n > 1, j > 0, where cjj |y| is a polynomial in ||w|| s p .It follows from inequalities 
(6.9), (6.12), (6.13), (6.14) and (6.21) that 



Q n , k , L (t) (6.22a) 

< c^ L (\\u\\ EP + Yl ink jm^+Mtw^'n-iAtn^), 

\ N n +L + k+9 ' JVq+j / 



zeii' 

i+j+\Z\<k+L 

n > 1, and 

,(o) 



Qo, fc ,,(t)<C- L ||n||^ o+L+fc+9 . (6.22b) 
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It follows by induction from (6.22a) and (6.22b) that 

Qn,k, L (t)<C { k %\\u\\ EP (6.23) 

N Q (n)+L + k 

where n > 0, k > 0, L > 0, where Cjw L is a polynomial in and where N (n) G N 

JVq 

depends on n. Inequality (6.23) shows that the estimate of 

||(5(t)) 3 / 2 (l + A 1 (t)) fc /XyWII^ 

given by the lemma is true. 

The proof of the announced L°°-estimates of the derivatives D (j)' n Y is so similar 
to the proof of inequality (6.23) that we omit it. Also the L 2 - and L°°-estimates of 
D {4>' n+1 Y — 0nr) are obtained so similarly by using Theorem 4.10, that we omit the 
proofs. This ends the proof of Lemma 6.1. 

Next we shall prove the existence of (p* and A* for j = and j = 1, which permits 
to prove the existence for j > 2 by a contraction theorem. Denote A* Y = and 
4>Iy = (cf- (4.81d)). 

Proposition 6.2. Let u = (f,f,a) G E£g,l/2 < p < 1, and < p' < 1. Then equation 
(6.1a) has a unique solution 0q G C°(M + ,D) and equation (6.2a) has a unique solution 
<p\ G C°(R + ,D). Moreover there exists N such that 

sup (|| ((D l (A* Y , Al PoY ))(u; v u ..., Vl ))(t) || M , 
t>o v 

+ E P°{(l + Mt)) k/2 {(D l <j>*)(u-,v 1 ,...,v l ))(t)) 

n+k<L 

+ (i + o^-ph ((^(A*y, asV))(«; «0)(*)ll^ 



+ (l + t) 3 / 2 -"||((^ASj)(«;t; 1 ,...,t;0)(t)|| J5 

+ (1 + t) 2 "l(l + t + | • |) A*^)(u; *,))) (t) \\„ 

+ (1 + O^IKl + « + | • |) (□((£> i A5#)(u; (*) 

+ sup ((1 + t + \x\f' 2 -P\ {{D l A* Y ) (u;v u ..., Vl ))(t, x) \ 
t>o,xeK 3 v 

+ (1 + t + \x\)(l + \t - \x\ |) 1/2 (1 + \t - \x\ l) 1 ^ ((D l Al PoY )(u- Vl , . . . , vi))(t,x)\ 
+ £ | (1 + f + M) 3/2 (l + (X 1 (t))^)) k/2 ((D l cPlz)(n; v 1 ,...,v l )) (t, x)\) 

Z£U' 
\Z\+k<L 

< Cl,i (K l NoiL (v lt ...,«,)+ ll«ll^ o+i IK We^ ■ ■ ■ NIbjJ . 

/or every j = 0,1,5 > 0,1" G II', |Y| < L, I > 0, u,vi,...,vi G E^g, where Cl,i is a 
constant depending only on \\u\\ EP and 5. Here \t — |x|L = It — /or |x| < 5t and 
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\t — \x\\ s = for \x\ > 5t. Moreover d^A*^ = 0, j = 0, 1, and, as functions of u E E^£, 
(A*,4>*) has a zero of order at least 1 and (A* M , A* D ) has a zero of order at least 2 at 
u = 0. 

Proof. If <j>* Q E C°(M+,D), satisfying \\</>o(t) - e tv a\\ D -> when t -> oo, exists, then 
it is unique. In fact, if w is the difference between two solutions of equation (6.1a) then 
(«7 M <9 M + m — 7 M (Aj )At + Bj^))w = and \\w(t) \\ D — > when t — > oo. It then follows from 
Theorem 4.9 and Corollary 5.17 that w = 0. 
It follows from equation (4.137c) that 

/oo 

and then from the relation (4.140b) that 

/oo 
e (t - s) ^((A J , M + J B J ,,) 7 VA5 , )( S )^ 

/oo 

This shows that 

+ m _ ^ {Aj ^ + Bj^)(<p* - 4>'j - Aj) = 7 m (^J,m + B J)fl )Aj. (6.24) 
It follows from Theorem 4.9 that [Aj] z (t) < Ci||u|| s , where N is an integer indepen- 

Nq-\-1 

dent of u and / and where Ci is a constant depending only on H^Hs • Statement ii) of 
Corollary 5.18, equation (6.24) and the relation <pQ — (p'j — Aj = <j>o — 0j+i> then give 

/oo 
((l + *)- 5/2+ 'p£-i(A?( a )) (6.25) 

+ (l + S )- 3 / 2 pf((l + A 1 (,)) 1 / 2 A5 , (,)) 
+ (l + s)- 3 + 2 ^(A?( s )) 

+ (1 + «)- 3 / 2+ "pf (((*7 M <^ + ro)A?)( a )))cfo. 
Since A^ = 0' J+1 - <j>'j, it follows from (4.137c) that 

(<y*^ + ro)A? = 7 ^(A^ + S J>M )^ - 7 M (^J-i^ + Sj-i, M )^-i- 

This equality, Theorem 4.9, Theorem 4.10, statement ii) of Lemma 4.5 and Corollary 2.6 
give that 

Pn(((^ + m)A^)(t))<C n (l + t)- 1 |H| SjVo h|U JVo+ri , 
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where C n is a polynomial in ||w||^ . This inequality, inequality (6.25), Theorem 4.9, 
Lemma 6.1 and Corollary 2.6 then give (after redefining Nq) 

p?M(f)-0' J+ i(f)) < (l + t)- 3/2+p C n \\u\\ ENo \\u\\ ENQ+n , n>0,t>0. (6.26a) 

Differentiation of equation (6.24) gives similarly by induction 

p°{{(D l (<p*-<P'j+i))(u;v 1 ,...,v l ))(t)) (6.26b) 

< c n>I (i + r 3/2+p (?4 >i, ...,«,) + \\u\\ ENo+n \\ Vi \\ Eno ■ ■ • |h||^ o ), 

n > 0, / > 0, t > 0, where C nj i depends only on ||fx|| Sjv . Inequality (6.26b), the es- 
timates of p® [[(D l (j)'j)(u; vi, . . . , vi)) (£)) given by Theorem 4.9 prove the estimate of 
|| ((D 0q Y ){ u 'i v ii • • • i v i))(t)\\ D given by the inequality of the proposition. 

The announced L 2 - and L°° -estimates of (1 + Xi(t)) k / 2 ((D l (p* Y )(u; v u . ..,vi)){t) fol- 
low in a such a similar way as in the proof of Lemma 6.1 that we omit the details. The 
M p -estimate of (^y,^ P|) y) follows from the definition of Aq and from the already 
proved estimates of <f>*. It follows from definition (4.138a) that 

A* Jt) - A J+1 ^(t) - Af +1 Jt) (6.27) 

/oo 
iVl^sindVKt-s))^^ -4>'j+il»<t>'j+i){s)ds. 

This gives 

PT' ((^o " A J+1 - Af +1 )(t), f t (A* - A J+1 - Af +1 )(t)) (6.28) 

< c n (i + tr^'+IMU^, t > 0, < p < p\ 

where C n depends only on ||tt|| s and where we have used (6.26a), (6.27), the already 

proved L 2 - and L°°-estimates of 4>q, those given by Theorem 4.9 of <j>' J+1 and the convexity 
properties of the seminorms given by Corollary 2.6. Estimate (6.28), Theorem 4.9 and 
Theorem 4.11 give the L 2 -estimates of Aj^ in the proposition. Using statement ii), 
statement iii) and statement iv) of Proposition 5.6, we obtain that 

(1 + t + \x\)(l +\t- M|) 1/2 |Ky " Aj +1 , Y - Af +hY )(t, x)\ 

< C(p^ +2 {(AI - A J+1 - Af +1 )(t), j t {Al - A J+1 - Af +1 )(t)) 

+ E (l + *)ll(ezG)(0llL«/«CR»^))' 

\Z\<\Y\+2 

jj, / / 

where G M = o 7m^o — ^j+il^j+i is obtained using equation (6.27). The estimates for 
(j>l and <f>' J+1 give 

(l + *)ll(ezG)(*)llL-/«<C|z|ll«ll^ 0+|z|+a (l + *) p - 1 - 
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It then follows from inequality (6.28) that 

(1 + tf-f{l + 1 + \x\)(l + \t - \x\ \) 1/2 \(Al Y - A J+1 ,y - Af +1 , y )(t, x)| (6.29) 
<C\ Y \\\u\\ E „ o+ ^, t>0,xeR 3 ,Y en', 

where C\y\ depends only on ||u|| Ejv , and where Ao + 2 has been redefined by Nq. Since 

(l + t) 1 -^(l+t+|x|)(l + |t-|x||) 1/2 > (l + t + \x\) 3/2 - p for (t,x) Gl + xR 3 the estimate for 
L°°-norms of Aq y and Aq p y in the proposition follows from inequality (6.29) and from 
Theorem 4.9 and Theorem 4.11. Using Theorem 4.10, Theorem 4.11 with interpolation 
and inequality (6.8) we obtain that 

d 



pT ((A*o-Aj)(t),-(A* -Aj)(t)) <C„(l + r W+ l«lls Wo+B , 



n > 0, t > 0, < p' < 1. The proof of the existence and the properties of A\ and Aq 
are so similar to that of 4>q and Aq that we omit it. That the gauge conditions d^A*^ = 
is satisfied follows directly from the fact that 



by the equation satisfied by (f>* and by the fact that (/, /) G M op . This proves the 
proposition. 

We now make the following variable transformation in the M-D equations: 

^' = e «(A)^ $ = K = A-A\ 0* = 0*, A*=A{, (6.30) 

and denote A* M = Ag^f. The M-D equations are then transformed into 

(17^ + m - 7 M (^ + A* - d^(K + A*)))$ (6.31a) 

= 7 ^(A M + A; M - d^(K + A* M ))</>*, 

UK^ = $ 7 ^$ + $ 7/u 0* + 0* 7m $ (6.31b) 

and 

<9 M -£T M = 0. (6.31c) 

We introduce the Banach space J-'n, A > 0, which is the completion of the space of all func- 
tions (A,$) such that K Y E C°(M+,L 2 ), K PoY E C°(M+, |V|L 2 ), K P ^ Y e C°(M+,L 2 ), 
5DA y G C°(M + ,L 2 ),5DA r G C°(M+,L 6 / 5 ), $y G C (R + ,Z>) for Y E II', \Y\ < A, and 
such that || (AT, ^ > )||jr JV < oo, with respect to the norm || • defined by 

(e N (K,$))(t) (6.32a) 

= (i + tf-f p f{K{t),k{t)) + (i + t) 2 -?pf(K(t), k{t)) + (i + tf/ 2 -» P °m)) 
((l + ^^ll^nAryWII^ + li + t) 1 -^!!^)^^)!!^) 2 ' 172 

Yen' 

|y|<AT 
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and 



\\(K,$)y„ = s a j>(e N (K,Q))(t), (6.32b) 
t>o 



where (S(t))(x) = l + t+\x\,l/2 <p<l,K Y = i Y K,K Y = K PoY ,®y = £y $ for Y G IT 
(c.f. (4.81d)). We denote by the subspace of elements (A, 0) and by the subspace 
of elements (0, $). 

If N is sufficiently large and A G .F^f , then equation (6.31a) has a unique solution 
$ G C°(IR + , £)) satisfying lim ||$(t)||j) = 0. It will be proved that the equation 



t^oo 

~M 



□A^ = $7^ + $ 7m </>* + 7^$, K' G F$f, (6.33) 

has a unique solution for N sufficiently large and that (it, A) i— > AT' = A/" (it, A) defines a 
map A/": A^ x JF^ — > JF^. A' depends on A via $ in equation (6.33) and depends on it 
via A*, 0* and $. For it and A sufficiently small this map turns out to be a contraction 
map (in the variable A). 

The definition of the space , gives space-time decrease properties of the absolute 
value of its elements. 

Lemma 6.3. There exists C p > such that 



(l + t+\x\)(l + t) 1 - p (l+ It-l^lD^lAy^x)! < C P ||A| 



-r-M , 

• r |y|+2 



/or y G IT, |Y| < A,t G R+,x G M 3 , A G F% +2 . 



Proof. Statement ii) of Proposition 5.6, with F Y (t) = DAy(t), gives that 

{l + tf' 2 \K Y {t,x)\<C 5 ( {\\(KzY(t),K PoZY (t))\\ MO (6.34) 



|y|<2 
zeu'nu(si(2,c)) 



+ (l + t) \\DK ZY (t) || L6/5 ) + ||(1- A)K Y (t) || L2 ) , 



for < |x| < 5t,t > 0, where < 5 < 1 and where is a numerical constant. Definitions 
(6.32a) and (6.32b) of the norm in , then give that 

(l + t) 3 / 2 \K Y (t,x)\ < C s {l + t)- 1+ P\\K\\ TM , (6.35a) 

for < \x\ < St, t > 0, where C§ is a new constant. 

Similarly it follows from statement iii) and iv) of Proposition 5.6 that 

(l + t)(l+ H- IxW^lKy&x)] < C 5l)< 5 2 (l+t)- 1+/5 ||A||^ M , (6.35b) 

for 5 it < \x\ < <?2t, t > 0, where < 81 < 1 < 62, and that 

(l + \x\) s/2 \K Y (t,x)\ <C s (l + t)- 1+p \\K\\ rM , (6.35c) 

m+2 
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for < t < 6\x\,\x\ > 0, where < 5 < 1. The inequality of the lemma now follows by 
choosing suitably 5, S\ and 62- This proves the lemma. 

In order to study the map Af we consider the equation 

( i7 M^ + m _ y*^ + A* - d^d{K + A*)))V = g, (6.36) 

for * G .F#, where AT G ^f. Most often # = Y (L^ - <9 M tf(L)0*, L G . We shall use 
in next proposition the notation 

x (») = || u || P + ||A||™, n > 0, (6.37) 

-ZVq+ti " 

where Ao is given by Proposition 6.2 and where u G E^ and AT G J? 7 ^ and x A r n , A > 0, 
n > is defined by Xn n = bn given by formula (5.87) with = ^ N+n \ It follows from 
this definition that Xn n < 00 if it G E^ and K G J~jf +n - We note that according to 
Proposition 6.2 and Lemma 6.3 

[A*] n (t) < C n \\u\\ E p , [K] n {t] < C\\K\\ TM , t>0, (6.38a) 

N +n "n+2 

where C n depends only on p and (polynomially) on and C depends only on p, 

NO 

1/2 < p < 1. Using Corollary 2.6 we then obtain that 

[A*] N , n (t)<C n+N \\u\\ EP , A,n>0,t>0, (6.38b) 

where C n +jv depends only on p and (polynomially) on II it II pP . Moreover, it follows from 
inequalities (6.38a) that 

[A* + K] n (t) < C nX {n+2 \ [A* + K] N , n (t) < C N+nXN+2 , n , (6.38c) 

for t > 0, n > 0, A > 0, where C n and Cn+u depends only on p and (polynomially) on 

E N 

In order to state next proposition we introduce the following notations: 

Q n (t) = sup ((1 + sf/ 2 -Pp° (/(*))) + Q' n (t), (6.39a) 

s>t 

Qn(t)= £ ^P ((l + «) 3/2 -"pf 2 (/(«)) (6.39b) 

ni+ri2=n — 
n2 <n— 1 

+ (1 + s)p£((l + A (s)) 1/2 i7(s))), n > 0,t > 0, 
where / is defined by (5.111b) for equation (6.36), 

i#>(f) = sup ((1 + sf' 2 -^R' n+7 {s) + R 2 n+9 (s) + R™(s))) +Q n+8 (t), (6.39c) 

s>t 
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n > 0, t > 0, where R' n , R\, -R^° are defined in Theorem 5.8, 

K(L,t)= J2 X {ni) (l+X4,n 2 )(l+XlO,n 3 )R ( nHt) (6-39d) 



71 1 + n 2 +^3 +^4 = ri 
ra^ < n. — 1 ,n2<L — 1 

n 3"l" Tl 4— n — 



+ E X 5 ,n 1 (Qn 2 (t)+snp((l + s)p^((l + X (s)) 1 / 2 g(s)))), 



s>t 

TL-^-\-rt 2 =n 1 — 

1<"1<£ 

n 2 <L 

n > 0,L > 0,t > 0, where x (n) = \\u\\e" + \\K\\ TM ,n > 0, 



K{t) = \\K\\^{\ + X {Z) ) E ( 1 + Xio,n 1 )R ( n 2 ) (t), n>0, (6.39e) 

ni+n2=l 

/oo 

((1 + S )- 2 +^(«)(l + [A] 1 ^))^) (6.39f) 

+ ( E \WG Y M9(*)\\D) 1/2 )ds, n>0, 



yen' 

\Y\=n 

where H n (t) = H n (oo,t), which makes sense by formula (5.169) since \1/ G J~^. 

Proposition 6.4. Let 1/2 < p < 1, n > 19, u G E^,K G and let n be the integer 
part of re/2 + 5. Let g Y G C°(M+, D) for Y G IT, \Y\ < n, and let 

sup ((1 + t) 3/2 -"(i4 -i(*) + + R%(t))) < oo- 

t>0 

If for each Y G IT', |Y| < n, i/iere are two functions e 1 ,e 2 G C°(IR + ,-D) smc/i £/ia£ g Y = 
e 1 + e 2 , where: 

a) e x G L 1 (R+,D) 

b) (m-i^d^ + ^G^e L 1 (R+,D) and lim^oo ||e 2 (£)|| D = 0, 

and z/sup t > ((l+Ao^)) 1 / 2 ^))) < °o and sup, > ((l+t) 3 / 2 "^(/(t))) < oo, 

t/ien i/iere exists a unique solution ^ G C°(R + ,D) o/ equation (6.36) such that 
-»■ °> w/ien * oo- Moreover * G , fe((no, *) < (1 + t)" 3/2+p C z ^(n , t), 
/or < / < n, fy'(re ,£) + fc,"(*) < (1 + t)- 3/2+p (C^(^o, *) + C^'(t)) /or n + 1 < / < re, 
where C\ and C depend only on p and \\u\\„ P , the functions t \— > ftj(reo,t),0 < / < n, and 

NO 

h" , < / < n, are uniformly bounded on R + and the following estimates are satisfied: 

i) p,(vl>(t))<(l + t)- 3 / 2+ ^(t), 

for < / < n — 5, where Ci depends only on p and 

h) pf(vl>(t))<(l+t)- 3/2+ ^(sup((l + S ) 3 / 2 -V(/(«)))+a Z /irK,t) 

+ E ( 1 + X5,n 1 )(sup((l + S ) 3/2 -^ 2 (/(«)))+a. 2 C 2 (n ,t))) 

■~ , s>t J 

11+12=1 — 

™2>™0+' 1 
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and k°°(no,t) < (l + t)- 3 / 2+ PCh°°(n ,t), forn + l <l <n, where h]°(n ,t) = h' j (n ,t) + 
hj(t) + su P s >t ((1 + s)pj ) _ 1 ((l + Xo(s)) 1 ^ 2 g(s))) and where Cj depends only on p and 
o,nd a,j depends only on p and x^ 13 \ 

in) £ n(5(t)) 3 / 2 (i + A 1 (t)) fc / 2 vi> y (t)ii LOO <(i+t)- 3 / 2 +^ Yl (i+XlO.nJ^), 

yen' n 1 +n 2 =i 

\Y\+k<l 

for < / < n — 10, where a\ depends only on p and x ( - 13 ' ) and where it is supposed that 
sup ((1 + tf/ 2 -P(R' l+7 (t) + R 2 +9 (t) + flf°(f))) < oo, 



iv) pg(*(f)) < pg(/(t)) + (l + t)- 3 / 2 ^(a z M(n ,t)+C^(t)) 

+ (l + t)-3/2+P Cl £ X5,n 1 SU P ((l + S ) 1 / 2 ^ 2 (*( S ))) 

1 < n i < n.Q 
ri 2> 77 '0 + 1 

+ (1 + t)- 3 / 2+p Ci X (5) sup ((1 + s) 1 / 2 

s>t 

/or n + 1 < / < n, < z < /, where h" = h'( , h'^ = for 1 < % < I, where C depends 

only on p and x^ 13 K Cz depends only on p and x^ an d a-i depends only on p and x^K 
and where e = max(l/2, 2(1 — I)). 

Proof. To prove the inequality of statement i) of the proposition, we first note that the 
hypothesis on A = A* + K of Theorem 5.13, with / instead of n, are satisfied for < / < 
n — 5, according to the definition of the norm || • H^-mj according to Proposition 6.2 and 
according to inequalities (6.38c). Since also the hypothesis on g are satisfied for < / < 
n — 1 it follows from Theorem 5.13 that there exists a unique solution \1/ e C°(lR + ,-D) 
of equation (6.36), such that 11^(^)11^ — > 0, when t — > oo, and that this solution satisfies 
pf (*(*)) < CiQf°(t), < / < ra-5, where Qf°(t) is defined in Theorem 5.13, and where d 
depends only on p and [A] 3 (oo). The inequality of statement i) now follows from definition 
(6.39a) of Q n (t) and from inequalities (6.38c). 

Next we shall use Theorem 5.14 with n instead of L,Z instead of n and with A = 
A* + K. Since n > 18, n + 1 < I < n, it follows from the definition of n that 18 < 
n + 9 < / + 8 < 2n . We note that <9 M A M = 0, according to Proposition 6.2 and the 
definition of the space . Since [A] no+2 (t) < C no x (no+4) , according to (6.38c), and 
no + 4 < n, the hypothesis in Theorem 5.14, that Ay is a continuous map from IR + 
to weighted L°° spaces, are satisfied. To prove also that the other hypothesis on A are 
satisfied, we estimate S P ' N , < N < n. Since DA* = <j> 7^0* according to equation (6.2b) 
and substitution (6.30) it follows from Proposition 6.2 and Corollary 2.6 that 

\\(d(t)) 3 / 2 nA Y (t)\\ LHR s !R4) <C lYl \\u\\ Ef , \\u\\ EP (6.40) 

v ' 7 Nn JVn -\-W \ 
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for Y G IT', where C\y\ depends only on p and ||w|| b p • The gauge conditions d^A^ = 

and d^Kfj, = 0, the inequality || | V| e /i|| L2 ( K 3 C ) < ll^llil 2 !! I V|/i||^ 2 for < e < 1, equalities 
(5.115a) and (5.115b) and inequality (6.40) give that 

S p ' N (t) < C N \\u\\ FP +C\\K\\ tM , (6.41a) 

for 1/2 < p < 1, N > 0, t > 0, where Cat depends only on p and ||m|| p p and where C 
depends only on p. It now follows from definition (6.37) of x^ N ' that 

S"> N (t) < C NX {N \ S p kiN {t) < C k+NXk , N , (6.41b) 

for 1/2 < p < 1, N > 0, k > 0, t > 0, where Cat and C k +N are constants depending only 
on p and ||it|| pP . It follows from (6.41a), with iV = Z, that the rest of the hypothesis on A, 

in Theorem 5.14, are satisfied. The hypothesis concerning g in Theorem 5.14 are satisfied 
and so are the hypothesis on R' nQ _ 1 , Rn +i and R^ _ 8 . 

In order to estimate /c°°(no,t), we begin by estimating Hj(t) = Hj(oo,t) defined in 
(5.169): 

Hj(t)= ( 1 + ^lV 1 W)(^ 2+ 9W+^ 2 W+< 2+ 7W+^ + 8W), 0<j, (6.42) 

ni+n 2 =j 

where QT, defined in Theorem 5.13, is given by 

Qf{t) = sup (pf (/(*))) + ^3,^(00) (6.43) 

— n 1 +n 2 =n 
"2<J-1 

(sup (p£ (/(«)))+ r(l + 8)-^ 2+ ^ 2 {(l + Ms)) 1/2 9(s))d8), 

V s>t Jt J 

< j and where RL R 2 and _R°° are given in Theorem 5.8. It follows from (6.38c), (6.39a), 
(6.39b) and (6.43) that 

Qf{t) < (1 + t)- 3 / 2+ ^(sup ((1 + sf/ 2 -?p°(f(s))) + CjCfjitj) (6.44) 

v s>t ' 

<(l + t)-3/2+P C <.g. (t)) 

for < j < n, where Cj > 1 depends only on p and IHI^p . Inequalities (6.41b) and (6.44) 
together with equality (6.42) give that 

H^Kil+ty^Cj (1 + XlO.nx) 

ni+n 2 =j 

(Qn 2+ s(t) + sup ((1 + sf/ 2 -?{Rl 2+9 (s) + R%(s) + R' n2+7 (s)))), 
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< J < n — 10, where Cj depends only on p and ||u|| f p ■ Definition (6.39c) of then 
gives that 

HjWKil + tyW+eCj E ( 1 + Xio, ni )BQ(t) 1 0<j<n-10, (6.45) 

ni+n 2 =j 

where Cj depends only on p and ||w|| e p . 

We can now estimate k n (no, oo, t), which we denote kj(no, t) and which according to 
definition (5.173b) of kj, definition (5.171) of p • and expression (6.42) of Hj reads 

kj(no,t) (6.46) 

= E (^3,n 1 (t)(Q^ 2 (t)+<_ 1 , 1 (t)) + (l+t) 1/2 [A]- + 1 (t)pf 2 (^))) 

1 < < riQ 
™2 <™0 



+ J] +[^] 2>na (t))H n ,(t) 



™l+™2+ ra 3=J 
"1 <J — 1 
™2 <™0 — 1 



+ E ( 1 + t) 2 ~VG Yl ,(t)g Y2 (t)\\D, 0<j< 



n. 



ini+i^2i=j 

H)<\Yl\<3-l 



Since = A* - d^tf(A*) + M M , with = — d^(K), it follows from inequality 
(5.116c) that 

\\YG Yl ,{t)g Y2 {t)\\D (6-47) 
Yi,Y 2 G IF, where C and Cjyj depend only on p. Let 

1/2 

r j (K,t)=( E ll(^))~ lM ^)ll! W4) ) (6.48) 

yen' 

\Y\<3 

for j > 0. It follows from inequality (5.124), with M M instead of G M , K Y = K PqY , b > 1/2, 
and a = 1/2, that 

r i (iT,*)<(l + *)- 1 / 2 C sup ((1 + S ) 6 -Vf°((^(s),0)) (6.49a) 

0<s<i V 

+ (1 + sfpf {(L(s), L(s))) + (1 + sf^C&Yli {(L(s), L(s)))), j > 0, 
where C and Cj depend only on b. With b = 3/4, we obtain that 

Tj{K,t) < {l + ty^tCWKW TM +jCj\\K\\ TM ), j>0, (6.49b) 

.7 J — 1 
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where C and Cj are as in (6.49a). The first of inequalities (6.38a) and inequality (6.49b) 
give that 

£ \\rG Yl ^t)g Y2 (t)\\ D (6.50a) 

*i,y 2 Gn' 

m 1+1*2 1=:/ 
™ <l y ll<J-l 



<(l + t )-3/2 + P C / £ N p£(s(f)) 

^— » N +n 1 +l 

ni+n 2 =j 

Il(]<Tll <J — 1 

+ (i + t)- 1 / 2 c J Yl \\ K hM\\mgz(t)\\L~, j>o, 



zen' 

n-L + \Z\=j 

where C' depends only on p and ||w|| s p and Cj is constant. We note that the right-hand 
side of this inequality vanishes if < j < no. If x = \\ u \\pp + 11-^11 f m, it then 

N +j + l 

follows from the definition of Rj°(t) and from inequality (6.50a) that 

£ h"G Yl ,(t)g Y2 (t)\\D (6.50b) 

Y 1 ,Y 2 en' 

\Yl\ + \Y 2 \=j 

»o<mi<i-i 

<Cj X (ni) (( 1 +^)" 3/2+P Pn 2 (^)) + (l+^)- 1 ^W), J>0, 

™1+™2=J 
™i <i — 1 

n 2 <3— n 

where Cj depends only on p and IMI^p . Inequalities (6.38c), (6.41b), (6.45) and (6.50b), 
and equality (6.46) give 

kj(no,t) (6.51) 

™1+™2=J 
"2 <™0 

+ (1 + t)~^C 3 J2 X (ni Hl + X4,n 2 )(l + XlO.n,)^*) 

™1 +™2+™3 +™4=J 
"1 <J— 1 
™2< Il 0~ 1 
™3+™4<i-™0 

+ C, ^ x (ni) ((i + ^)- 3/2+p pS(^)) + (i + t)- 1 ^ 2 W), J>0, 

«1+«2=J 
"1 <J— 1 
™2<J-™0 

where Cj depends only on p and ||tt|| s p • According to definition (6.39) of Rj it follows 
from inequality (6.51) that 
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kj{n Q ,t) (6.52) 

< (i + t)- 1/2 Q ( x*,m (i + 1) 1/2 (QZ (t) + <-i,iW + (i + t) 1/2 pf 2 (g(t))) 



i 1 +n 2 =j 
™2 <™0 



+ (l+f)- 1+ > £ X (ni) (l+X4 > ^)(l+XlO > n,)«£S?(0), J>0, 



n l+™2+™3 + ™4=3 
— 1 1 rl 2 — 71 — ^ 
"3+™4<J— "0 



where Cj depends only on p and ||w|| b p • 

We can now estimate kj(no,oo,t) defined by (5.173a). With the notation k'Jno,t) = 
kj(no,oo,t), it follows from definitions (5.171) and (5.173a) that 

fc>o,t) = (l + t)- 3 / 2+ " E [A] ni+1 (t)QZ(t) (6.53) 

1 < 
"2 <™0 

/OO 
(l + s)- 2+ %(n ,s)d S , j>0. 

7ti-l-n2=J 
no + l<ni <J — 1 

Inequalities (6.38c), (6.41b), (6.44), (6.45), (6.52) and (6.53) give that 
kj(n ,t) 



<(i + t)- 3 + 2 ^ E x (ni+3) Q n2 (t) 

™1+™2=J 
™2 <™0 

+ (1 +t)" 2+ ^ £ X (n0 (l +XlO ) n 2 )^3 ) W 



™l+™2+ rl 3=J 
™2+™3<j - ™0 -1 



+ (l+t)- 3 / 2 +^sup( £ X 5 , m (l + .) 1/2 

— 111+112=3 
"2 <™0 

(Q~w+<_i,i(a) + (i+ a ) l/2 p£a/( a ))) 

+ £ X (ni) (l+X4,n 2 )(l+XlO,n 3 )(l + «)" 1+ ^i 1 4 ) ( S ))' J>0, 



»l+"2+™3+ m 4=i 
»l<j-l 
™2<™0 _1 
^3+"4<J _ ' ^ 



where C 7 depends only on p and • If follows from this inequality, from inequality 

(6.44) for Q°° and by regrouping the second and the fourth sum on the right-hand side 
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that 

k'^t) < {l + t)-*' 2+p C 3 (6.54) 

( E X5 ) n 1 (Qn 2 W+SUp((l + ,) 1 / 2 <_ 1 , 1 («) + (l + ,)pf 2 (^)))) 



S>t 

n 2 < n 



+ X (ni) (l + X4,n 2 )(l + XlO,n 3 )R$(tj), j>0, 



»l+»2+™3+"4=i 
n^<.j — l,ri2^nQ — l 



where C 7 - depends only on p and ||w|| p p • 

NO 

To estimate kj(no, t), where kj(no, t) = kj(no, oo, t) is defined in Theorem 5.14, let us 
introduce the notation 

fej (n ,t) (6.55) 
= (l + t)- 1 / 2 S?>i(t)H (t) 

\l + s)-^S^(s)(l + [A] 1 (s))'H 1 (s) + ( h"Gy,{s)g{s)\\l) 1/2 )ds, 

Yen' 

\Y\=j 

j > 0. It follows from inequalities (6.38c), (6.41a) and definition (6.55) of k'J that 

k'j(no, t)<(l + t)- 1+p (C||K||^M + CjWuW^J sup ((1 + C lX {3) )Hi(s)) (6.56) 



r>00 

+ 



+ ( E \\rG Y ,(s)g(s)\\l) 1/2 ds, j>0, 



yen 
1^1=7 

where C depends only on p and Cj, j > depends only on p and • Here we have 

Nq 

used that -1/2 < -1 + p for 1/2 < p < 1. Inequalities (6.38a), (6.45), (6.47), (6.49b) and 
(6.56) give that 

fc"(n ,*) (6.57) 

< (1+^-3/2^(11^1 +C .| M | )(1+X (3) ) £ 

J N 0+3 

ni+n 2 = l 

+ (i + t)- 3 / 2 ^su P feinu (i + *)ib(s)|| D 

S>t V N 0+J 

+ (C||K||^m + jCjWKW^Jil + s) 1 / 2 \\S( S )g(s)\\ Lao ), j > 0, 

where C depends only on p and Cj,j > 0, on p and ||w|| s p • By adding the terms, 
proportional to ||w|| f p and ||.Kl|._ Af , on the right-hand side of inequality (6.57) to the 

N +j ^j-l 
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second sum on the right-hand side of inequality (6.54), we obtain that 

^(no,£) + ^'(n ,£) (6.58) 

<(l + t)- 3 / 2 ^C((sU P ((l + S ) 1 /2|| 5 (^( s )|| Loo ) 
v v s>t 

+ (1+X (3) ) E ( 1 + XlO,nMHt))\\ K W^ 



ni+ri2=l 

+ Ci E X 5 ,n 1 (Qn 2 W+SUp((l + ,) 1 / 2 <_ M (,) + (l + «)p^(^)))) 



rl l+"2=J — 

1 < Tl l < TIQ 

n 2 <n 



+ Ci E X (ni) (l + X4,^)(l + Xio,ns)^i ) (*)), 3>n + l, 

™ 1 +™2 +™3 +™4 = J 
71 1 — l t n2<JiQ — 1 
™3+™4 <J— ™0 

where C and Cj depend only on p and ||it|| B P • Since 

Nq 

fl5_i,i(*) < (l+t) 1/2 pf-i((l + A (t)) 1/2 ^)), J > 1, (6.59) 
it follows from inequality (6.54) that 

fcJ(no,t) < (1 +t)- 3/2+ "C J /i;.(n ,t), J > 0, (6.60a) 
and from inequality (6.58) that 

fc;.(ra ,*) + fc"(ra ,*) < (l + t)- 3/2 (C^;.(no,t) + C^'(t)), j > n + 1, (6.60b) 
where C and Cj depend only on p and ||w|| s p • Using inequalities (6.38c), (6.59) and 

Nq 

(6.60b), we obtain that 

k°°(n ,t) < (1 +t)-V 2+p C j (h' j (n ,t) + h'J(t) (6.61) 



+ X (5) sup((l + S )pf_ 1 ((l + A ( S )) 1 / 2 

s>t 

(l + t)-3/ 2 +PC,^(n ,t), J>n + 1, 



where /i°°(no,t) is defined in statement i) of the proposition and where Cj depends only 
on p and \\u\\ pP . Now, x < 00 an d X^ < oo for < j < n, since -u G E°£ and if G 

NO 

according to the hypothesis. It follows that swp t>0 (Q'j(t)) < oo for < j < n — 5 by 
using expression (6.39b) and that sup t>0 ((1 + t) s / 2 ~ p pj ) (f(t))) < oo for < j < n and 
sup t > ((1 + t)pf((l + A (t)) 1/2 £?(t))) < oo for < j < n - 1. Definition (6.39a) then 
gives that swp t>0 (Qj(t)) < oo for < j < n — 5. Definition (6.39c) and the hypothesis 
on R' no _i, Rn +i and -R^, now give that sup t>0 (i2^ (t)) < oo for < j < no — 8, since 
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— n — 5 for n > 19. The function t i— > hj(no,t) is uniformly bounded on M + for 
< j < n, since in its definition (6.39d) no < n — 5, n — no < no — 9. The function 
h'L defined in (6.39e) is also uniformly bounded on R + for < j < n. This proves, 
together with inequalities (6.60a), (6.60b) and (6.61) the claimed properties of the functions 
kj(no,-), k", /c°°(no,-)? hj(no,-), h", /i°°(no,-)- The estimates in statement ii) follows 
from inequality (6.61), Theorem 5.14 and inequality (6.38c). Statement iii) follows from 
inequalities (5.170) and (6.45). Statement iv) follows from inequalities (5.176), (5.177), 
(6.38c) and from the already proved inequalities for k[(no, t) and /c"(t) in terms of h[{no, t) 
and h'/(t). This proves the proposition. 

In order to use Proposition 6.4 for the particular case g = 7 M (L M — 9^ t?(L) )(/>*, L e ' , 
we group together preliminary estimates of R'p _R°°, defined in Theorem 5.8. 

Lemma 6.5. Let 1/2 < p < 1, n > 5, K e , L e , r Y e C°(M+, D),r Y = for 
Y e IT and Ze£ 

sup(pf((l + A 1 (t)) fc / 2 r(t))+^(r,t)+^(t)) <oo 

for j + k = 1,1 > 0, where 

H l (r,t)= ll(*(*)) 3/2 (l + Ai(t))* /2 ry(t)|L-, Z>0 



yen' 

fc+|Y|<Z 



and 



(f) = if, +1 (r,f) + £ ||(o(t)) 3 ^(l + A 1 (t)) fc / 2 ((m + z 7 ^ M )r r )(t)|| Loo , / > 0. 



yen' 

A:+|y|<Z 



Let A = A* + K and let G„ = A^- d^(A). If 

g = ^(L fl -d^(L))r, 

then g Y e C°(R+,D), \\g Y (t)\\ D -> w/ien * -> oo, (m - Z7 M <9 M + i^G^gy e L 1 (R + , D) 
for Y E W, \Y\ < n and: 

i) i^)<(i + r 3/2+p Q'( £ (i + NU + )l|£||^n n3 (t) 

ni+n 2 +n 3 =/ 

+ > min(||K|| 

ni+n 2 +™3=^ 

ii) Rf°(t) < (l+t^Q V IILII^m H n2 (r,t), 0</<n-3, 

ni+Ti2=i 

iii) pf((o(t)) 1 /2(i + Al(t ))^ (t) ) 

<(l + t)-i/2 C7 ni>n2 ||L||^^ na+fc (r,t), 0</<n,/c>0, 

ni+ri2=^ 

iv) pg(/W)<(l+t)- 3/2+p (l + X (3) ) 

C W I|L|| sup(u 1 (s)) + Q ^2 11-^lljrM sup(w n2+1 (s))j, 0</< 

— ni+ri2=i — 



n, 
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< % < n, where = for 1 < % < n and = Q j0 = Co,/ = C. Here C, Q and 
C ni ,n 2 depend only on p, and C[ depends only on p and \\u\\ EP . 

Proof. Let B„ = — <9 M $(L), By^ = (B Y )^ = (CyB)^ for Y G IT, < p < 3. Since, by 
covariance, B Y ^ = -d^Ly) for Y G W n U(sl(2, C)), it follows from equality (4.83), 
using that d^L^ = 0, that 

\B ZY (y)\<C \LzM^y{ s y)\ + \ L zyi.sy)\)ds, (6.62) 

for Z eWf] U(R 4 ), Y 6 n'fl U(sl(2, C)) and «/Gl + x IR 3 . Let 

Il{t,x)= I s l (l + s(t+ + st) _1+p (l + s|t - |x||)- 1/2 rfs, / G N. 

It follows from Lemma 6.3 and inequality (6.62) that 



(6.63) 



\B ZY (t,x)\ < CWLW^m I\z\(t,x), (t,x) G K + x R 3 , (6.64) 

for Z eWn U(R 4 ), Y Gffn U(sl(2, C)), where C depends only on p. To estimate 7 (*, x) 
we observe that 

(1 + s{t + \x\))-\l + st)- l+p (l + s\t - IxW)- 1 / 2 
<C(l + s(5(t))(x))~ 2+P , t>0,xGR 3 , 

where C depends only on p. Integration of this inequality gives, with a new constant, that 

Io(t,x) < C((<y(*))(aO) _1 , t>0,xGM 3 , (6.65a) 

where C depends only on p. For / > 1, proceeding as in the end of the proof of Lemma 
4.4, it follows that 

hit, x) < cmmx))- 1 ^ + t)- i+ p(i + \t- \ X \ p- 1 / 2 



JC 



f 1 g((j(g)(x)) / 8(1 + t) \ ^ ( *(l+|t-M|) \ i_ 5/2+p , 

o l + s((S(t))(x))\l + s(l + t)J \l + 8(l+\t-\x\\)J 



Since / — 5/2 + p > — 1 for / > 1 and 1/2 < p < 1, we obtain that 

x) < C((S(t))(x))-\l + t)- 1+p (l + \t- \x\\)- 1/2 , I > 1, (6.65b) 

t > 0, a; G M 3 , where C depends only on p. It follows from inequalities (6.64), (6.65a) and 
(6.65b) that 

\By{t,x)\ < C((5(t))(a;))- 1 ||L||^M , Y G n 7 (6.66a) 
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and that 

\B Y (t,x)\ <C((5(t))(x))- 1 (l + t)- 1+ ^l + |t-| a ;||)- 1 /2||L|| M , (6.666) 

1 1 1^1+3 

Y G cr 1 , 1/2 < p < 1, where C depends only on p. 

Let A = A* + K, G^ = A^-d^A) and F M = L^-d^(L). To estimate pf (<$(*) (1 + 

Ai(t)) fc/ V(t)), I > 0, k > 0, where = (2m)" 1 (m - + 7^)0, we use equality 

(5.7a), which gives that 

9y = $9' (6-67) 
= (2m)" 1 (^ F y^? 2 {{m + i^d, - 7 "G M )r) 

- 2iF£d ll r Ya + HdrB&ry, 

- {(rY-Yr)((d»L YlU ) - (cW lM ))ry 2 ) 

+ 771- 1 G Yl »F£ 2 r Y3 , yen', 

Y lt Y a ,Y a 

where G Y = (fG, Fy = £ Y F for y e n ' and where we have used that d ^ = and 
<9 M A M = 0, according to the definition of J 7 ^ 1 and Proposition 6.2. It follows that 

g' Y = (2m)" 1 {i V FyA™ + iT^K - 2iF Yi d fJi r Y2 + i^B^K (6.68) 

Y lt Y 2 

- \{-fi v - 7Y)((W - (ft^niOK) 

+ (2m)" 1 £^ (Gy^^ry, + ^^(7^ " 7YK), ^ G n'. 
Inequality (5.130a), with e = 1/2,6 = 5/2 — p and a = 1, gives that 

( £ ll(^(^))- 1/2 ^^(^)lli 2 ) 1/2 < (1 -K (CH^H^ -K^^II^H^-^J, j>0, (6.69) 
yen' 

\Y\<3 

where C and Cj- depend only on p. Let Qy(y) = y^F Y ^(y), Y G IT', y G M+ x 1R 3 . It 
follows from inequality (5.135) and the definition of || • \\ tM that 

£ ll(*(0)" 1 Qy(0llL»(R»«<J'C , i(i + *)" 1/2 ll^ll^, J>o, (6-70) 

yen' 
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where Cj depends only on p. Inequalities (5.7d) and (6.70) give that 

\m^ + ^(t)) k / 2 F^(t)d,r Y (t)\\ D (6.71) 

Y lt Y 2 

KC^il + t)- 1 ll^ll^ll(*(*)) 3/2 (l + Ai(t)) fc/2 rz(0llLc-, 

zen' 

ni+n 2 =\Y\ 
\Z\<n 2 +l 

Y G IF, where C\ Y \ depends only on p. Since A = A* + K, it follows from inequalities 
(5.116c), (6.38a), (6.49b) and (6.66a) that 

¥(t)(l + Xi(t)) k/2 G Yl ,(t)F Y2U (t)r Y:i (t)\\ D (6.72) 

YuY 2 ,Y 3 

<C' lYl (l + t)- 3 ^ J2 Y \\u\\ EP ||L|| M ||(5(t)) 3/2 (l + A 1 (t)) fc / 2 r y3 (t)|| Loo 

/— " JVo + IVil+l |Y- 2 | 

'1,12, 13 



+ C m (l + t)" 1 £ min(||K|| M ||L|| M ,||K|| M ||L|| M ) 

t—' ini+3 l^ 2 l ini ^ival+a 7 

'1,12, '3 

||(5(t)) 3 / 2 (l + A 1 (t)) fc / 2 r y3 (t)|| Loo , 

Y G IF, where C|y depends only on p and C[ y i depends only on ||w|| e p and p. In- 
equalities (6.49b), (6.69), (6.71) and (6.72) give together with equality (6.68) that 

\\S(t)0- + Mt)) k/2 9^(t)\\D (6-73) 



+ 



\\m) 3/2 a + Mt)) k/2 r z (t)\\ L ™) 



zen' 

\Z\<\Y 2 \ + 1 

+ (l + t)- 1 C lYl ^min(||K|| M ||L|| M ,||K|| M ||L|| M ) 

'3 

\\mf /2 (i+Mt)) k/2 r Y3 (t)\\L~ 

+ (l + t)-^C' lYl H*',. Jl^ll^ JI(W /2 (l + Ai(t)) fc/2 r y ,(t)|| L co, 

■Tr" ^o+i^iH- 1 1^2 

'li'2, J 3 

yen', where C\ Y \ only depends p and C' y only on p and IHI^p . The estimate of 

R[{t) in statement i) of the lemma follows from the definition of uAt), the definition of 
Rj in Theorem 5.8 and from inequality (6.73). If on the right-hand side of equality (6.68) 
we restrict the domain of summation in the last sum over y^Y^Y^ to Yi = I, then the 
right-hand side of this equality is equal to (2m) -1 (m — Z7 M <9 M + l^G^gy. The method of 
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the proof of inequality (6.73) then gives also that \\5(t)((m — Z7 M <9 M + r y^G fl )g Y )(t) \\ D is 
majorized by the right-hand side of inequality (6.73). This shows that 

(m - 17^ + YG^)g Y G L 1 (R+, D), Y e W, \Y\ < n. 

Since 

9y= ^ Fy ^ t y^ Y en '' 

Y!,Y 2 

it follows from Lemma 6.3 and inequality (6.66a) that 

\\(6(t)f /2 a + Mt)) k/2 9Y(t)\\ L ~ (6-74) 
KCwil + t)- 1 Yl W L \\r» JI(*(*)) 3/2 (l + Ai(t)) fc/2 r z (t)|| L co, 

' "1+3 

zeii' 

ni + \Z\ = \Y\ 

Y G IT, \Y\ < n — 3, where C\y\ depends only on p. This inequality and the definition of 
R°° in Theorem 5.8 prove statement ii) of the lemma. According to inequality (6.49b) and 
the definition of we obtain that 

p?((W /2 (l + MO)* /2 0(*)) (6-75) 

< (1 + t)" 1/2 £ C ^\z\ W L Wt™ ll(*(*)) 3/2 (l + Mt)) k/2 r z (t)\\ L ™, < j < n, 
ze~n' 

ni + \Z\<j 

where C nijTl2 depends only on p. This inequality proves statement iii) of the lemma and 
it also proves that Hfly^)!^ — > 0, when t — > oo for Y G IT', |Y| < n. 

To prove statement iv) of the lemma we shall use statement i) of Proposition 5.16, with 
to = oo,a^ = L^jp' = 0, 1/2 < p < 1,7/ G]l/2,p[ and £ = 1/2. It follows from inequality 
(6.41a) and from definitions (5.115a) and (5.115b) of S p > j that (A Y ,A PoY ) G C°(R+,M 1 ) 
for Y G IT, \Y\ < n. Since, <9 M A M = and n > 2, the hypothesis on A in Proposition 5.16 
are satisfied. Due to the hypothesis on r and since L G , the hypothesis of statement i) 
of Proposition 5.16 are satisfied. To use the estimate of in that statement for 

< / < 7i, we first estimate 6?(t) and r J M (oo, £), which we denote by r^ 1 {t). Here r^(oo, i) 

is defined in (5.186) and the sequel. Definitions (6.32b) and (6.32c) of || • \\ tM show that, 

j 

M 

rf(t) < (l + t)- 3/2+p C||L||^ M , j > 0, (6.76) 
where C depends only on p. It follows from inequality (6.38c) that 

6f{t)< sup((l + C lX (3) )||(^)) 3/2 r y ( S )|| LO o) (6.77) 

Yen' s ^ 

\Y\<j + l 

+ £ sup(||(5( S )) 3 -"((7 7 ^+m)r y )( S )|| Loo ) 

yen' s ^ 
l^l<i 



if L G J^f , then 



<C"(l + X (3) )sup Wj+1 ( S ), j>0, 



s>0 
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where C\ and C depend only on p and ||w|| p p • Inequalities (6.76) and (6.77) and the 

NO 

estimate in statement i) of Proposition 5.16 give that 

P&(/(*)) < (l + X (3) )(l + *)- 3/2+p (c (j) ||L|| M supK( S )) (6.78) 

v ' s>t 



+ c t E II^II^msupK 2+1 ( s ))), o</< 



n, 



ni+n 2 =l S — * 

m<l-l 

where and Ci depend only on p and ||u|| FP , and C^> = for 1 < j < n. This proves 
the proposition. 

We shall prove a result, analog to Lemma 6.5, for the case where g = 7 M (L M — 
<V?(L))$, L e and $ e 

Lemma 6.6. Let 1/2 < p < 1, n > 5, K e , L E , $6^ and let 

ir«(<M) = E ll^) 3/2 (i + Ai(t)) fc/2 ^y(t)IL-o, 

yen' 
fe+|y|<z 

«,(<M) = iW<M + E ll tf (*) 3_p (l + Ai(t)) fe/2 (Cf (i7 M ^ + ™ -7 m Gm)*)(*)IL«, 

yen' 

A;+|y|<Z 

t/ /)fc ($, t) = P p +1 ((i + x 1 (t)) k / 2 m) + pP ((i + A (t)) 1/2 (i + \i(t)) k / 2 m) + uiA^ t), 

U ltk ($, t) = p?(8{tf/ 2 -P{l + Ai(t)) fc / 2 ((i 7 "^ + m - 7 "G /1 )$)(*)) 
and 

U t (*,t)= E £M<M- 

T/ien; 

i) ^(*)<(i+*)- 3/2+p te E a + Nk, +1 ) 

mm(\\L\\^MU n3 ($,t),\\L\\rM + U n3 ($,t)) 
+ Q E min(||K||^||L||^ M «„,(*,*), 

ni+Tj 2 +n 3 =i 

II^II^m ||L||^ Wn3 ($,t),||K||^ ||L||^ £/ n3 (<M)), 0</, 

ii) ^°°W<(l + *)" 1 C/ E II L H^ #n 2 (<M, 0</, 
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iii) p? (5(t)(l + X 1 (t)) k / 2 g(t)) < C niin2 min(||L||^^„ 2+ fc + i(^,*), 

n 1 +n 2 =l 

\\L\\ t m p^({\ + \ x {t)) k l 2 *{t)% 0<l, 

"1+3 

iv) V? (/(f)) + (1 + f)p? < (1 + t)" 3/2+p 

C ni , n2 min (II^IIjtm ll^ll^ 2 » ll L ll^ SU P (C 1 + s) 3/2 " p ^n 2 ($, s))) 

ni+n2=/ S — * 

and 

P&(/(0)<(l + *)- 3/2+p E ^^sup 

min (\\L\\^ M (u n2 ($, s) + (1 + s) 3/2 -"tf n2+ i($, s)), ||L||^ M (||$||^m + tf na , ($, s))), 

71 1 71-1+3 T12 + 1 

/ > 0, 1 < i < /. ffere C ; , = Co,/ = = = C, C ni) „ 2 , C' nun2 depend only on p 

and C[ depends only on p and \\u\\ EP . 

JVq 

Proof. Since 

where F M = L M - d^(L), (t¥ F )» = f y^ and since 8(t) < C(l + Ai(£) + t) where C is 
independent of t, it follows that 

\\6(W + Mt)) k/2 9Y(t)\\D 

<CJ2 Y mm (\\S(t)F Yl (t)\\ Loo \\(l + M{t)) k ' 2 <S> Y2 {t)\\ D , 

Y U Y2 

(l + t) 1 / 2 \\S(t)- 1 F Yi m^H lY2l+k+1 (^,t)), 

where C is independent of t > 0, Y e II', L and $. Inequality (6.49b), Lemma 6.3 and 
inequality (6.66a) then give that 

P P(S(t)(l + X 1 (t)) k ^{ 9 (t)) 

< V C ni , n2 min(||L||^ M p^((l + X 1 (t)) k / 2 m)A\L\\^MH n2+k+1 (^,t)), 

ni+n,2=/ 

where C/ 5 o = Co,/ = C and C nijn2 depends only on p. This proves statement iii) of the 
lemma. Statement iv) follows from statement iii) and the definition of the spaces Tf and 
by using (5.7b') when i > 1. Statement ii) follows as in the proof of Lemma 6.5. To prove 
statement i) let g = («7 M <9 M + m — 7 M G At )<I> and g Y = £y 9y = (2m) _1 £y (m — i^d^ + 
-y^G^g, for Y £ IT. It follows from equality (6.67) that 

g' Y = (2m)" 1 (l u F YlV g Y2 -2iF$d^ Y2 +i(d^)<$> Y2 

Y U Y 2 

+ 7TI- 1 G Yl ^$ Ys , Yen', 

Y U Y 2 ,Y 3 
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where = —d^i^L). We denote S , y lj y 2 the terms of the first sum and Ty 1 ,y 2 ,y z the terms 
of the second sum of this expression. It follows by the same argument as in the proof of 
Lemma 6.5 led from (6.68) to (6.73) that 

and that 

\\5(t)(l + \ 1 (t)) k / 2 T YuY2 , Y3 (t)\\ D 

+ (1 + t)~ 1 b\ Y \ min (\\K\\ vM \L\ tM ,\K\ tM \L\ tM )H\ Y \ +k (G>, t), 

I v x | 1*2 1+3 I 111 +3 1*2 I 

where a,\ Y \ an d b^ Y \ depend only on p and b'^ Y \ depends only on p and ||tt|| S P • Thus, 

to prove statement i) of the lemma we only have to show that the last argument of the 
minima functions in the estimate of R[ in statement i) majorizes S YljY2 an d Ty 1 ,y 2 ,y 3 - It 
follows from inequality (5.7d) and equality (5.133) that 

\\m£+*m h,2 KA*r&)\\D 

<c Yl ( E W F z(t)h~) ((l + A^))*/ 2 ^*)) 
l^l<ini 

and it then follows that 

\\S(t)(l + X 1 (t)) k ^S YliYa \\ D 

< C Y (\\S(t)F Yl (t) \\ LOB || (1 + A x (t)) k / 2 g Y2 (t) \\ D 

+ E \\Mm L ~P°Y 2l+ i((i+Mt)) k/2 m) 

zeii' 

\Z\<\Yi\ 

+ (\\5(t)(l + Mt))- 1/2 d,B Yi (t)\\ L ^ + E H*(*)(l + Mt)r 1/2 d,L Yl „(t)\\ Loo ) 

p^ 2| ((l + A (t)) 1 / 2 (l + A 1 (t)) fc / 2 $(t))), 

where Ao is given in Theorem 5.5. It now follows from inequalities (5.33), (6.66a), (6.66b) 
and from Lemma 6.3 that 

\\5{t){l + M{t)) k ' 2 S YuY2 {t)\\ D 

<C m hL\\r» m + Mt)) k/2 9 Y2 (t)\\D 

V 1*1 I +3 

+ (i +t)- i iiL|| m i pfy 2 , +1 ((i + \i(t)) k / 2 m) 

I M. I H~3 

+ (1 + t)- 3 / 2 +lL||^M ((1 + A (t)) 1/2 (1 + Ai(£)) fc/2 <E>(£))^. 
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This gives that 

I Yl I +4 

where CWi depends only on p. Proceeding as in the proof of Lemma 6.5, we obtain that 



\\5(t)(l + Mt)) k/2 T Yl ,Y 2 ,Y 3 (t)\\ 



D 



<cf yil N B , , , \\s(tr- i / 2 (i + x 1 (t)) k ^F Y2 m Y3 (t)\\D 

+ C\\K\ \ -pM \\F Ya (t)\\ Lao pf Yal ((l + \i(t)) k/2 G>(t)) . 
Lemma 6.3 and inequality (6.66a) then give, changing constants, that 

< (1 + t)- 3 / 2+p (CL , \\u\\ EP + C(l + t)- p+1 / 2 \\K\\ TM ) 

{{i+x 1 {t)) k ' 2 m), 

Y 2 l+ J 

where Cjy-ji depends only on p and ||w|| s p and C depends only on p. This proves state- 
ment i) of the lemma and therefore the lemma. 

We now return to the study of the map Af introduced after equation (6.33). 

Proposition 6.7. // 1/2 < p < 1 and n > 50, then Af is a map from E°? x to , 



and 



\\M(u,K)\\p M < C n \\u\\ EP (H^p m + \\ k \\fm) 



for u G E^p,K,K^\K^ G , where C n depends only on p, \\u\\ E p and \\K\Ij-m, 

and C depends only on p^uW^p and \\K^\\ TM ,i = 1,2. 

£/ JV +n+2 " 

Proof. Let u G E^,K G ,L G , A = A* + K and let G M = ^4 M - <9 M tf(A) for 
< < 3. 

We first consider the equation 

(z 7 ^ + m - = 7 ^(L M - (<V?(L)))r, (6.79) 

with unknown \1> G -T 7 ,^, where r = (D^ <f>*)(u] v±, . . . , Vj) for some j > and ui, . . . , G 
-E 1 ^ • (For this proof we only need the case j = and we consider j > only to prepare 
later proofs). It follows from Proposition 6.2 that 

Hi(r,t) <Ci J (R J N l (v 1 ,...,v j ) + \\u\\ EP IKH^p • • • K'H^p ), (6.80) 
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E 



p ■ 

N 



I > 0, where Hi(r,t) is defined in Lemma 6.5 and Cij depends only on p and \\u\ 
Equations (6.2a) and substitution (6.30) give that 

(z 7 ^ M + m)0* = 7 M (^, M + BlJf. 

Derivation of this equation j times in u, inequality (5. If 6c), Proposition 6.2 and the 
convexity property of the seminorms || • \\ E p in Corollary 2.6 show together with inequality 

(6.80) that 

u t (t) < c i,j( Rj N ,i+i( v iT--i v j) + IHI^ o+i+1 IHI^ o •••II u jII^ )' ( 6 - 81 ) 

/ > 0, where u t (t) is defined in Lemma 6.5 and where Cij depends only on p and ||w|| b p • 

Nq 

It follows from Proposition 6.2 that 

E pf((l + A!(t))*/ 2 r(t)) (6.82) 



i+k<l 



<Cij(R? N l (vi,...,Vj) + \\u\\ E P \\vi\\ e p ■■■\\vi\\ e p ), 



I > 0, where Cij depends only on p and IMI^p . According to inequalities (6.80), (6.81) 

Nq 

and (6.82), the hypotheses of Lemma 6.5 are satisfied, and it follows from this lemma that, 
if g = 7 "(L /1 - <V(L)), g Y = $g for Y G IT, then g Y G C°(R+,D), \\g Y (t)\\ D -> when 
t -> oo and (m - z7 M d M + ^G^)g Y G L 1 (M+, D) for Y G IT, |Y| < n. Statement i)-iv) of 
Lemma 6.5 and the convexity property of the seminorms II ■ II pP give, with the notation 



J N 



T Nn I ~ R Nn l( Vl l • ■ ■ ' V j) II' U IIe p 11^1 lls p ' ' ' W V 3 We p ' 

that 

^(t)<(l + t)- 3/2+p ^j( E <,» 1+ 2l|iH^ a ( 6 - 83a ) 

n 1 +n 2 =l 

+ E r N ,n 1+ i(II^II^M +3 ll L II^M + ||L||^m J|K||^m)), 0</<n, 



"2+3 "3 "2+3 

n 2 <n 3 



flr(*)<(l + *) _1 aj E r^o.mll^ll^^ ,» 0</<n-3, (6.83b) 



"2+3 

ni+ri2—l 



tfiil + XW^git)) (6.83c) 
^(l + t)- 1 ^- E 0<Z<n,/c>0, 



ni+n 2 =l 
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and 

P?(/(*)) < (l + t)- 3/2+ ^(l + X (3) ) (6.83d) 

(^0,2 II -^H^ + C hj ^2 T A r o,n 1 +2ll- £ 'll^)' < / < n, 

n 2 <l-l 

where Cj,Cij and C/,fe,j depend only on p and ||w|| s p • This proves that the hypothesis 

Nq 

of Proposition 6.4 are satisfied and therefore we can conclude that equation (6.79) has a 
unique solution \1/ e ', satisfying the inequalities of statement i)-iv) of Proposition 6.4. 
Proposition 6.2 shows that A* M e ^ M for / > 0. Let K^\K^ e and let 
G ^ be the solution of equation (6.79) when L = + A* M , K = if « and r = <f>* , 
i.e. the solution of equation (6.31b) with K = K^ l \ According to expression (6.33) let 

K'£\t) = - \V\- 1 sin{\V\{t-s)){$ {i) 1 ^ + +Tl^){s)ds, (6.84) 

for < n < 3, t > 0, i = 1, 2. It follows from equation (6.2a), with 0i = 0*, from equation 
(6.79) and from expression (6.84) that d^K'^ = 0. It follows from expression (6.84) that 

(K Y 1} - K$ 2 \{t) (6.85) 

/oo 
iVl^sindVKt-s)) 



for yell'. Using the notation 



fr«(<M) = II(W /2 (1 + M0)* /2 M0IIl~, (6.86) 



Yen' 

fc+|Y|<Z 



for / > 0, N Y = K'^ - K y 2 \n y = N Po y, equality (6.85) gives that 

(1 + tf- p pf m)Mt)) + (1 + tf~ P pf (N(t),N(t)) (6.87) 
< sup ((1 + S ) 3 / 2 -'(c(tf (* (1) , s) + H (& 2 \ s) + H (P, s))pP ($ (1) (s) - $< 2 >( S )) 

+ C(pf ($W(«)) + p?(& 2 \s)))H (^ _ j s) 

+ Q J2 s) + H ni (& 2 \ s))p£(d>W( S ) - & 2 \s)) 



ni+n 2 =l 
ni <ri2 <i — 1 



+ C« £ H ni (cf>*,s)p^ 1 \s)-^ 2 \s)))), 0<l<n,t>0, 



ni+n 2 =Z 
n 2 <£-l 
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where C and C\ are independent of t, <j>* and $W. Using that there are two positive real 
numbers C and C such that (S(t))(x) < C(l + t+ (Ai(t))(x)) < C"(8(t))(x) and that 
(S(t))(x) = 1 + 1 + \x\ we obtain by Holder inequality and with a new constant: 

(l+ty-^immhm^ (e.ss) 



1/3 



<(i+t) i -^\\f 1 (t)\\L4mf2(t)\\^ 

< (i -h*) 3/2 -^ciiyi(*)ii^ii/ 2 (*)iii / 2 3 ii(^(*)) 3/2 (i -h A 1 (*)) 3 / 2 / 2 (t)n 

< (i + O^-^ciiACOH^di/aC*)!!^ + ||(tf(t)) 3 / 2 (i + AiCt)) 3 / 2 ^^)!^-). 

This inequality and the fact that DK'^ = $ 7 M <&W + $ 7^0* + 0*7^<I>W give, similarly 
as inequality (6.87) was obtained, that 

£ ((l + ^^ii^niVy^ii^ + a + t) 1 -^!^)^^!!^ (6.89) 



Yen' 
l^l<i 



< sup ((1 + S ) 3 / 2 -^(c(^ 3 ($ (1) , s) + tf 3 (<& (2) , s) + # 3 (0*, s) 
+ C(p? ($«(*)) + pf ($( 2 )(,))) (p?(d>W(s) - *< 2 >( a )) + # 3 (d>« - * (2) , «)) 

+ C, (( H n 1+ S^ {1 \ S) + H ni+3 (& 2 \ S) + # ni+3 (0*, S) 



ni+ri2=l 
ni<ri2<Z — 1 



+ + p£($ (2) (*)) + - $ (2) (*)) 

+ Q ( H n, + s(r,s) + p^(s)))p^ 1 \s)-^\s)))), 



n 1 +n 2 =l 
n 2 <l-l 



< / < n,t > 0, where C and C\ are independent of t,<j>* and <&M. It follows from 
inequalities (6.87) and (6.89) that 

\\K'W - K'^Wrv (6.90) 

< sup (c{H 3 (<p\t) + p°(r(t)) + £ (H 3 (^,t) + P?(<&%)))) - ^\\ TD 
t>o V ^ 

+ C(p fl ($W(t) - $( 2 )(t)) + H a ($W - *P\t)) (||$ (1) ||^ + ||$ (2) ||^) 
+ C« £ ((tf ni+3 (0V) + p£(0*(t)) 



n 1 <n,2<l — 1 



+ ^(if m+3 (^),t) + p^(^)(t))))||$W-$( 2 )||^ 2 

i=l 
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+ (H ni+3 (^ - *< 2 >,f) + - $ (2) W)) (ll$ (1) ll^ + ll$ (2) ll^ )) 

+ Q J2 (^ 1+ 3(0*,t) + pS(0*(t)))||^ (1) -^ (2) ||^J, 0<*<M>0, 

ni+ri2=/ 
n 2 <Z-l 

where C and C; are independent of t, 0* and $^- ) . 

Let us denote by R[(t) (resp. Rf°(t), R 2 {t), pf (f(t))) on the left-hand side of in- 
equality (6.83a) (resp. (6.83b), (6.83c), (6.83d)) by R[{K,L,t) (resp. Rf°(L,t), (pf((l + 
\i(t)) k / 2 g(L,t)), pf(f(K,L,t))) to indicate the dependence of these quantities on K, L G 
JF^. It follows from inequalities (6.83a)-(6.83d), in the case j = 0, that 

sup ((1 + tf' 2 - p {R\{K, L, t) + p?{f{K, L, t)))) (6.91a) 
t>o 

<Ci(l + \\u\\ EP +\\K\\ M )\\u\\ EP \\M\\ M , 

< / < n, where /o is the integer part of 1/2 + 3 and where C\ depends only on p and 
llfxllpp , it follows that 

NO 

sup((l +t)Rf°(L,t)) < Ci\\u\\ e p \\LWrM , 0</<n-3, (6.91b) 
where C\ depends only on p and II nil pP and it follows that 

sup((l + t)p?{(l + \ l (t)) k / 2 g(L,t))) <C hk \\u\\ EP ||L||^, (6.91c) 

t>0 N +l + k I 

< / < n, /c > 0, where C; t depends only on p and ||w|| p p • Introducing also, for 

N (± _ 

the left-hand side of inequalities (6.39a)-(6.39e) the notation Q n (K 7 L,t), Q' n (K 7 L,t), 

Rn\K,L,t), h' n (K, L, no,t) and h'^K, L,t) to stress the dependence on K, L and n , 
it follows from inequalities (6.91a), (6.91b) and (6.91c) that, if n is the integer part of 
n/2 + 5, then 



Q^K^L.t) (6.92a) 

< C,(l + IMU + HJq^ flMU ||L|| M , < / < n - 5, 

(6.92b) 

<Ci(l + ||u|Lp +||K|Um ) 2 ||w|| e p , 0</<n-13, 

mK.L.nQ^ + h'liK.L.t) (6.92c) 

< , ^ + II^II^m + + 11^11^)11^11- IWI^m, < / < n, 



and 



/»f°(^i,no,0<^(|H| B P JWI^ + NIs* ll^ll^) (6.92d) 
(Nl^, , +11^11^ > +||K|| M ), 0</<n, 



232 



FLATO SIMON TAFLIN 



where C\ depends only on p and ||w|| p p , where C[ depends only on p, and 

\\K\\ tM , and where hf° is defined in statement ii) of Proposition 6.4. In deducing (6.92c) 

we have used that n — no < uq — 9. It follows from statements ii) and iii) of Proposition 
6.4 and from inequalities (6.91a), (6.92b) and (6.92d) that, if r = <fi* then the solution of 
equation (6.79) satisfies 

ll^ll td < CnlMI pP \\L\\ TM (6.93a) 

and 

Hi(V,t) < (l+t)- 3 / 2 +^|| u \\jpp Z/ Lj-m , (6.93b) 

^JV +i + 10 -^+9 

< / < n — 13, where C n and C\ depend only on ||it|| p p and H-fCll^M, and where we 

N + n J ~n 

have used that n — n < no — 9. 

It follows from inequalities (6.93a) and (6.93b), with ^ = $W, K = L = 

_|_ anc | £ rom p r0 p OS ition 6.2 that 

< CP\H Ek+ J\ K V + A-||,» (6.94a) 
S C, "" > ll"ll^ 0+ „ +a (ll«ll^, + „ + ll A ' ,,, ll^) 

and that 

Hi(^,t) < (l+t)- 3 / 2+p d l) \\u\\ FP \\K^+A* M \\ TM (6.94b) 

< (l + t)-3/2+P C '«|| w || (|| u || + || K W|| ) 

< / < n - 13, where cf } , C,' W , and C'^ depend only on p, \\u\\ E p and H-fTH^. 

JVg+n n 

Using that n > 32, it follows from inequalities (6.90), (6.94a) and (6.94b) that 

l|jir'(i)-jir'(2)|| <c n \\u\\ EP ||$(i)_$(2)|| (6.95) 
+ C ^K 0+n+2 E (^ +3 ($ (1) -$ (2) ,t) + pf($ (1) (t)-$ (2) (t))), 

i<n/2 

where C n depends only on p, \\u\\ pP and Hif^H TM , i = 1,2. 

N +n+2 

In particular if if ( 2 ) = — A* M then $( 2 ) = and K'^ = 0. If moreover if W = if, 
$ = $W and if' = if'W, then if' = J\f(u,K). It therefore follows from inequalities 
(6.94a), (6.94b) and (6.95) and from Proposition 6.2 that 

\\Af( U ,K)\\ rM < C n \\u\\ No+n+3 (\\u\\ E p + \\K\\ rM ), (6.96) 
where C n depends only on p, \\u\\ „ P and \\K \\ TM . This proves that Af is a map from 

JV +n+2 •'"n 

x to 
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To estimate II (E^ 1 - 1 — $( 2 )|| TDl we note that according to the definition of it follows 

•'n 

from equation (6.79) that 

(17"^ + m - 7 m (A; + - d^{A* + K&))) - (6.97) 
= Y{K^ - - d^(K^ - K^))(<p* + $( 2 )), 

where $W G if (i) e for % = 1 and i = 2. Let A be the unique solution in T% of 
the equation 

(17^ + m- 7 ^(A* + ifW - d^(A* + K^)))A (6.98) 
= 7"W ) -< ) -W (1) -^ 2) ))f. 

According to inequalities (6.93a) and (6.93b) we obtain that 

\\A\\ T n <C n \\u\\ FP -K (2) ||^m (6.99a) 

•'n - C 'iV +ri + 2 "•'n 

and 

#/(A,t) < {l + t)-^ 2+p Ci\\u\\ EP Hi^a) _ i^C^H (6.99b) 

< / < n — 13, where Cj depends only on p, and ||.ff ^ II t-m • We next prove that 

the equation 



(i^d^ + m- 7^(A; + - d^(A* + K^)))A' (6.100) 
= - - <V(K« - K( 2 )))$( 2 ) 



has a unique solution A' eF£. To do this we first use Lemma 6.6. Let 

l (& 2 \t)=H l (& 2 \t)+ Yl ll(^)) 3 - p (l + Ai(t)) fe/2 ((m + z 7 ^)4 2) )(t)|| j 



Since 



yen' 

k+\Y\<l+l 



(i^d^ + m)^ = 7^ (A* - d^(A* + K^))^ 

+ 7 M (i^ 2) + a; m - d^(K ( V + A* M ))</>*, 

it follows from inequalities (5.116c), (6.38a), from Lemma 6.3 and from inequality (6.66a) 
that 

Ul (& 2 \t) < H t (^ 2 \t) + a(|M| sr+4 + \\K^\\ Tr+ )H l+1 (^ 2 \t) 
+ (l + t) 1 / 2 -^||K( 2 )+A* M ||^ M H l+1 (<j>*,t), 
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where Ci depends only on p and II it II „ P .It then follows from Proposition 6.2 and inequality 

N 



(6.94b) that 



«z($ (2) ,t) < 0- + t)- 3/2+p C' l \\u\\ E r f + l+ J|K (2) + A* m ||^m +( (6.101a) 
+ (l + t)( 1 /2-P) C .|| u || || K (2) + A* M ||^. M , 0<l<n-U, 

where C\ depends only on p and ||w|| p p and Cj depends only on p, \\u\\„ P and 

N N +n 

|| TM . Proposition 6.2, inequality (6.101a) and the inequality — 3/2 + p < 1/2 — p give 

that 

u,(*< 2 >,*) < (1 +*) 1/2 -^ll«ll E . (i+ , +11 (ll«ll E . o+ , +10 + (6-lOlb) 
for < / < n — 14, where Ci depends only on p, \\u\\ pP and H-K^H TM . This inequality 

N + n n 

and inequality (6.94b) show that the hypothesis of Lemma 6.6 are satisfied for p\ = n — 14, 
P2 = n — 13, since n/2 < p2- We can therefore conclude that g Y G C°(R + , D) flL 1 (]R + , D), 
Y G IT 7 , \Y\ < n, where g is given by the right-hand side of equation (6.100), and by using 
(6.94a) and (6.94b) that 

R[{t) < (l + t)- 3 / 2+ ^|MU \\K^-K^\\ TM (6.102a) 

Nq 4- I + 1 1 ^ n — 14 



for < / < n - 14, 



Rr(t) < (l + ty^QlM^^jK^ -^ ( %m, (6.102b) 



for < / < n - 13, 

pPftl + AiCt))*/^^)) < (l + tr^QWuW^ \\K^-K^\\ M , (6.102c) 

J > ~r ~r ~r ^ 

for < / + k < n — 13 and if Iq is the integer part of 1/2 + 3 then 

P?(/(t)) + (l+f)P?(s(f)) (6.102d) 

< (i + r 3 ^|M ko+i J|^>-^>||,„ + Hl^ll^-J^ll,-). 

for < / < n, where C\ depends only on p, ||u|| pP and 1 1 C 2 ) || . L e ^ Uq th e integer 

N + N n 

part of n/2 + 5. Since no < n — 14 for n > 38 and since (1 + Xo(t))(x) < C(l + 1), with 
C independent of t G G M 3 , if follows from inequalities (6.102a)-(6.102d) that the 

hypotheses of Proposition 6.4 applied to equation (6.100) are satisfied, which proves that 
A' G ■ Moreover statements ii) and iii) of Proposition 6.4 and inequalities (6.102a)- 
(6.102d) show that 

IIA'II^ < CUM I** -K {2) \\ TM (6.103a) 
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and that 

Hi(A',t) < (l+t)- 3 / 2+p Ci\\u\\ EP -K^W^m, (6.103b) 

< I < n — 22, where Ci and C n depend only on p, \\u\\ pP and ll-K^II TM , % = 1, 2. Since 

A G JF^ and A' G satisfy respectively equations (6.98) and (6.100), it follows that 
the unique solution in T n of equation (6.97) is given by — &( 2 ^ = A + A'. Inequalities 
(6.99a), (6.99b), (6.103a) and (6.103b) give that 

||$(i)_$(2)|i < C i| u |i \\K^-K^\\ TM (6.104a) 

and that 

Hl (^-& 2 \t) < (l + t)- 3 / 2+p C n \\u\\ EP \\K^-K^\\^ M , (6.104b) 

N + n n 

< / < n — 22, where C n depends only on p, ||w|| p p and \\K^ \\ TM , i = 1,2. Since 

n/2 + 3 < n — 22 for n > 50, the inequality of the proposition follows from inequalities 
(6.95), (6.104a) and (6.104b). This proves the proposition. 

We are now ready to prove the existence of solutions (K, $) of equations (6.31a), 
(6.31b) and (6.31c). We recall that </>*, A* and A* M are functions of u G E^. 

Corollary 6.8. Let n G N, e g]0, oof, p G]l/2, 1[ and let O n+ s (resp. Q n ) be the open ball 
with center at the origin and radius e (resp.2e) in E^+ 3 (resp. T n ). Let Oqo = ^n+3^E^ . 
Ifn > 50, then there exists e such that equations (6.31a), (6.31b) and (6.31c) have a unique 
solution (K, $) G Q n for each u G Ooo- This solution satisfies 



and 



ll(*.*)llr.<c.Nli, 



(1 + «) 3 ' 2 -"ff„_ 13 (*, t) + (1 + «)"- 1/2 M„_ I4 (*, f) < C„||U» 2 



E p 



for t > 0, where C n depends only on p and e, and where Hj(3>,t) and Uj(3>,t) are as in 
Lemma 6.6. 

Proof. Let n > 50 and let Q^f be the closed ball with center at the origin and of radius e in 
J~n • Let C be an upper bound of the two constants C n and C' n in Proposition 6.7 and the 
two constants C4 (1) and C'^ 2) in inequality (6.94a), for all «60 m and K, G . 

If u G Ooo, then it follows from Proposition 6.7 that K \— > J\f(u, K) is a contraction mapping 
from Q^f into if Ce < 1 and 2e 2 C < e. Since C is bounded for e belonging to a fixed 
bounded interval we can choose e such that Ce < 1/2. It then follows that e satisfies 
the above two inequalities. This proves that, for such e the equation K = J\f(u, K) has a 
unique solution K G Q 1 ^ for each u G Ooo and, according to the first of the inequalities 
in Proposition 6.7, that ||.K1| TM < i(||tt|| p/ 9 + ||.K1| )• This shows that ||.K1| TM < 

\\u\\ F p , which introduced into the first inequality of Proposition 6.7 gives that 

N Q +n 

\\K\\ TM <2C\\u\\ 2 P <e (6.105a) 
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It follows from inequality (6.94a) and from the fact that HXH^m < IMIf? that the 
unique solution $ G °f equation (6.31a) satisfies 



N +n 



\\®\\rB < C\\u\\ e p (\\u\\ EP + \\K\U M ) (6.105b) 
< 2C||w|| 2 pp < e. 

JV +n + 2 

(K, <E>) G Qn, since inequalities (6.105a) and (6.105b) shows that 

IK*,*)!!*, < 2v^C||«|||p o+b+8 < V2e < 2e, 

which also gives the first inequality of the corollary. The second inequality of the corollary 
follows from inequalities (6.94b), with $ and K instead of <&M an d and (6.101b), 

with <E> and K instead of $( 2 ) and K^ 2 \ This proves the corollary, since equation (6.31c) 
is satisfied, by the definition of the space J- n . 

According to Corollary 6.8, v(u) = (K, $) defines a mapping v: O^o — > Q$o C JF 50 
into solutions of equations (6.31a), (6.31b) and (6.31c). In the next theorem we give 
supplementary differentiability properties of this map. 

Theorem 6.9. Let 1/2 < p < 1, L = N + 53, let Ol (resp. Q$o) be the open ball with 
center at the origin and radius e (resp. 2e) in E^f^resp.J 7 ^), let Ooo = E^§ fl Ol and 
let Qoo = (n n >o^ n ) nQso- If e > is sufficiently small, then equations (6.31a), (6.31b) 
and (6.31c) have a unique solution (K,3>) = v(u) G Qso for each u G O^, the image of 
the map v: Oqo — > Q50 is a subset of Qoo, the map v: Ooo — > Qoo is C°° and if moreover 
= (D l v)(u; u t ),l > 0,n > 0,u G O^, u lt . . . , u, G then: 

i) ||^ (0 ||^m < C n ,iK L , No+3+n+ i(u 1 ,...,u l ) + C' n JuW^ > IMU ■■■h l \\ EP , 



where C Ui i and C' n l depend only on p and \\u\\ EP , where C n j < C n \\u\\ EP for < / < 3 
and C' nl < CnWuW 2 ^ 1 for < I < 2, with C n depending only on p and \\u\\ EP and where 



a = and 



'R'ij{u 1 , ...,U t ) — ^2 \\ u l\\ E" " ' E" \\ u q\\ E p \\ u q+\\\ E p ' " \\ U l II E p > 

l<q<l 

for ij > 0, 

ii) II^^H^d < C ni iR Lo N +3+n+l( u D • • • i u l) + C'n, i\\ u \\e p \\ u l\\ e p "'\\ U i\\e p ' 

n N +3+n + l Lg L () 

where C n j and C' nl depend only on p and \\u\\ e p , and where C Uy i < C n ||it||^> for < 
I < 2, and C' n < CVJitH^p with C n depending only on p and \\u\\ EP , 

L o L o 



in) su P ((i+t) 3 / 2 ^ Yl \\m) 3/2 (i+Mt) k/2 ^y\t)i 



yen' 

k+\Y\<n 
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+ (1 + ty- 1 ' 2 Yl ll(*(*)) 3_p (l + Ai(t)) fc/2 (m + i>fdp - rG^\t)\\ L „) 
Yen' 

k+\Y\<n 

< C Uj iK L N+3+n+l+l3 (u 1 , . . . ,u L ) + C' nl \\u\\ E p \\ u i\\ep '"IKIIs? > 

JVQ + 16+n+i Lq Lq 

where C Ut i and C' n L are as in statement ii), 

iv) sup((l + t) 3 / 2 -' Yl Pf((l + Ai(t)) fc/2 $ (0 W)) 

— j+k<n 

< C nj i7l L N +3+n+z (w 1 , . . . , ui) + C' n i\\u\\ e p .Jkillsf ' ' ' IKIls? > 

JV +3 + Tl + ! Lq Lq 

where C n j and C' n l are as in statement ii). 

Proof. According to Corollary 6.8, with n = 50, there exists e > such that equations 
(6.31a), (6.31b) and (6.31c) have a unique solution (K, $) e Q50 for each it e Ooo- This 
establishes the existence of the map v: — > Q50 where i;(it) = (if, $). 

We shall estimate the solution $ of equation (6.31a) by using Proposition 6.4. To do 
this we use the results (6.83a)-(6.83d), with L = K + A* M and j = 0, wich were obtained 
from Lemma 6.5 for the equation (6.79). This gives with g = ^(K+A* M -d^(K+A* M )): 

R[{t) < (1 + t)- 3/2+p C l \\u\\ EP \\u\\ e p , 0</< 50, (6.106a) 
RF(t) < (1 + t)- 1 C l \\u\\ 2 E p \\u\\ e p , 0</< 47, (6.106b) 

Lq Nq+1 

^((l+A^))*/ 2 ^)) (6.106c) 
< (1 + t) _1 C ; fcllullpp llullpp , 0</<50,/c>0, 

& L & JV +i + fc 

pP(/(*)) < (l + *)- 3/2+ "C? i ||«|||,p \\u\\ e p , 0</< 50, (6.106d) 

L Nq + 1+2 



and 



where Ci and C^fc depend only on p and ||w|| s p and where fy,Y G IT', is given by 

L o 

(5.111b) in the context of equation (6.31a). It follows from inequalities (6.39a)-(6.39e) 
and (6.106a)-(6.106b) that in the context of equation (6.31a): 

Qi(t) < Ci\\u\\ 2 p \\u\\ F p , for < / < 45, (6.107a) 

& L ^N +l + l 



R\ \t) <Ci\\u\\ 2 e p \\u\\ e p , for0</< 45, (6.107b) 

L Nq+1 + 10 



>( 1 h+\ <- r»,iu,i|2 

h'i(jo,t) < Q\\u\\ e p \\u\\ e p , for 19 < .7 < 51, (6.107c) 

L JVq+jq + 1 

jo + 1 < I < j, where j is the integer part of j/2 + 5, 

h'{{t) <Ci\\u\\% P \\u\\ EP , for0</< 50, (6.107d) 

Lq JVq+11 
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and 

hr{j ,t)<Ci\\uf EP \\u\\ e p , for j + l</<min(50,j), (6.107e) 

L o N 0+ l 

19 < j < 51. Here C\ is a constant depending only on p and IM!^ . It follows from 

statement i) of Proposition 6.4 and inequality (6.107a), for < / < 45, from statement ii) 
of Proposition 6.4 and inequality (6.107e) with j = 50, for 46 < / < 50 that 

\\®\\ T n < Ci\\u\\ 2 e p \\u\\ e p , < / < 50, (6.108a) 

l Lq JVq+! + 2 

where C\ depends only on p and . Statement iii) of Proposition 6.4 and inequality 

(6.107b) show that 







ir«(<M)= £ ll(^)) 3/2 (l + A 1 (t)) fc / 2 $ y (t)|| Loo (6.108b) 
Yen' 

\Y\+k<l 

< (l + t)- 3 / 2+p Ci\\u\\ 2 FP \\u\\ p p , 0</<37, 
where C\ depends only on p and ||u|| s p . Equation (6.31b) and inequality (6.90), (with 

K (2) = _ A *M 5 $ (2) = R (l) = R ^ $ (1) ° = ^ R ,{2) = R ,(l) = R ^ giye that 



\k\\ m<c iS u P ( {H ni ^t)+pS 1 m)))\\n r n 

1 t>0 v , , ™ 2 

— n 1 +n 2 =l 

n 1 <n 2 

£ {H ni+ 3(<p\t) + P ^(r(t)))\\n^ 2 ), o</<5o. 



ni+ri2=/ 

This inequality and inequalities (6.108a) and (6.108b) show that 

\\K\\ t m <Ci\\u\\ e p \\u\\ e p , < / < 50, (6.109) 

l Lg JVq+! + 3 

where C\ depends only on p and ||m|| s p • 

We shall prove, by induction, that the theorem is true for the case of / = 0. Let n > 50 
and suppose that 

P M < Cj II u\\ % P \\u\\t?p , for < j < n (6.110a) 

3 Lo N +j + 3 



and that 



\Q\\<rn < CA\u\\ 2 f p \\u\\ F p , for0<j<n, (6.110b) 

-J LO N +j + 3 



where Cj depends only on p and ||m|| f p . The hypothesis is true for n = 50, according 



^0 

to inequalities (6.108a) and (6.109). The use of Corollary 2.6 and Proposition 6.2 will 
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not be systematically mentionned in the sequel of this proof. It follows from inequalities 
(6.83a)-(6.83d), inequalities (6.106a)-(6.106d) and hypotheses (6.110a) and (6.110b) that 

R'At) < (1 + t)- 3/2+p Cj\\u\\ 2 EP \\u\\ e p , 0<j<n, (6.111a) 

L N +j+3 

R?{t) < (1 + t)~ 1 C j \\u\\ EP \\u\\ EP , 0<j<n-3, (6.111b) 

L N +j+3 

pf((l + X 1 (t)) k / 2 g(t)) < {l + t)- l C^ k \\u\\ EP (6.111c) 



{M^JA^^ + ll«||^ o+J+fl ||«||^ o+ J, < j < n,k > 0, 
pf{f{t))<{l + t)-^C 3 \\u\\% , 0<j<n, (6.111d) 

where Cj and Cj^ depend only on p and ||tt|| s p • It follows from definition (6.37) of x 
and from hypothesis (6.110a) that 







Xk,j<CkJu\\ EP , 0<j + k<n, (6.112) 

where Ckj depends only on p and |M| s p • Using definitions (6.39a)-(6.39d) of Qj, Rj, 

h'j in the context of equation (6.31a), using hypothesis (6.110a) and using inequalities 
(6.107a)-(6.107c), (6.111a)-(6.111d) and (6.112) we obtain that 



Qj(t)<Cj\\u\\ E P ||u||pp , < j < n — 5, (6.113a) 

L N +j+8 

R?~\t) < CjWuWIp \\u\\ eP , 0<j<n-13, (6.113b) 
h'Jjo, t) < Cn\\u\\ wP \\u\\ wP , 50 < j < n + 1, (6.113c) 

where jo is the integer part of j/2 + 5 and where Cj depends only on p and ||u||pp . 

L o 

Statement iii) of Proposition 6.4 and inequalities (6.112) and (6.113b) give that 

Hj($,t) < Cj\\u\\ E P \\u\\ e p , 0<j<n-13, (6.114) 

L o N +ie+j 

where Cj depends only on p and \\u\\ EP . For \Y\ = n + 1,Y G IT', the existence of 

$y G C°(R + ,D) such that sup t>0 ((l+t) 3/2_p ||$y (t) \\ D ) < oo follows from the linear inho- 
mogeneous equation for $y obtained by substitution of the solution K of equation (6.31b) 
into equation (6.31a), from hypotheses (6.110a) and (6.110b) and from the energy esti- 
mates in Theorem 5.1. The existence of $ G F^+i then follows from hypothesis (6.110b). 
To prove that inequality (6.110b) is true also for n + 1, we note that it follows from in- 
equality (6.90), with (K^ = _A* M , $< 2 ) = 0, = K, $W = K'^ = 0, K'W = K), 
hypothesis (6.10b) and inequality (6.114) that 

II-^II-fm < C||w|| pp II^II-td +C n ||w||pp \\u\\ FP , (6.115) 

^n+l JV + 19 + 1 L -^JV +n+4 
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where C and C n depend only on p and . It then follows from inequalities (6.81) 

(with j = 0) and (6.115) and from statement iv) of Proposition 6.5 that 

p£n(/(f)) < (l + 0- 3/2+p (C||«||i,P \my n+1 + C n \\u\\% P \\u\\ EP ) (6.116a) 



and that 



+!,,(/(*)) < (1 + t)- 3 / 2+p C n \\u\\% P \\u\\ EP l<z<n+ 1, (6.116b) 

L N +n+4 



where C and C n depend only on p and ||w|| s p • We also obtain, using (6.39e), (6.113b) 
and (6.115) that 

K +1 {t) < c\\u\\% P \\*\\ TD + C n \\u\\% P NI B j> , (6-117) 

where C and C n depend only on p and • According to the definition of x in 

L o 

Corollary 5.9 if follows that 

(l + t) 1/2 «iW) 2(1 - p) (^(*W)) 2P_1 

< (i + t) 3/2 ~ p (p° ((i + Ht)) 1/2 g(t))) 2{1 ~ p) (Pnm))) 2 *- 1 

< c(i + t) 3/2 - p (p^((i + A (t)) i/2 ^(t)) + p%m))), 

where C depends only on p. Hypothesis (6.110b) and inequality (6.111c) then give that 

a+t^RU^^Pnimr'-^cjuiii. \\ U \\ EP (6.118) 

L iV +n+4 

where C n depends only on p and II it II „ P . We also have 

J2 X5, ni \\®\\rn <C n \\u\\ 3 E r \\u\\ EP , (6.119) 

™2 >J0 + 1 

where jo is the integer part of (n + l)/2 + 5 and where C n depends only on p and lltill pP . 

Statement iv) of Proposition 6.4, inequality (6.113c) with j = n + 1, inequalities (6.116a), 
(6.116b), (6.117), (6.118), (6.119) and the notation 

£„+!,« = sup ((1 + f) 3/2 ""p£- M (*(*))), < % < n + 1, (6.120) 

and C n +i,i = for z > n + 2 give 

4 + i,o (6.121a) 

< C||w|||;p £ n+1 o + C n+ i(^ n+1 ) £ (C n +l l) 1 £ + Cn+1 

L I/ JVq+ti+4 
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and 

f„+i,< < C n+1 (£ n+1 ) e (f n+1 )i+ i) 1_e +C n+ i||w||L ||u|| B p , l<i<ra+l, 

Lq ATq+ti+4 

(6.121b) 

where e' = max(l/2, 2(1 — p)) and C and C n+ i depend only on p and ||it|| E P • We choose 
e > sufficiently small, such that C||it|||,p < 1/2 for u £ O^. With the notation 

L o 

a n+ i = 2C n+ i\\u\\ 2 F , P IHIpp and (3 n +i = 2C n+ i, it follows then from inequalities 

(6.121a) and (6.121b) that 

£ n+M < a n+1 + Pn+l(Zn+lfiY' (Zn+lJ+l) 1 -*' , ° < i < 71 + 1. (6.122) 

Proceeding as in solving the system (5.182c) we obtain that ( n+10 < C' n+1 a n +i, where 
C' n+1 is a polynomial in (3 n +i. This proves that 

ll^ll-jrD < Cn+1 llwll pP llwllpp , (6.123a) 

'n+l io N +n+4 

for some C n+ i depending only on p and ||w|| s p • Inequality (6.115) then gives that 

\\K\\ t m < C n+ i\\u\\ 3 F p \\u\\ fP , (6.123b) 

where C n +i depends only on p and ||u|| „ P . It now follows, by induction, from the hypoth- 

esies (6.110a) and (6.110b) and from inequalities (6.123a) and (6.123b) that inequalities 
(6.110a) and (6.110b) are true for every n G N. This proves statements i) and ii) of the 
theorem for the case of / = 0. It also proves that inequalities (6.111a)-(6.111d), (6.113a), 
(6.113b) and (6.114) are true for every j > and that inequality (6.112) is true for every 
j > 0, k > 0. Statement iii), with / = 0, follows by considering equation (6.31c) and by 
using inequality (6.114). To prove statement iv) of the theorem, for the case of / = 0, 
we note that r i At),i = 0, 1, defined in Theorem 5.5 satisfy r i At) < CjXz^, according to 
inequalities (5.116c) and (6.38c), that Tjy- • defined in (5.89a) satisfies Tjy • < CWjXjv+i j 
according to inequalities (5.138) and (6.41b) and the fact that Fj in Corollary 5.9 satis- 
fies Tj(t) < Cjx^ +1 \ according to inequalities (5.125b) and (6.41b), where Cj and Cnj 
depends only on . This gives, together with Corollary 5.9, if Jq > 3, that 

No 

pf((l + X 1 (t)) k / 2 m) (6-124) 
< C j+k ( 1 + X3, ni )(Pn 2 m)) + Rl-kA*)) 

n 1 +n 2 =j+k 
ni<J 

+ C' j+k Yl (l+X3, ni )X in2) (l+XlO,n 3 ) 

™l+™2+™3+™4=J+ fe 
ni< Jq, n 2 <j + k — 1 

n 3+ n 4<j + k — J()~ 1 

{R' n4+7 (t) + R 2 n4+9 (t) + RZ(t) + pZ+ 8 m))), J > 0, k > 1, 
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where Cj+k depends only on p and an d C'- +k depends only on p and x*- 11 -*. It follows 
from inequalities (6.110b), (6.111a)-(6.111c), (6.112) and (6.124), and from Corollary 2.6 
that 

pf ((1 + Ai(f)) fc ' 2 *(t)) < (l+t)- s / 2 +PC J+k \\u\\ EP (6.125) 

(\\u\\p P \\u\\ pP +||u||pp llwllpp ), 7 > 0, k>l, 

where Cj+k depends only on p and ||it|| S P • This proves statement iv) for / = 0. 

Let / G N. We suppose the induction hypothesis that statements i)-iv) of the theorem 
are true for n > and < I < I, with the exeption of the decrease properties of C n> ; and 
C' n l which we only suppose for I = 0. We have proved that the hypothesis is true for 7 = 
and we shall prove that it is true for < I < I + 1 if it is true for / < 7. Derivation of 
equations (6.31a), (6.31b) and (6.31c) give the following equations for (K"\ in T n : 



iyfd^ + m-^G^^Y^gf, (6.126a) 

i=0 

UK® = J( l) (6.126b) 

and 

di*jW = 0, (6.126c) 
for < / < 7 + 1, where = A* + - d^(A* + K), where 

=Y(K»-d^(K))<p\ (6.127a) 
g$> = 7 M (4° - <V?(K«))(0* + d>), for/ > 1, 

9?= E C^riA^-d^A^))^^, (6.127b) 



i\-\-ii=l 
i 2 <l-l 



(0 
92 



93 



= E C iui2 r{K^-d^{K^))^a h (6.127c) 

il+i 2 =Z 
l<i 2 </-l 

f = E C ilMl »{K^-d^{K^))^a h (6.127d) 

i 1 +i 2 =l 
il</-l 

= E a i) , 2 7 At (A; Mjl -^(A* M ^))^V ; , (6.127 r me) 



(0 

04 



ii+i2=l 



with K l (resp. A*\ 0**, A* Mi ) being equal to the /-linear symmetric map D l K(u) 
(resp. D % &(u) D l A*(u), D l (j)*(u), D l A* M (u)), o l being the normalized symmetrization of 
(%, . . . ,u t ) and Ci lt i 2 being the binomial coefficients and where 

J( J )= E ^.P^r+rT^H^N.^ja, (6.127f) 



i 1 +i 2 =l 
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To prove the existence of a unique solution $(0) e F n ,n > 0, for I = I + 1, of 

the linear inhomogeneous system (6.126a)-(6.126c), we shall use Proposition 6.4. In the 
context of this proposition let Rj(gf\t), (resp. Rj°(gf\t), /■ , • ■ •) denotes Rj(t), (resp. 
Rj°(t), f(t)) in the case of the equation 

(17^ + to - 7"G M )$? ) = <7?\ 0<z<4, / = / + !. (6.128) 



We first study this equation for 1 < z < 4 and for < / < / + 1. To simplify the notation 
we shall write A* n (resp. K %1 , A* Mn ) instead of A* n (u x , . . . , u h ) (resp. K n (u± , . . . , u h ) , 
A* Mil («!,..., u^)) and ^ (resp. $* 2 ) instead of (p* i2 . . . , u,) 

(resp. $* 2 (ti ii+1 , ... where zi + z 2 = /• Let 

7^° } (w) = || u || „ fori, j > (6.129a) 

i 

and 

TZ-jiu; «!, ...,«,) = ^^(Ui, ...,«,)+ HuIIbpIIuiIIbp • • • IKH^, (6.129b) 

i, j > 0,/ > l.If # = 7 M (A* 11 - <9 M tf(A* ll ))$ l2 ,zi + z 2 = /<I+l,z' 2 </-l then it follows 
from inequality (5.116c), Proposition 6.2 and the induction hypothesis (statement iv) with 
/ < I) that 

p? {(S(t)) 3/2 - p (i + Mt)) k/2 g(t)) 

< a + *r 3/2+p c jW 

^2 ^N ( !,N +n 1 + l( u: > u li • • • ^ u i 1 )^ < L ]N +3+n2+k+i 2 ( U: ' • • • > 

ni+n 2 =j 

where Cj+k,i depending only on p, I and • Using Corollary 2.6 it follows that 







P ?((d(t)) 3/2 - p (i + Mt)) k/2 g(t)) (6-130) 
< c J+k j(i + t)- 3/2+p n { ll !No+3+j+k+l (u; u,), n + z 2 = /< 1+1,^2 < / -i, 

where Cj+k,i is as in the last inequality. Applying inequality (6.130) to each term in the 
sum defining g^p we obtain that 

pf((8(t)f/ 2 -^l + X 1 (t)) k / 2 g[ l \t)) (6.131) 
< (1 + t)- 3/2+p C i+fe5 ^ 5iVo+ 3 +i+fe+/ («; «!,...,«,), J > 0, fc > 0, < / < I + 1, 

where Cj+k,l depends only on p and ||w|| b p . If g = 7 M (_ft^ t 1 — d tJ/ '&(K' ll ))$>' 12 , i\ + %i = 
/</ + !, l<z'i</ — 1 then it follows from statement iii) of Lemma 6.6 and from the 
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ni+n 2 =j 



induction hypothesis that 
pf(S(t)(l + X 1 (t)) k / 2 g(t)) 

<(i + t)- 3 / 2+ ?c j+k 

^ min (Tl ( Lo ^ No+3+ni+il (u] -u il )7?.^ 0) ' ) A r 0+ 3 +n2+A , +1+i2+1 3(w; u il+1 , . . . , Uj), 

^•L ,' > Aro+3+ni+3+ii(' U ; u l> • • • > U i 1 )^Lo > ,N +3+n 2 +k+i2 ( U 'i U l» ' ' ' ' ' 

For terms with m + 3 + %\ < j ' + 1 + k we choose the second argument in the minimum and 
use Corollary 2.6 together with N + 6 < min(A + 6 + n\ + ii, No + 3 + n 2 + i 2 + k) < 
max(A + 6 + m + i u N + 3 + n 2 + i 2 + k) <N + S + j + k + l. For terms with 
ri\ + 3 + %\ > j + I + k we choose the first argument in the minimum and use that 
A + n 2 + k + i 2 + 17 < A + 19 < L . This gives that 

pf{5{t){l + X 1 {t)) k ' 2 g{t)) (6.132) 

< (1 + t)- s / 2 +?C j+t ML ,N +3+ j+ k+i(^ %>•••> h k > 0, < I < I + 1. 

Applying inequality (6.132) to each term in the sum defining g% we obtain that 

pf{8{t){l + X 1 {t)) k ' 2 g < i\t)) (6.133) 

< (1 + t)- 3 / 2 +"C, +fe5 ^2 5Aro+3+j+fe+/ («; «!,...,«,), j, fc > 0, < I < I + 1, 

where Cj + k,i depends only on p and ||w|| s p . If g = 7 /i (-ft^ l 1 — d^lK 11 ))^* 12 , z x + z 2 = /, 
zi < / — 1, then using Lemma 6.5 and S(t) < C(l + Xi(t) + 1) we obtain that 

pf > (5(t)(l + X 1 (t)) k / 2 g(t))<C J ll^ll^^+fc+i^** 2 ,*), (6.134) 

n-i+n 2 =j 

where Cj depends only on p. The induction hypothesis and Proposition 6.2 give that 
pf{8{t){l + X 1 {t)) k / 2 g{t)) (6.135) 

< Cj+k,l ^2 ^I,o,JVo+3+ni+ii( u ; w l' • • • > "iJ^ATo^o+na+fc+lC^ ' ' ' ' W z) 

< (1 + t)- 3 / 2 +^ +fci ^; i)Aro+ 3 +J+fc+z ( W ; «!,...,«,), j, fc > 0, < I < I + 1. 

Applying inequality (6.135) to each term in the sum defining g 3 we obtain that 

p?{5(t)(l + Mt)) k/2 9i l \t)) (6.136) 
< C j+k ,iKl 0jNo+3+j+k+l {u; Ul , . . . ,u,), j, fc > 0,0 < / < 1+ 1, 
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where Cj +k ,l depends only on p and • Using also inequality (6.134) in the case of 

L o 

we obtain from inequalities (6.131), (6.133) and (6.136) that 



E pf(W)f /2 - p (± + Mt)) k/2 9? (* )) (6-137) 
< (1 + t)- p+1/2 C j+fe ,«^£,Ar 0+ 3+ J+ fe+/(«; u 1 ,...,u l ), j, k > 0, < I < 7 + 1, 



where Cj +k ,i depends only on p and ||w|| s p • Similarly, it follows from statement iii) of 
Lemma 6.5 and statement iii) of Lemma 6.6 that 

tf(6m + W)) k/2 9$\t)) (6-138) 
< C j+kjl TZ { L 0jNo+3+j+k+l (u; Ul ,..., Ul ), j, k > 0, < I < I, 

where Cj+ k ,l depends only on p and • To estimate R'Jg[ l \ t), where R'j is defined in 

Theorem 5.8, let g = 7 /x (a M — <9 M $(a))r and <9 M a M = 0. Changing the notation in inequality 
(6.68) we obtain with g' = (2m) _1 (m — Z7 M <9 M + 7 At G At )#, F^ = — <9 M $(a): 

g' Y = (2m)" 1 (YF Yl ^ 2 ((m + i-fd^ - -fGJv) (6.139) 

Y U Y 2 

-2iF^r Y2 +i(d^ i )r Y2 

- J(7Y-7V)((^,) - (<W lM ))ry 2 ) 

+ TU- 1 G Yl »F£ 2 r Y3 , YeW,k>0. 

Y!,Y 2 ,Y S 

Taking weighted supremum norms of Fz and using inequalities (5.7d) and (5.116c), the 
facts that A = A* + K and y^F^y) = 0, Lemma 6.3 and inequalities (6.49b) and (6.66a) 
we obtain that 

mt)0- + Ht)) k/2 Mt)\\D (6-140) 
< C m J2 Y [a]^ + \t) (\\(5(t)r- 1/2 (l + M(t)) k/2 (^ 2 (ird, + m- l»G»)r)(t)\\ D 

Y 1; Y 2 

+ (1 + t)- 3/2+ ^^ 2 | +1 ((l + Xi(t)) k / 2 r(t)) + (1 + t)" 1/2 p^|((l + Xi(t)) {k+1)/2 r(t))) 
+ C\y\ ((l + 0-^ 2p [^1 |yi|+1 (0H |ya|+1 (0p^,|((l + Ai(0) fc/2 r(t)) 



Y U Y 2 ,Y 3 
+ (l + t)-3/2+P [a p 2 | + l (t) 

min(||K||^ M pf Y Ml + X 1 (t)) k / 2 r(t)),\\Ky M H\ Y3 \ +k (r,t))).. 

I I'll +3 1 l / 
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Y G IT 7 , k > 0, where C\y\ depends only on p. The use of inequality (6.140), with 
a = A* n L r = $ i2 , zi + i 2 = I, i 2 < I - 1, < I < I + 1, the use of equation (6.126a), 
with / < I, and inequalities (6.137) and (6.138) to estimate the weighted D- norms of £y£ 
(«7 M <9 M + m — 7 M G M )<F 2 and the use of Proposition 6.2 and the induction hypothesis give 

< (i + t)- 3/2+p ^ +fc ,^L t U 0+3+J+fc +z+i(«; u lt ..., Ul ), j,k>0,0<l<l+l, 



where g'} 1 ^ = (2m) 1 (m — i'j^d^ + l^G IJ )g < (\ where Cj + k,i depends only on p and \\u\ 
Statement i) of Lemma 6.5, statement i) of Lemma 6.6 and inequality (6.141) give that 

R'M l \t) (6.142a) 
< (l + t)- 3/2+p C J+M ^2 )Aro+3+J+ m («5 «i, • • • , 3 > 0, < I < I + 1, 1 < % < 4, 
where Cj + k,i depends only on p and ||w|| s p • It follows from inequality (6.137) that 

L o 

R 2 M\t) ( 6 - 142b ) 
< (1 + t)- 1 ^ iK ( li No+3+j+l (u; «!,...,«,), j > 0, < I < I + 1, 1 < % < 4, 

where C j5 ; depends only on p and H^H^ . Moreover using statement ii) of Lemma 6.5, 
statement ii) of Lemma 6.6 and Proposition 6.2 we obtain that 

R°°(g?\t) (6.142c) 

< (1 + ty'Cj, illL , No+3+j+l+13 (u; Ul ,..., Ul ), j > 0, < I < I + 1, 1 < i < 4, 

where Cj : i is as in (6.142b). Proposition 5.16, in the case where i = 1 and Lemma 6.5 and 
Lemma 6.6 in the case where 2 < i < 4 give that 

P?U?\t)) (6.142d) 

< Cj,i{\ + t)- 3 / 2+p n^ 0jNo+3+J+l (u; 3 > 0, < I < I + 1, 1 < i < 4, 

where Cj,/ is as in (6.142b). Definition (6.39a) of Q n and inequalities (6.142b) and (6.142d) 
give, for 1 < i < 4, < I < J + 1, that 



if < j < 45 and 



Qj(gl l \t) < C i ,i^ 0)JVo+3+J - +I (u; «!,...,«,), (6.143a) 



jNo+3+j+ i +5 (u; (6.143b) 
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if < j, where C jt i is as in (6.142b). It follows from inequalities (6.142a), (6.142b), (6.142c) 
and (6.143b) and from definition (6.39c) of Rj that 

R?\g?\t) (6.143c) 
< Cj,in { ll )No+3+j+l+13 (u; «!,...,«,), j > 0, < I < I + 1, 1 < % < 4, 

where Cjj is as in (6.142b). Definitions (6.39d) of M- and (6.39e) of h" and the definition 
of h°° in statement ii) of Proposition 6.4 give, j being the integer part of j/2 + 5, that 

hT(9?,Jo,t) (6.143d) 
< Cj,iTll 0jNo+3+j+l (u; u 1} ...,u,), j > 46, < Z < 7 + 1, 1 < i < 4, 



where C-,-^ depends only on p and ||it|| B P • Using first statement i) of Proposition 6.4 with 

n = 50 and inequality (6.143a) and using secondly statement ii) of Proposition 6.4 with 
n > 82 and inequality (6.143d) we obtain that the solution of equation (6.128), with 
1 < i < 4 and < / < 7 + 1 exists and satisfies 

(6.144a) 

i 

< Cj,jftLo,W +3+j+l( u ; u l» •••»"!)> J > o,o < / < 7 + 1,1 < Z < 4, 

where Cj ; / depends only on p and • Inequality (6.143c) and statement iii) of Propo- 

sition 6.4 give that 







HM l \t) (6.144b) 
^(0 



< (i + *)- 3/2 Cj,i^iUo+3+i+i+i3(«; «i, • • • , J > o, o < / < 7 + i, i < i < 4, 



where Cj^ depends only on p and IMI^p . In (6.144a) and (6.144b) Cj : o < Cj\\u\\ EP , 

C j ,i<C' j \\u\\ EP . 



To study equation (6.128), with i = and / = / + 1, we introduce the equation 

( i7 /*0 M + m _ ^G^(L) = g (6.145) 

for #(L) G JF^ , where # = 7^(L M - <9 M tf(L))($ + </>*) and L e . If n = 37, then it 
follows from ii) and iii), with / = 0, of the present theorem and from Lemma 6.5 and 
Lemma 6.6 that 



R'Jg,t) < (1 +t)~ 3/2+p Cj\\u\\ E P \\L\\- M , < j < 36, (6.146a) 

R?(g,t) < (1 +t)" 1 C J ||w|| i? p ||L||jrM , < j < 34, (6.146b) 

-^0 3 + 3 

< (l + t) -1 ^- Hull^p 0<j<37, (6.146c) 

pf(f(t)) < (1 +t)- 3 / 2+ PC J \\u\\ EP WuW^m, < j < 37, (6.146d) 
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where Cj depends only on p and ||w|| b p • These inequalities give that 

QAg,t) < Cj\\u\\ E p \\L\\- M , 0<j< 37, (6.147a) 

L 3 

Rf\g,t) < Cj\\u\\ E „ WLW^m , 0<j< 28, (6.147b) 

h°°(g,n ,t) < CjWuWl? WLW^m, n + l<j<n = 37, (6.147c) 



where no is the integer part of n/2 + 5 and where Cj depend only on p and • 

Statements i), ii) and iii) of Proposition 6.4 and inequalities (6.147a)-(6.147c) then give 
that 

||*(L)|| D < Cj\\u\\ EP \\L\\ m , 0<j< 37, (6.148a) 

3 L j 

and that 

Hj(V(L),t) < (l + t)- 3/2+p Cj\\u\\ E P WLW^M , 0<j<27, (6.148b) 

L j + 9 



where Cj depends only on p and ||it| 

For given solutions < % < 4, < I < I + 1, of equation (6.128) and #(L) of 

equation (6.145) we introduce the current J ( ' Z+1 ' ) by 

-(7+1) (7 + i) (7 + i) 

J n ( L ) = Jo fJ , ( L ) + Jiv » (6.149a) 



where 



and 



J^; (L) = *(L) 7m (0* + *) + (0* + <&)7m*(£) (6.149b) 



^ = E + <t>^l^ + ^V^h+i ( 6 - 149c ) 



r('+l) 

= ^ i i <i» ~, . . - -i - . • «i» - - h - <i» ^. <i» - i . 

11+12=7+1 

l<ii<Z 



+ E( $ rw + $ ) + (<f>* + *)7^f +1) ), 



i=i 



where are the binomial coefficients and where we have used the notation of (6.127b)- 

(6.127e). Since equation (6.126a) is satisfied for < / < 7, according to the induction 
hypothesis, since we have proved that there is a (unique) solution $i e Tf, j > 0, of 
equation (6.128) forl<i<4, 0</</ + l and since we have proved that equation 
(6.145) has a (unique) solution ^(L) e J-q ', it follows that 

a^ +1) (L) = 0. (6.149d) 
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We shall estimate the norm of the unique solution N(L) G of the equation 

□iV M (L) = J^ +1) (L). (6.150) 
It follows from the definition of || • ||_. M that 



\\N(L)\\rM<c( sup((l + t) 2 -1|5(t)(^/ +1) (L))(t)|| L2 (6.151) 
+ (l+t) 1 -1|5(t)(^J (7+1) (L))(t)|| L6/5 ) 2 ) 1/2 . 



Using inequalities (6.88), (6.144a), (6.144b) and the induction hypothesis we obtain that 

su P ((i + t) 2 -H|5(t)(^Tf +1) )(t)||^ 2 + (l + t) 1 -^!^^)^^^)^)!!^/.) 2 ) 172 

\Y\<j**° ' 



where C.j depends only on p and • Using once more inequality (6.88) we obtain 

that 







( £ sup((l + t) 2 -1|5(t)(^4 +1) (L))(t)|| L2 (6.153) 



W\<J t>0 



+ (l + t) 1 -1l^)(^J? +1) (L))(t)|| L e/.) 2 ) 1/2 

< £ c ni , n2 ((if 3+ n 1 (r,t) + pS(rw))ii^wii^ 2 

ni+n 2 =j 

+ min ((ff 3+Bl ($, f) + p£ (*(f))) ||¥(L) , 

||$||^m (# 3+ n 2 + p£((*(i))(0)) 



where Co,j = C J; o = C and C nijTl2 depend only on p. The induction hypothesis (for / = 0), 
Proposition 6.2 and inequalities (6.148a), (6.151), (6.152) and (6.153) give that 

min*? ( 6 - 154 ) 

< C\\u\\ e1o \\L\\ t m + Cjn { ^ o+3+j+ - l+1 (u; w 7+1 ), j <37, 

where C and Cy depend only on p and • If £ > is sufficiently small, then 

L o 

C\\u\\ e p < 1/2 for u G Ooo, which together with inequality (6.154) shows that the linear 

L o 

inhomogeneous equation in Ty; 

K (i+i) = jv(^a+i)) (6.155) 
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has a unique solution e jF^f and that this solution satisfies 

< C^+^^^.^^^-U!,...,^^, j <37 = n, (6.156a) 

where depends only on p and (Hl^p • Inequalities (6.148a) and (6.148b) then show 

L o 

that 

K 7+1) H^ <<jl ^(«;«i "-J J <37 = n, (6.156b) 



and that 



£T,-($J +1) ,*) (6.156c) 
< (1 + 0- 3/2+p ^ ^ 0+3+ i + I + io(«; w 7 + i)' J < 27 = n - 10, 



where Cj depends only on p and ||w|| b p • 

We now suppose that (6.156a) and (6.156b) are true for j < n when n G N, n > 37. 
We study equation (6.128) for % = and / = 7+ 1. It follows from statements i) and ii), 
with / = 0, of the present theorem and from Lemma 6.5 and Lemma 6.6 that 

a;o/? +1) , *) < (i + r 3/2+ '%<^o + 3 +i+ i + m(^ ^ n - 14 > ( 6 - 157a ) 

#r t) < a + r^C^w^ u i'-' ^ n - 13 ' ( 6 - 157b ) 

^ 2 rf +1) ,t) < (l + r 1 ^!^^^ J <n, (6.157c) 

where C. y depends only on p and IMIrp • These inequalities give that 

R?\ 9 $ +1 \t) < %<l + 3 +J+9+ 7 + i(^ w 7 + i)' J < » - 21, (6.158a) 

hfaS^Joit) <C jt {R^ o+3+j+1+1 (u; j' = n + l, (6.158b) 

where jo is the integer part of j/2 + 5, 

W9§ +1 \t) < C j(i <^- + i( u i "i» ■ • • ' w 7 + i)' J = " + L ( 6 - 158c ) 
where C y depends only on p and II ttll wP . It follows from Lemma 6.5 and Lemma 6.6 that 

Pn + i(/(S 7+1) (*)) + (1 + t)p5((l + \i(t)) 1/2 gg +1 \t)) (6.158d) 
< (1 +t)- 3 /^(C|| w || i? P o + C n j<l +3+ „ +1+ 7 +1 (^i; • • -v)) 
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and 

P?+i,i(/o a+1) (*)) ( 6 - 158e ) 

where C and C n j depend only on p and ||w|| b p • It follows from the induction hypothesis 
in n and from inequalities (6.151), (6.152) and (6.153) that 

where C and C n j depend only on p and ||w|| s p • Applying statement iv) of Proposition 

' _ L ° 

6.4 to equation (6.128) with % = and 1 = 1 + 1, using inequalities (6.158b)-(6.159) and 

using the convention C n +i,i = for i > n + 2 and 

= ^P ((l+t) 3/2 - p P„ D +M ($? +1) W)), < i < n+ 1, (6.160) 

t>o 

we obtain that 



Cn+i,o (6.161a) 

< C \\ u \\e p l Cn+1,0 + C n j(^n+l,o) e (Cn+1,1) 1 £ + C 'nJ 7 ^L ,JV +3+n+l+7+l(' U ; M l'---'' U 7 + l) 



and 



£n +M (6.161b) 
< Cn#n + l,o) e '(C+l, l+ l) 1 " e ' + C n) 7^ ^ 0+3+ „+l+7+l fa "I'-"' U 7+l)' 1 < * < ™ + 1, 

where e' = min(l/2,2(l — p)) and where C and C n y depend only on p and ||w|| e p • Let 

' L o 

e > be such that C||w|| EP < 1/2 for u G Ooo and let /3 n +i = 2C n y and a n +i = 

7^L,^iv +3+n+i+7+i( w '' w i' • • • ' w 7+i) - ^ then follows from inequalities (6.161a) and 
(6.161b) that 

e„+i,< < «n+i + ^«+i(e„+i,o) e, (e„+i,<+i) 1 " e/ , < i < n + 1. (6.162) 

Proceeding as in solving system (5.182c) we obtain that C n +i q < , where C' n+1 

is a polynomial in j3 n+ \. This proves together with inequality (5.159), that 

ll(^ (7+1) ,$ (7+1) )ll^ +1 < C n +lJ+ X 7 ^o + 3 + n + l + 7 + l(^%^--^7 + l)' ( 6 - 163 ) 
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which by induction in n proves that inequalities (6.157a) and (6.157b) are true for each 
j G N, since they are true for j < 37. Inequalities (6.157a)-(6.158a) are then also true for 
each j G N. Inequalities (6.157a) and (6.157b) for j G N and inequality (6.144a), together 

with = £o<*<4 $f give that 

IK^ (7+1) ^ (7+1) )II^ < ^ + i,7 + i< + ^ 0+ 3 +J+ 7 + i^%---^7 +1 )' 3 > °' ( 6 - 164a ) 

where C n+1 j +l depend only on p and . Inequality (6.158a), with j G N, and 

statement iii) of proposition 6.4 prove that inequality (6.156c) is true for each j G N. This 
shows, together with inequality (6.144b) that 

Hj^+Vt) < (1 + 0- 3/2+p % +1 <^ 0+3+i4 j +14 («; J > 0, (6.164b) 

where C.j +1 depends only on p and ||w|| s p • Inequality (6.124) is true, when $ is 

replaced by $( 7+1 ) and i£ 3 _ fcifc (*) (resp. < 4+7 (t), ^ 4+9 (t), is replaced by 

<-M(* a+1) '*) ( res P- <4+7(* a+1) »*),^+9(* a+1) ,*),^(* a+1) ,*))- Thi s in equal- 
ity, inequalities (6.112), (6.157a)-(6.157c), (6.164b) and the definition of R\ k in Corollary 
5.9 give that 

p?((l + Ai(f))*/ 2 *<* +1 >(f)) (6.164c) 



where C-j,. depend only on p and ||tt 




Inequalities (6.164a)-(6.164c) prove that the induction hypothesis in / is true for 
/ = 7+1. Since we already have proved that it is true for / = it follows by induction in / 
that it is true for each / G N. To complete the proof we only have to prove the announced 
decrease properties of C nj i and C' n t , when ||w|| s p — > 0. We observe that since the solution 

(Q,K) G Coo of equations (6.126a)-(6.126c), with I = 0, is unique, since G T h 

Z > 1, is the unique solution of equations (6.126a)-(6.126c) with / > 1 and since, when 
u = 0, jjf(0) = for < / < 2 and ($( 3 ), 0) are solutions it follows that $W = for 

< / < 2 and K^ l > = for < / < 3, when it = 0. The use of Taylor formula now gives 
the announced properties of C U} i and C' n l when — > 0. This proves the theorem. 

L o 

In the situation of Theorem 6.9 let u G Coo and let v(u) = (K, $). According to the 
variable substitution (6.30) we introduce 

A^t) = K,(t) + A^t), < /x < 3 (6.165) 

and we introduce 

(Ay), = (^A)„ 
(Ay), = (t% Y A), 
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for Y G U(p). When we want to indicate the dependence of A^t), (A Y )^{t) etc. on u we 
shall write (A(u)) ^(t) , (iy(u)) M (f) etc. The functions A^, < [i < 3, and ip' satisfy, as 
we shall prove it in next theorem, the following equations on R + x M 3 : 

UA^ = (<//) + 7°7^', (6.167a) 

(17^ + m)1>' = (A M - (d^A)))^', (6.167b) 

and 

d^A» = 0. (6.167c) 

We recall that A 0) y, Aq,y, 4>o y are ^ ree solutions given in (4.137a), (4.137b) and (4.137c). 

In the sequel of this chapter A"o will not necessarily denote the same integer as in 
Proposition 6.2. 

Theorem 6.10. Let 1/2 < p < 1. Then there exists N > and an open ball On in E°^ a 
with center at the origin such that A, A, ip' defined by (6.166) satisfy 

\\{D\A - Ao, - #,))(«; Ul , . . . , «,)l„, e ,L (6.168) 
< Ci +L (TZ l N L+l («!,..., u t ) + \\u\\ EP \M\ep ■■■\\ u i\\e? )> 

Nq + L + 1 JVo «() 

for all I > 0, L > 0, 1/2 < p' < 1, e = (e(0),e(l)), e(0) > 0, e(l) > p, u e Coo = 
Oat n Eg,, Mi, ... , u, G w/iere 

»K^)llp' )£) L= E E sup((l + */- 1/2 |l(^^ya)(*)ll^ 

i= 0,l yea-' t "° ° 
|y|+fc<L 

+ (l + t) 2 ( 1 -")||(l + A 1 (t)) fc / 2 (^$)(t)|| Do 
+ ||(5(t)) 1 + i - £ W(l+t) £ «( 1 -)(^a)(t)|| Loo 
+ ||(5(t)) 3 / 2+2 ( 1 -^(l + Ai(t)) fc/2 (^y$)(t)|| L oc,^ 

and where Ci+l depends only on p' , e, p and \\u\\j?p • Moreover the function u \— > (A — 

N ° 

Aq, if)' — (j>b)(u) from to the Frechet space with seminorms ||| • ||| , £ L , indexed by L > 
has a zero of order two at u = 0, 

(D l A Yl D l A Yl D l iP' Y )(u; Ul1 . . . lUl ) e C°(R + ,E P ), Y ell' 

and equations (6.167a), (6.167b) and (6.167c) are satisfied. 

Proof. Since 

(A Y - A 0jY , A Y - A 0jY , ip' Y - 0o,y) 

= (K Y , K Po y, $y) + (A* Y - A 0iY , A* PoY - A 0iPoY , <f> Y - <t>' 0tY ) 
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according to (6.165) and (6.166), it follows from Theorem 6.9 that it is sufficient to prove 
inequality (6.168) with Ay (resp. Ay,^y) replaced by A Y (resp. A PoY i4>y)- Since 

(Ay - A 0jY , A*p oY - A 0jPo y, 0y - 0d >y ) 

= (A y M , Ap", Ay 3 ) + (Aq Y - A J+ljY , A-l p oY - Aj + i )PoY , 4>q jY - 4>'j+i,y) 

+ ^ (A n +1,Y - A njY , A n+ljPoY - A nj p Y,(f)' n+lj Y ~ 0n,y)> 
0<n<J 

inequality (6.168) now follows from Theorem 4.10, Lemma 6.1 and Proposition 6.2 as does 
also the statement concerning the second order zero. 

It follows from equations (6.1a)-(6.2b), from equations (4.137b) and (4.137c) for 
A n +i,n and 4>' n+ i and from definitions (4.138a) and (4.138b) of A^ and A^ that equations 
(6.167a) and (6.167b) are satisfied. Equations (6.167a) and (6.167b) give Dd^A/i = 0, i.e. 
with the notation (6.166), □<9 At (Ai) M = 0. It then follows from inequality (6.168) with 
p> = 1, / = 1, y = I that 

dMiY = dM 0J r = o, 

where the last equality follows from the definition of E op . The continuity from IR + to E p 
follows from the fact that (K, <f>) G T n for n > 0. This proves the theorem. 

Next we introduce the manifold on which the gauge condition defined by (1.3a) and 
(1.3b) is satisfied. Let V N , N > 1, be the subset of all elements (/, /, a) G E N , 1/2 < p < 1, 
such that 

A/o - d ^ + I"!' = °' ( 6 - 169 ) 

l<i<3 

fo- d ^ = 

l<i<3 

and let = C\n>iV n . We also introduce the map 

F" 1 : (g, g, (3) » (/, /, a),f = g - A" 1 1/3| 2 , /, = 9i , 1 < i < 3, / = g, a = 0, (6.170) 
which maps E N onto E N , N > 1 as will be proved. 

Theorem 6.11. Let I be the identity map on E N and let F' 1 be defined by (6.170). Then 
F = 1 + F^ and F' 1 = I - F^ where F^ is a (real) bilinear continuous map from En 
to E N ,N > 1. F (2) satisfies 

l^ (2) («i,«2)ll^ 

< Civdlaill^ll^llDi + IKIIdJ^Hc), N > 1,^ = (/<,/*, a»), i = 1,2, 

where Cn are independent of u 1 ,u 2 . Moreover V N ,N > 1, (with its topology inherited 
from E N ) is a differ entiable Hilbert manifold globally diffeomorphic to E^ by the map 
F:V N ^E° N P andV N = V 1 p nE p N . 
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Proof. Let u = (f, f, a),ttj = (fi, fi,oti),i = l,2,u,u 1 ,u 2 G E^. By definition (6.170) of 
F it follows that 

F(u) = u + F (2) (w,w), 

= w-F (2) (-u,-u), (6.171) 

F^K, u 2 ) = ((^A- 1 (a+a 2 + a+ ai ), 0, 0, 0), 0, 0). 
According to Theorem 2.9 

ll^ (2) K, u 2 ) \\ e „ n = || ((lA-^a+aa + a+aO, 0, 0, 0), 0) || M , 

<CW J] lllVr^^A-^a+as + a+a!)!!^ 
o<H<M<n 

where //, i/ G N 3 , a" = x^x^xf,d v = d^d 2 2 d^ 3 . Since \p,\ < \u\ it follows that 
\\F^( Ui ,u 2 )\\ ePn <C' n WM'-^d'ia+ai + a+a^h* 

0<M<M<n 

for some constants and it follows by continuity, using the fact that || | V\ p ~ 2 h\\ L2 < 
C p \\h\\ LP , p = 6(7 — 2p) _1 , for 1/2 < p < 2, where h has compact support and the constant 
C p is independent of the support: 

ll^ (2) («l,« 2 )ll^ < C N E ll^(«l"«2 + 0+01)11^, 

| M |<M<n 

1/2 < p < l,p = 6(7 — 2p) _1 . Using the inequalities 

H/hMlp < II^iIIl2||/i2|| L 3/ ( 2-p), 

H^ll L 3/(2-p) < CpH^lllw 1 . 2 ' 

for 1/2 < p < 1, we obtain 



ll^ (2) K 



> U 2)\\e p n 



<°n {\M\o If - i \M\D i+1 + llaillDi+Jo^Hr)^), N>1. 

0<i<N/2 

Corollary 2.6 now gives (with new constants Cat independent of u 1 ,u 2 ) 

\\F( 2 \ Ui ,u 2 )\\ ePn < C^dlaiH^H^II^ + ||ai|| r>1 ||a 2 ||i ?JV ), N > 1. 
This proves the inequality of the theorem. 



256 



FLATO SIMON TAFLIN 



Let u = (f,f,a) G V£,N > 1. Then v = (g, <?, /3) = F(u) G E^ and according to 
(6.171): # = / + A" 1 ^! 2 , 9i = fi for 1 < % < 3 and g = f, (3 = a. It follows from (6.169) 
that 

l<i<3 

90- Yl di9 i = °' 

l<i<3 

which, according to the definition of proves that v G '. Similarly it follows that 
F- l {u) G V& if u G This proves the theorem since E° N P = E P N n 

We next define a modified wave operator Q\ for the M-D equations (1.1a), (1.1b) and 
(1.1c), when t — > oo. Let (Ay(u))(t), (Ay-(n))(t), (^ y (it))(i), and On be as in Theorem 
6.10 and let 

= ((i4(«))(0), (i4(«))(0), e-^^'°)(^(«))(0)), u G Ooo = n (6.172) 

Theorem 6.12. Let 1/2 < p < 1. There exists No > and a neighbourhood On of zero 
in such that f^: — > E 1 ^ is a one to one C°° mapping satisfying 

\\(D l n 1 )(u;u 1 ,...,u l )\\ EL 
< Fl,i(\W\\e No )K 1 Noj1+l ( Ui , 

for each L > 0, I > 0, u 1 ,...,u l G where Flj and F' Ll are increasing continuous 

functions. Moreover fii(0) = and f2i(C?<x>) C V^. 

Proof. We first prove that fi x is one to one. Let n, n' G Ooo, where is as in Theorem 
6.10. If Cli(u) = Oi(n'), then it follows because of the uniqueness of the local (in time) 
solution of the Maxwell- Dirac equations (1.1a), (1.1b) and (1.1c), according to Theorem 
1 of [10] that the solution (A(u), ip'(u)) and (A(u'), ip'(u')) of equations (6.167a), (6.167b) 
and (6.167c) are equal. Theorem 6.10 then give that the free solutions (Aq^u), j(n)) 
and (A 0) i(n'), j(n')) are equal, which according to their definition after formula (4.137c) 
proves that u = u' . 
Let 

a N ={ £ ll(^(«)»^(«)»^(«))(0)|||p) 1/2 , N>0. (6.173) 
Yen' 

\Y\<N 

Introduce also 

W(«) = #(e-*< A V(«)) 

and 

# Y ( u ) = t Y 4(A), YeU(p). 



■■■,u l )+ F' Lil (\\u\\ E )\\u\\ E L \M\js ■ ■ ■ \\ Ul \\ E 
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By Leibniz rule we obtain that 

ll(V4»)(0)||„ = m?e-^ A >°^(u))(0)\\ D (6-174) 
> \\(^(u))(0)\\d ~ C m ' ■■#y 1 (u)Mu))(0)\\d, 

Y e IT, \Y\ > 1, where the sum is taken over 1 < / < \Y\,Y { e IT, |Yi|+- • .+|yj| + |Z| < \Y\, 
\Z\ < \Y\ - 1, \Yi\ > 1. It follows from Lemma 4.4 and Theorem 6.10 that 

sup (1 + |*|) 1/2 -1(^(«))(0, x)\ < F'(\\u\\ e p )\\u\\ e p , 

xeK 3 1 l " N Q N + \ Yi \ 

which gives using that T§(Q.i(u)) = (ipz(u))(0): 

\Wy 1 M---#y 1 MM«)){o)\\d 

<G lYl (\\u\\ EP )\\u\\ EP ■■■\\u\\ EP ||(1 + | ■\y (p - 1/2) T°({l 1 (u))\\ D , 

N N + \Y 1 \ N + \Y l | 

where G\ Y \ is a polynomial. Since |Y| > 1 it follows from Corollary 2.6 that 

\\ u \\e p •••NIs* < cVilhll^p 1 iiuii^p 

which after redefinition of the polynomial G\ Y \ and by the fact that < \Y± | H h \Yi \ — I < 

\Y\ — \Z\ — I gives: 

\\{K 1 {u)--^y 1 {u)^z{uW)\\d (6-175) 
< G| y |(||«|| B , o+i )||«||^ o+1+|y| _ | , | _ l ||(l + I • \)^-^TEmu))\\ D - 

The inequality ||(1 + | ■ \ff\\ L2 < ||(1 + | • |)/||* a ||/||^ b , < 6 < 1, gives: 



||(i + |-|) ,(p - 1/2) r| , (n 1 ( 



Id 



3/2-p 



< ||(i + 1 • D^f-^^-^ri'cnxWJiig-^iKi + 1 • if-^-^TEmu))]^ 

which together with Theorem 2.9, statement i) of Corollary 2.21 and inequality (6.175) 
shows that 

\\(#' Yl (u)---#' Yl (u^ z (u))(0)\\ D 

<G lYl (\\u\\ Kr 1 )(Q,| Z| (||0 1 ( W )||^))^- 1 /2( G _ 1 , Z (||0 1 ( W )|| K )f/^ 



\w\\e , n^i(«)irF" 1/2 ii^i(«)ii 3 F /2 " p 

Since 



||f2i(«)|| B P = ||(^(«),^(«),^(«))(0)||^, 
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it follows from the preceeding inequality and from Theorem 6.10 that 

W Yl {u)--^Y l ( u )Mu))m\ D (6-176) 



where G'\ Y \ * s a continuous function. Since (x + y) a < x a + y a for x, y > 0, < a < 1, it 
follows from Corollary 2.6 that 



i-ii^ 0+1+l nH Z ,-ji^wiiC 2 ii^wii 3 £;;,,, 

which together with Theorem 6.10 and inequality (6.176) give 

\WyM---#yMM«W)\\d (6-177) 



where G\ Y \ and Gjy| are continuous functions. 

Definition (6.173) and inequalities (6.174) and (6.177) give after redefining N + 1 by 
N and noting that 



p JV (T(n 1 («)))=( \\(A Y (u),A Y (uU Y (u))(0)\\l) 



1/2 



yen' 

\Y\<N 

< -h ^^(11^11^^)11^11^^^^ -h ^W(ii^ii^ )ii^i(-")ii^7~ :L/2 ii^x(^)ii%jrf , mm 

where Gn and Gn' axe some continuous functions. 

Let On be sufficiently small so that Q\(u) G O, where O is given by Theorem 2.22. 
This is possible according to theorem 6.10. It follows from inequality (6.178) statement ii) 
of Theorem 2.22 and Theorem 6.10 that 

Pl (r(n!(«))) (6.179) 
< ai + Gfi(||«||^ o )||«||^ o+1 + J H r (||«||^ JVo )|? 1 (r(n 1 («))^- 1 /2|| ni(t4) ||^-P j 

where if is a continuous function. This inequality gives 

p^T^u))) (6.180) 
< 2ai + 2Gi(||«|| BjVo )||«|| BjVo+1 + {H{Me No )?\\Mu)\W 

As a matter of fact if = then this is obvious. Let > and let 

x = p 1 (T(Oi(w)))/||Oi(w)|| So . Since x > 1 and < p - 1/2 < 1/2 we obtain 

^^(ai + GiCIMI^JIMI^J/liniWll^ + ^iMi^jx 1 / 2 , 
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which gives the result. Inequality (6.180) and Theorem 6.10 (used for a\ and H^i^) || Eq ) 
now show that 

Pl (T(ni(«))) < F{\\u\\ Eno )\\u\\ Eno+1 , (6.181) 

where F is a continuous function. Since Q.\{u) G O, it follows from (6.181) and statement ii) 
of Theorem 2.22 that 

\\^i{u)\\ El <F1 (\\u\\ Eno )\\u\\ Eno+i , (6.182) 

where F[ is a continuous function. 

Inequalities (6.178), (6.181) and (6.182) and statement hi) of Theorem 2.22 give, after 
replacing N + 1 by N 0: that 

Pn (T(fti(u))) (6.183) 

< ^^(ll^ll^)!!"!!^^ -h ^(ll«||^ o )(^(r(n 1 («))))^- 1/2 (^_ 1 (r(ni(«)))) 3/2 - / ', 

N > 1, where we have estimated a N by Theorem 6.10 and where Hn and H' N are contin- 
uous functions. 

In the same way as we obtained inequality (6.180) from inequality (6.179) we obtain 
from inequality (6.183) that 

MT(ni(«))) 

< 2H n {\\u\\ Eno )\\u\\ Eno+n + (i^(|MUJ)Wi(^iK>)), N>1. 

Since p (T(fti(u))) = \\Qi(u)\\ Eo < H(\\u\\ En )\\u\\ En , according to Theorem 6.10, where 
if is a continuous function it now follows that 

Pjv (T(n!(«))) < G n (\\u\\ Eno )\\u\\ Eno+n , N > 0, (6.184) 

where Gn are continuous functions. Since Q\(u) e O it follows from (6.184) and statement 
iii) of Theorem 2.22 (replacing iVo + 1 by iVo) that 

< F' n , {\\u\\ Eno )\\u\\ Eno+n , N>0. (6.185) 

This proves the theorem in the case of / = 0. The proof for the case / > is so similar 
that we omit it. That the gauge conditions (1.3a) and (1.3b) are satisfied follows from 
the fact that equation (6.167c) is satisfied according to Theorem 6.10. This shows that 
^i(Coo) C which proves the theorem. 

In order to prove that Qi has a local inverse, we shall use, for the space E^, the 
inverse mapping theorem in the case of Frechet spaces. To do that we first extend the map 
fii: — > V^, where Ooo is an open neighbourhood of zero in to a map from O'^ to 
Ege, where O'^ is a neighbourhood of zero in E^ and then prove that the derivative of 
this extended map has a right inverse. 

Theorem 6.13. Let 1/2 < p < 1. There exists Nq > and Mq > and there exists 
neighbourhoods On and Um of zero in E°^ and V^ o respectively, such that the map 
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fii: Ooo — > Uoo, = On Pi F^, = Wm n F^, satisfies the conclusions of Theorem 
6.12 and has a C°° inverse Q,^ :Uoo — > satisfying 

\\{D\^ 1 oF- 1 )){u-u 1 ,...,u 1 )\\ El 

< c L ,in l Motl+L ( Ul , ...,«,) + Cx,ilMU Mo+J+i IKIU Mo • • • lhb Mo 

/or eac/i L > 0, / > and eac/i it G F(ZYoo), %, . . . , itj G F££, where F _1 is defined by 
(6.170) and where Cl,i and C' L l are constants depending only on p and \\u\\ E p . 

Proof. Let Q be the orthogonal projection on Eq P in let AT > 1, On , be as in 
Theorem 6.12, let the map F be as in Theorem 6.11, let 0' N be an open neighbourhood 
of zero in E p Nq such that 0' Nq n E° n p q = No and let O'^ = (D' No n 

G(u) = F(fii(Qu)) + (1 - Q)u, u G 0^, (6.186) 

defines a C°° function G: O'^ — > F^ according to Theorem 6.11 and Theorem 6.12 and 
since Q is a linear continuous mapping from F^- to E^, N > 0. It follows from Theo- 
rem 6.11, Theorem 6.12 and Corollary 2.6 that 

\\(D l G)(u; «!,..., (6.187) 

< Q jL TZ l N 0j l +L (u l , . . . , W Z ) + Cl^H^UsP IKIIs^ ' ' ' IKII-Ejvn' 

for all u G 0^, u ± , . . . ,u t G F^, L > 0, / > 0, for some constants C^l and C[ L depending 
only on . Since Qi(Qu) G for u G O'^ according to Theorem 6.12 it follows 

JVq 

from Theorem 6.11 that 

QG{u) = F(f2i(Qu)), (6.188a) 
(1 - Q)G{u) = (1 - Q)u, ueO'^ 

which shows that 

QDG(u).v = DF(Q, 1 {Qu)).{D9, 1 {Qu).Qv), (6.188b) 
(l-Q)DG(u).v = (l-Q)v, 

ueO'^veE^. 

We shall prove that DG(u) G L(F£>,F£>), u G 0^ has a right inverse u/(it) G 
L(F^,F^), i.e. = u for v G F^ and u G 0^. For «;(«) G L(E%,E%), 

u G we define = w(Qu)Q + 1 — Q for u G 0^. According to (6.188b) u/(it) is 

then a right inverse of DG{u), u G 0^ if and only if 

DF(Qi(Qu)) .(DQi(Qu) .w(Qu)Qv) = Qv, u G 0^, u G F^, 

i.e. if 

DF{Q,x{u)).(DQ,i{u).w{u)v) =v, ueO^.ve E°J. 
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This equation and Theorem 6.11 give 

Dtt^.wi^v = DF _1 (F(fli(u))).«, u G Coo, v G E^, (6.189) 

where DQi(u).w(u)v belongs to the tangent space of at Vt\{u). Let H(u;v) = 
DF~ 1 (F(Q. 1 (u))).v. It follows from Theorem 6.11 that H(u;v) G E^ is an element of 
the tangent space of V& at the point Qi(u). Theorem 6.11, Theorem 6.12 and Corollary 
2.6 give the following result, where D is differentiation only with respect to u: 

\\(D l H)(u;v;u lt ..., Ul )\\ EL (6.190) 

< Q, L {n l + o ] L+l (v, u t ) + \\u\\ E „ o+L+l \\v\\ Elfo \\ Ul \\ Elfo ■■■\\u 1 \\ Eno ,) 

for all / > 0, L > 0, where C^l depends only on ||w|| Ejv and where No, which we have 
chosen sufficiently large, is independent of I, L, u, v, u x , . . . , u t . 

Since H(u;v) belongs to the tangent space of at the point Oi(-u) we can take 
H(u;v) = (a(0), d(0), \l/(0)) as initial conditions for the derivative of the Maxwell-Dirac 
equations in the form (1.12): 

j t (a(t), a(t), *(*)) = DT Po (A(t), A(t), ^(t)).(a(t), a(t), *(*)), t > 0, (6.191a) 

where 

j t (A(t),A(t),m) = T Po (A(t),A(t),m), t > 0, (6.191b) 

and (A(t),A(t),ip(t)) is given by Theorem 6.10 with Y = 1 and ip(t) = e _i *( A '*V(*) and 
where 

(A(0),A(0),il>(0)) = n 1 (u), ueO^. (6.191c) 

The variable substitution ip'{t) = e w ( A ' t )(^(t) gives that the derivative ^'(t) of ift'(t) 
satisfies 

tf'(t) = e i ^ A > t ^(t)+i${a,t)iP'{t), t>0. (6.192) 
It follows from (6.191a), (6.191b) and (6.192) that 

□a M = (^') + 7°7m*' + (^') + 7 7^' (6.193a) 

and 

(17^ + m)*' = (A M + fi M ) 7 M *' + (a M + & M hV, (6.193b) 
where = — <9 M $(^4) and 6 M = — #(a). Moreover 

= and = 0. (6.193c) 

We shall solve the system (6.193a), (6.193b) and (6.193c) for initial conditions 
(a(0),d(0),#'(0)) at t = 0, defined by H(u;v) = (a(0), d(0), #(0)) and formula (6.192). 
Let 

a Y =^a, a Y = & oY a, *' Y = g*', V Y = * (6.194a) 
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and 

fry (a) = fy#(a), b Y = £yb, Y G U(p). (6.194b) 

Since the initial condition H(u;v), where u G Ooo, v G E^g for equation (6.193a) and 
(6.193b) is a function of u and v, this is also the case for ay,dy, \I/y and \l/y. We 
introduce the notation 

a? (resp.d?,*?,^ ), / > 0, (6.195) 
for the Z th derivative of a Y (resp. dy, \&y , \l/y) with respect to it, in the directions 

It follows from (6.192) and from Leibniz rule that 
* r °(0) (6.196) 

= E ^((fyi^V ^)^ + %(a,0)^(0)), />o,y = n', 

where /O is defined as in (6.195). Since ^y(O) is the derivative of Tg(A(Q), i(0), ip(0)) 
in the direction (a(0), d(0), -0(0) ) , where Y G C(p) and Ty 3 * is the Dirac component of Ty, 
it follows from i) of Lemma 2.19, Corollary 2.6 and from inequality (6.190) that 



< Ci,\Y\,lR>n* L+1+ \ Y \(v>Ui> • • • + ^V|,Lll w ll^ o+i+i + |y| IMIs^ ll u lll^ o ' ' ' \\ u l\\ E ^ 



\Wm\ DL (6-197) 



for Y G IT', L > 0, / > 0, u G Coo, u, m ? G Here C/,|r|,L and C[^ L are 

constants depending only on ||it|| p p and A is an integer independent of L, Y - , /, u, 

NO 

VjU-l, . . . ,u t . It now follows by Corollary 2.6 and as in the proof of (6.175) that 

m Yl e^ A Y^m Y :\o)\\ DL (6.198) 

< C ljlYlL K l + o ] L+l+lYl (v, Ul , . . . , u,) + C£ |y|,Lll«ll^ o+i+l+|v| IMI< o IKH< ' • ' INI< > 

for Yi,Y2 G IT', |Yi| + jl^l < I^M — 0, h + h = I, L > 0, and some constants C^\y\,l 
and C[ |y| L and integer Ao having the same properties as those in (6.197). Similarly it is 
proved that the second term in the sum in (6.196) also satisfy estimate (6.198). This gives 
together with (6.190) that 

\\(a Y \0),d Y \0),*' Y l \0))\\ El (6-199) 

(„ ..\^r" . 11.. 11 , p ...\\ Ul \\ EP , 



< Q,\y\,lK NoiL+1+ \y\( v > u h ■■■> u i) + C 1\y\,l\\ u \\e p No+l+1+iyi \\ v \\e? No \\ u i\\e 



for Y G IT', L > 0, / > 0, u G Oqo, i>, . . . ,u t G E^g. Here C^y^x, and l are con " 

stants depending only on ||w|| s p and Nq is an integer independent of L, Y, I 



,u,v,u 1 ,...,u l . 



MAXWELL - DIRAC EQUATIONS 263 

Next we shall derive estimates for equations (6.193a), (6.193b) and (6.193c). Appli- 
cation of f^, Y e n', to equation (6.193a) gives for 1/2 < p' < 1: 

\\(a Y (t),a Y (t))\\ , (6.200) 



< ||(ay(0),ay(0))||^+ E /'ll|V| p - 1 (^((V' , ) + 7 7M* , + (* / ) + 7 7MV' / ))(a)llL a *'- 

° 0<m<3'' 

Since IHVI"'- 1 /!!^ < CpII/IIlp, P = 6(5 - 2P')" 1 , and since 

Ugh* < ll/llS V)/3 ll/lli 2 2 " 2p ' )/3 ||^IL 2 , 

we obtain: 

II I VI"'" 1 (Cf ((V' / ) + 7°7m* / + * /+ 7°7^')) w il* 

< E ll^(^)ll^ V)/ 1^(^)lia" V)/ 1^ 2 (^)llL 2 

ini+|y 2 |<|y| 

This inequality, inequality (6.200) and Theorem 6.10, give 

\\(a Y (t),a Y (t))\\ MS , (6.201) 

< ||(oy(0),dy(0))|| MP , 
o 

+ E F l{\H ePn )\\u\\ ePn +l f{l + s)-^'^W Y2 {s)\\ L2 ds 

\Y*\<\Y\ 

+ F (\\u\\ ePn )\\u\\ eP [\l + s)^ 1+2 ^ 2 \\^ Y (s)\\ L2 ds, 
where 1/2 < p' < 1 and Y e W, 1/2 < p < 1. It follows from (6.201) that 

pM P '(a(t),a(t)) (6-202) 
< P r'(a(0),a(0)) + C n E HU + . Al + «)- (1+V)/2 pf(* , W)A' 

+ C \\u\\ EP [ (l + s)-( 1+2 ^/ 2 p°(y'(s))ds, n>0,t>0, 

Jo 

where C n , n > 0, are constants depending only on \\u\\ p p . Statement i) of Corollary 5.18, 

with = + B^, t = 0, e = 0, rj = 0, p' = p, and equation (6.193b) give for n > 0, 
1/2 < p < 1, t > 0: 

Pn(V'(t)) (6.203a) 

<a( P ^(*'(o))+ e E ii«ii^ 0+ „_^i(*)), 



N + r 

0<i<n-l 0<i<n 
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where 

Ti(t) = pr (o(0),o(0)) + pf-(a(0),a(0)) (6.203b) 
+ f\l + sy- 2 ( sup (p™\a{s%a{s')) + pf{a{s%a{s'))) 

JO v 0<s'<s 

+ SU P (( 1 + S ') 3/2 "1P^(s / )IIl 2 ( R 3 )K 4 ) ))^ 

yen' 

\Y\<i 

and where C n , n > 0, depends only on HwH^p . Estimating ||(l+£+|-|)na r (£)|| L2( - R 3 R 4), by 

using equation (6.193a) and Theorem 6.10, it follows from (6.202), (6.203a) and (6.203b), 
using Corollary 2.6 and denoting 

e n (t) = sup (pf (a(s),a(s),y'(s)))+ sup (pf (a(s), a(s), tt'(s))), 

0<s<t 0<s<t 

that: 

e n (t)<C n (e n (0) + £ e,(0)) (6.204) 

0<i<n-l 



0<^_! N0+ - 1 JO 

+ C n \\u\\ E p / (1 + s)~ £ e n (s)ds, n>0,t>0, 
N ° Jo 



where e = min(2 — p, + p) > 1 and where C n depends only on llwllpp . It follows by 

NO 

Gronvall inequality that 



e n (t)<C;(e n (0)+ Nk + e ^ ( 6 - 205 ) 

\ ' J JVq +71 -l 

0<i<n-l 

+ J2 \W\\e" f 0- + s)- e ei(s)ds) ,t>0,n>0, 

where C' n > 0, are constants depending only on . We obtain from (6.205) by 

induction and using Corollary 2.6 that 

e n (t) <C n (e n (0)+ V \\u\\ EP e,(0)), t > 0, n > 0, (6.206) 

\ Z * N + n-i J 

0<i<n-l 

for some constants depending only on and for some integer N independent of n, 

t, u. Combining (6.149) and (6.206) we obtain using Corollary 2.6 that the solution of 
(6.193a), (6.193b) and (6.193c) with initial conditions (a(0), a(0), tf'(O)) sastify 

pf(a{t),a{t),y'(t))<C n \\v\\ EP +C'Ju\\ EP \\u\\ EP , t > 0, n > 0, (6.207) 

JVq+ti JVq+ti JVq 
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where C n , C', are constants depending only on ||u|| „ P and where N is an integer inde- 
pendent of n, t, u. 

We can now use directly Corollary 5.2, with w(t, s) = e^* - ^, on the different terms 
on the right-hand side of the equation 

(i7"0 M + m)*' Y = #((i4„ + B^' + (a M + & M ) 7 V), Y G IT', (6.208) 

which proves that there exists /?' G -D^ such that 

lim \\*' Y (t) - e m T^((3')\\ D = 0. (6.209) 

Since the integral in (6.200) converges as t — > oo, it follows using (6.209) that there exists 
(g, g) G M£, such that 

hm ||(a(f),a(f), *'(*)) - U^ p{tPo) T^(v')\\ M P = 0, (6.210) 

where v' = (g,g,(3) G It follows from (6.207) and (6.210) that 

\\v'\\ e p <C n \\v\\ E P +C'Ju\\ EP \\v\\ EP , n>0, (6.211) 

iV N () +n N +n N 

where C n and C are constants depending only on ||w|| p p and where Ao is an integer 

No 

independent of n and u. 

We now define w(u)v = v' , u G Ooo, which proves that equation (6.189) has a solution 
w(u) with the property (6.209). Differentiation of equations (6.193a), (6.193b) and (6.193c) 
with respect to u in the direction u x , . . . , u l G E^§ and induction give in the same way as 

(6.211) was obtained that 

(6.212) 

<Ci jn TZ^\ + (v,u 1 ,...,Ui) + C' ln \\u\\ E p \\ v \\e p m \\ u i\\e p m '"\\ u i\\epi 

u > N +l + n N N N 

for / > 0, n > 0, u G Ooo, v, tt 1; . . . , u { G -E^- Here C^ n and C' ln are constants depending 
only on (HI^p and Nq is an integer independent of /, n, u, v, u 1 , . . . ,-u z . By construction 

JVq 

of w'(u), u G O'^, it now follows that FG{u).w'{u)v = v for v G E 1 ^ and it follows from 

(6.212) that 

\\{D l {w f {u)v))(u 1 ,...,u l )\\ E > (6-213) 
<Ci, n lZ^ l+ {v,u 1 ,...,u l ) + C[ \\u\\ E p \\v\\ E p \Wi\\ e p ■ ■ ■ \\ui\\ e p , 

for / > 0, n > 0, u G (9^, u, itj G E 1 ^. Here Ci jTl , C' ln and A have the same 

properties as in (6.212). 

Theorem 2.5, property (6.187) of the map G: O'^ — > E^ and the existence of a 
right inverse w'{u) G oi DG{u) G with property (6.123) prove, 

according to the implicit function theorem for Frechet spaces (Theorem 4.1.1 of [17]), that 
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there exists a positive integer Mo, an open neighbourhood U' Mi) of zero in E p Mo and a G°° 
map H: U'^ = U' M(j n -> such that G{H{u)) = u for u e Z^. Let 2'^°= G" 1 ^] 
be the inverse image of ZY^ by G. Since G is continuous and U'^ is an open neignbourhood 
of zero in E^ and since G(0) = 0, it follows that Q'^ is an open neignbourhood of zero in 
E^. The map G: Q'^ -> is onto because HiJA'^) C Q'^ and G(H(u)) = u for it G W^, 
and according to Theorem 6.11 and Theorem 6.12 G is also one-to-one. Since G: Q'^ — > 
is a bijection and G(H(u)) = u for u G W^, it follows that H-.U'^ — > is a bijection. 
This proves that the G°° function G: Q'^ -> has a G°° inverse G -1 :^ — > Q'^. 
Similarly, as we obtained (6.213), we now obtain that 

IK^G- 1 )^;^,...,^)!!^ (6.214) 

for / > 0, n > 0, u G W,^, m 1; . . . ,u t G i?^. Here Ci jn and G/ n are constants depending 
only on \\u\\ pP and Mq is an integer independent of I, n, u, u x , . . . , u,. 

Let us define W<x> = F' 1 ^ n E%g) and let us redefine by = Q'^ n 
According to definition (6.186) of G, Theorem 6.11 and the fact that G: Q'^ — > ZY^ is 
a diffeomorphism, it follows that fii : Ooo — >■ Woo is a diffeomorphism, which satisfies the 
inequality of the theorem since G _1 satisfies inequality (6.214). This proves the theorem. 

The construction of a modified wave operator CliiO^ — > Uoo-, for t — > oo, being 
a diffeomorphism according to Theorem 6.13, could of course as well has been done for 
t — > — oo. To distinguish between the two modified wave operators so constructed, we 
use the notation ■ ^i,oo(e) — * ^oo(e) f° r the wave operator and A( e )(it), ^^(w) for the 
functions given by definition (6.165), with u G 01,00(5)5 f° r the case t — > eoo, e = ±. 
Ci, 00(e) an d ^oo(e) are given by Theorem 6.13, with N £ and M e instead of A and M 
respectively. By definition we then have 

n[ e \u) = (^ (e) («))(0),(i (£) H)(0),e-^)W'°)(^ £) («))(0)), e = ±, (6.215) 

which should be compared with (6.172). Theorem 6.10 is then true, after the obvious 
modification that (A 0jY (t), A 0jY (t), 4>'q,y{^)) ls replaced by U^ p ^ tPo ^T Y (it), (A Y , A Y , ip' Y ) 

is replaced by (A^ Y , A^ Y , V^y)- -^0 is replaced by N e and t > is replaced by et > 0. 
This gives the following corollary: 

Corollary 6.14. The function u 1 — ► (A^(u), A £ (u), tfj'^(u)) satisfies the conclusions of 

Theorem 6.10 for t — > eoo and Q\ : C?i i0 o(e) — > ^oo(e) satisfies the conclusions of Theorem 
6.13, where e = ±. 

Corollary 6.14 permits to solve the Cauchy problem for the Maxwell-Dirac equations 
(l.l.a)-(l.l.c) for times t e 1 and intial conditions v belonging to the open neighbourhood 
^oo(o) — ^oo(+) nWoo(-) of zero in V£. We note that it follows using Corollary 6.14 and the 
notation proceeding it, that ZYoo(o) = Um H K»> where Mq = max(M + , M_) and Um = 
Um + H Wm_ is a neighbourhood of zero in V^ Q . Let fi^ : Oi j00 (e) ~" *■ ^00(0)7 £ = ±, be the 
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diffeomorphism, which is the restriction of the former to 0i jOO (e) = (^1 ) \M<x(0)]- 
We recall that for differentiation of functions defined on V£, that V£ is diffeomorphic to 
E^p, according to Theorem 6.11. 

Theorem 6.15. Let 1/2 < p < 1. If v = (/,/,«) G V(oo(o), then there exists a unique 
solution h(v) = (AAV') e (l-A)- 1 / 4 J E 1 )nC 1 (M, (1- A) 1 / 4 ^ 1 ) o/tfie M-D equa- 

tions (l.la)-(l.lc), with initial data v at t = 0. Moreover h G C^W^o), C£°(R, V^)), 
where b stands for the topology of convergence on bounded subsets of M, i/ie conclusion of 
Theorem 6.10, with (A>,y (t), A 0jY (t), 4>' 0Y (*)) replaced by U^ xp ^ tp ^T Y (u £ ) , u replaced by 

u e = (fii^) A"o replaced by N e and t > replaced by et > 0, is true for e = ±1 and 

if h^ l \t) is the I th derivative of the function v \— > (h(v))(t) at v G Uoo(o) in the directions 
of the elements v 1 , - • • ,v t of the tangent space of Vf^ at v, then there exists N > suca 
t/iat 

/or t G R, n, / G N, where C n+ i t depends only on p and \\v\\ wP . 

Proof. Let g$ be the Z th derivative of the function v i-> = (Ay, A Po y, ^ (e i,9(A V)), 

Y" G IT. It then follows by definition (6.215) of ^i,( e ) and by applying Theorem 6.10 and 

Corollary 6.14 with u e = ^ e) (v) that G C°(R,Eg), for Y G n' and / > and that 
gi(v) is a solution of equations (6.167a)-(6.176c). 

We prove that h ( ° ] = T Y (h(v)) G C°(R,E%) for Y G IT. Let V Y = (A Y , A PqY , Vv), 
where V>y = £yV, Oy( v ) = (A y ,A Po y,^), Vy = £yV, V> = e _w < A V- :t then follows 
that 



Pn(V(t)) (6.216) 
< pf {(g(v))(t)) + C n J2 II** (A t) • • • *y, (A t)Vz(*) IId, n > 0, t G R, 

where ^(A, t) = (£ y t?(A))(t), C n is a numerical constant and the sum is taken over 

1 < I < n, Yi G IT, Z G IT, H + \Y t \ + \Z\ < n, |Y;| > 1. It follows from Lemma 4.4 

and Theorem 6.10 that 

||(^)) 1/2 -^y i (At)ILo C <qy i |||« £ || £;P , (6.217) 

where n g = Q~} Jv) and where C|y| depends only on p and ||n e || BP • Inequalities (6.216) 
and (6.217) give, similarly as in the proof of Theorem 6.12 (see (6.174)-(6.175)) that 

pf(V(t))<pf((g(v))(t)) + C n \Ws\\ EP , , pfftW^VCf)), (6-218) 

l<!<n 

j<7l — I 

where C n depends only on p and ||n e || F p • Since (S(t))(x) < C(l + (Xi(t))(x) + \t\), 

where C is independent of t and x, and since < p — 1/2 < 1/2, it follows from Theorem 
6.10 that 

P f((5(t)Y (p - 1/2) ^(t)) < (i + ^-^c^kiu, , jM>o, 
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where Cj + i depends only on p and ||w e || B p • This inequality and inequality (6.218) give 
that 

f>S P (V{t)) < pf(( 9 (v))(t)) + (l+t)^-^C n \\u £ \\ EP \\u £ \\ EP n> 0, 

JVq + 1 JVq + 1 + ti 

where C n depends only on p and ||itJ|pp • Estimating the first term on the right-hand 
side of this inequality by Theorem 6.10 then gives that 

pf (V(t)) <CM + t) n{p - 1/2) \\u £ \\ EP , n>0, (6.219) 

N +l+n 

where C n depends only on p and \\u\\ pP . Choosing N sufficiently large, it follows from 
Theorem 6.13 that 

pf (F(t))<C n (l+t)^- 1 /2)||, ; || EP , n>0,iGR, (6.220) 

N + n 

where C n depends only on ||f || f p and p. Let Y(t) = exp(tadp )y, as in definition (1.11). 

N 

Then Vy(t) = T Y (t){{h{v))(t)), which together with inequalities (6.220) proves that 

ll^((^))(t))|| D <qr|(l + t)l y l||T nt) ((^))(t))|| D (6.221) 

< c,V|(i + t) |F|(p+1/2) ||^||^ +|y| , Y G n', t G 1, 

where C' Y \ depends only on p and |M| s p . This proves that 

pf(h (0) (t))<C n (l+t) n(p+1 / 2) \\v\\ EP , n>0,teM, (6.222) 



E p ■ 



According to inequality (6.222), \\h\ '{t)\\ EP < Cq\\v \\ eP , which shows that we can 



where C n depends only on p and ||i> | 

choose Woo(o) such that the hypothesis of Theorem 2.22 is verified. Statements ii) and iii) 
of Theorem 2.22 give that 

\\hf\t)\\ EP < C 1 (l+t) p+1 / 2 \\v\\ e p , ^Gl (6.223a) 

and then that 

\\hi°\t)\\ EP < C n , t \\v\\ E P , n>l,tel, (6.223b) 

n N-\-n 

where C\ and C nt depend only on ||i>|| p p . It follows from inequality (6.223a) and 
(6.223b) and from statement i) of Theorem 2.22 that 

\\h { y\t)\\ EP <C nW \\v\\ EP , nen.Y EU'.teR, (6.224) 



N+n+\Y\ 



where C n \y\ t depends only on ||i> \\ FP . This proves that h ( y } e C (M,££J for Y e IT. 
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Since gi(v) is a solution of equations (6.167a)-(6.167c) it follows that is a solution 

of the M-D equations, i.e. (d/dt)h^\t) = Tp (hj (£)). Equations (1.10) then gives that 

(d/dt) k hf\t) = 7>+i(/iJ 0) (t)) = h { ° ] k+1 (t), which proves that h{ 0) = h(v) G C°°(R,V£). 

This proves the theorem for the case of / = 0. Since the case / > 1 is so similar, we omit 
it. 

According to Theorem 6.15 and Theorem 6.10 the solution h(v), v G £4o(o), satisfies 
the asymptotic conditions 

||(^(^), ^i(^)) — ^f^(*^ o) C^iC-^ ^iC-))N^- ll^(^) — e-^^^)t7-^ (iJ , o)Q;iCs) ||^ o ^ 0, (6.225) 

when et -> oo, e = ±, where n 1(e) = (A( e ), A(e)»«i(e)) = (^P) -1 ^)- 

To obtain asymptotic representations of the Poincare group, which do not require the 
integration of the M-D equations for their construction, we shall replace (6.225) by 

\\(A(t),A(t)) - U^ {tPo) {f e J e )\\ K + U(t) -e-^ (£) '*)^ (tPo) « e || Do - 0, (6.226) 

when et — > oo, e = ±, where is given by (1.22a), with (/ + , /+, a + ) instead of (/, /, a), 
where / + = /i(+), /+ = /i(+) an d where we shall determine a + . Similar relations are valid 
for the case e = — , and we shall only state the following results for e = +. We recall 
that the function Xo m formula (1.22a) is given by x = 1 in this chapter. To state next 
proposition let 

#+(A(+)> A(+)» «i(+)) = (A(+)» A(+)> «+)» (6.227a) 
a + (k) = e^ 00(AC+) - A '^ (fc) '- efc)) P e (fc)ai( +) (fc), (6.227b) 

e=± 

for u>u + \ = (/i(+)j a i(+)) e Ci,oo(+)) where /i(-u) = (A, A, -0) is the solution of the M- 

D equations given by Theorem 6.15 with v = (fi < j + ' ) ) -1 (w 1 ^), where is given by (1.23b) 
and where = (u 1 ^) is given by (1.22a) with instead of (/+, /+, a + ). 

Proposition 6.16. Let 1/2 < p < 1. One can choose the open neighbourhood 0i j(X >(+) 
o/ zero in such that E + is a diffeomorphism of 0i jOO (+) on ^° an open neighbourhood 
C 00 ( + ) o/ zero in -E^, snc/i that there exists N + G N and snc/j £/iai; 

i) ||( J D'i? + )(n;n 1 ,---,n z )||^ 

< C n+ i{lZ l N n+ i(u 1 , ■ ■ ■ , uj) + \\u\\ e p :i \\ u i\\e p „ '"\\ u i\\ep )> 

/or n, i G N, u G Ci,oo(+)> n l7 • • • , n z G -E^, where C n+ i depends only on p and \\u\\ EP , 

N + 

ii) 

< C n +l{Tl l N + , n+ l(u 1 ,---,U l ) + \\u\\ E , ' INIs* ■■■\\ U i\\e p m )» 

1 iV_|_+n. + / iVi N I 
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for n, I E N, u E (9 00 ( + ), u l5 . . . , u, E E^g , where C n+ i depends only on p and \\u\\ „ P , 

y ' ' N + 

hi) Let Xo e C°°(K) ; < x < 1, Xo (s) = /or s < 4, Xo (s) = 1 /or s > 14, Ze* 
1/2 < k < \, xi(t,x) = Xo((t 2 - \x\ 2 )/t 2K ) fort > 1 and \x\ < t, Xi(t,x) = elsewhere, 
let (A { +\4 + \4 +) )(t) = U^ p{tPo) u + , u + = E+(u), let (A,A,ip) = h(n[ +) o E+\u + )) 

be the solution given by Theorem 6.15 and let <p = -d(A^) + Xi~&(A^ 2 ) , where A^ 2 is 
given by (1.22a). Then 

\\{D\A - 4 +) e^V - 4 +) )(«+;«+!. • " • ^+l)l\ P ',r,L 

< C L+ i(TZ l N+ L+l (u +l7 . . .,u +l ) + \\ u +\\e p n++l+1 \\ u +i\\e p n+ ' ' ' W u +i\\e p n+ )i 

for L, I E N, 1/2 < p> < 1, r = (r(0),r(l)), r(0) > 0, r(l) > p, u + E 0^+), 
u + i, • • • , u +l E E^p, where ||| • ||L/ rI/ is given in Theorem 6.10 and where Cl + i depends 
only on p' , r, p and \\u< II „ P , 

JV_|_ 

iv) Let A = £p A and A { +) = ^A { +) . Then 

\\(A(t),A(t)) - (4 + \t),4 + \t))\\ MP + U(t) - (e-^4 +) )(t)\\ D - 0, 
when t — > oo, for u E 0oo(+) • 

Proof. We shall first estimate norms of (D l (A — A( + )))(-u; w 1; . . . , u t ), for / E N, u E 
Ci,oo(+)> G -E 1 ^, where A^ + \u) is given by (1.22a) with x = 1 and with it = (/, /, a) 
instead of (/+, f + ,a + ) and where (A(u),A(u),ip(u)) = h(Q\^\u)) is, according to Theo- 
rem 6.15 the solution of the M-D equations in V£ with initial conditions Q± \u) E U^q). 
Recall that A n , n > 0, and A* are the functions of u E Oi )00 (+) given by (4.137b) and (6.30) 
respectively and let A^ (resp. A^ + ^ l \ A*^) be the I th derivative of A (resp. A^ + \A*) 
at u in the directions u 1 , . . . , u t . It follows from Lemma 6.3, statement i) of Theorem 6.9 
and by a suitable definition of N + that 

||*(f)(l + \t-\- ||) 1/2 (Cf {A® - A^))(t)\\ Lao + \\{&{A® - A*^))(t)\\ L2 (6.228) 

< (l + t)- 1+P Ci + \ Y \(K l N |y|+,(Ui,...,Ul)+ \\u\\ EP xlvl _JI U llL' -hills' )> 

for t > 0, / E N, y G IT, it G Ci,oo(+)) u \i • • • i u i e -^Sd? where C; + |yj depends only on 
p and ||w|| b p • Inequality (6.29) and the inequality following (6.29), with p' = 1 and the 

analog inequalities for / > 1 give that 

||*(f)(l + |f- I • ||) 1/2 (£f (A*M + (6-229) 

< (l + t)- 1+p C /+ |y|(^ +> |y|+i(Mi,...,Ui)+ II^iIIe^ ••'IkHs' )> 

1 1 1 N_i_ + \Y\-\-l iv_|_ iv_^ 
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for t > 0, / G N, Y G IT, u G C?i j00 (+), . . . , G E^, where Ci + \y\ depends only on p 

and llullpp • Theorem 4.10 gives that 

N + 

\\m) 1+ ^ v+ ^¥(Af - A?))(t)\\ Lx (l + tr (6.230) 

+ m¥ (4° -4°))(*)ii^(i+*/- 1/2+3e 

< c z+m (^ +) , y | +; K, ...,«,) + IKII^ + • • • lhll££ + ) 

for t > 0, / G N, Y G cr l , i = 0, 1, < p' < 1, p' - 1/2 + x > 0, rj > 0, u G O hoo(+) , 
ii l5 . . . , U\ G E^q, where x = 2(1— p) and where Ci + \y\ depends only on rj, p, p' and • 

N + 

We note that by (4.137b), with n = 0, and by definitions (1.22a) of it follows that 
A\ - A^> = A\ - A(+) 2 , where A\ (resp.^W 2 ) is the bilinear term of A\ (resp.^4 (+) ) in 
u. Let, for u i = (/<, a t ) G 



(J M (u x <g>u 2 ))(*) (6.231a) 
2 



and 



((jW( % ®« 2 ))(t))(x) (6.231b) 



e=± 



+ 



(P £ (p(t, x))a 2 {p{t, x))) + 7o7 M (P e (p(t, x))di(p(t, a;)))) , 



for t > 0, t 2 - \x\ 2 > and ((4 +) K <g> u 2 ))(*))(aO = for t > 0, t 2 - \x\ 2 < 9. Then 
(4 +) (% <g> u 2 ))(*) G ^oo for * > 0. We have □f£ i A?(u 1 <g> u 2 ) = ^J(«i ® u 2 ) in r4 
for Fi G U(p) and D^^ (+)2 = ® u 2 ) in {(*>a) e M+ x ^l* 2 ~ M 2 > 4 ) 

for Yi G U(p). This covariance property for Y 1 G W n +U(sl(2,C)), Y = ZY U with 
Z G IT n £7(R 4 ) and Corollary 4.2 and this covariance property for Y\ G II', Y = Y\ and 
statement iii) of Lemma 4.3 give: 

II {& ® u 2 ) - A^ 2 ( Ul ® %)))(t)|| Loo(|x|2 < t2 _ 4) (l + t) 2 (6.232) 

+ II (^(4 2) K ® «2) - ^ (+)2 K ® «2)))(*)llL a( N»<t"-4)(l + ^) 1/2 
< (llaillu^ ll«2|| i?JV++|y| + \\ai\\ DN++lYl \M\ D „ + ), 

for w l7 w 2 G -E 1 ^, y G IT, t > 2, where C|y is independent of £, it 2 . Since the support 
of s t— > (<i/(is) n x(s), s G R, is a subset of the interval [1,2], it follows that 

\(d^d^d^d^ X (p))(t,x)\ < C w (l + f)W f > 0,z G R 3 , (6.233) 
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where we have defined (x(p))(t, x) = for t 2 — \x\ 2 < 0. Since £ Y P = for Y G U(sl(2, C)) 
and since the volume of {x G R 3 |t 2 — 4 < |x| 2 < t 2 } is bounded by C(l + t),t> 0, where 
C is independent of t, it follows from (4.47) of Corollary 4.2 that 

||(^f y A(+) 2 K® W2 ))(t)|| LP( | x | 2 > t2 _ 4) (6.234) 

<C\z\+\y\ £ (l+t)" 1+1/p+|Z| - 

0<n<|Z| 

(l|ai||^ + ll«2||D JV++ „ +|y| +ll«l|lD JV++ „ +|y| ll«2||^ + ), 

for 1 < p < oo, t > 0, u lt u 2 G FGffn C/"(s/(2, C)), Z eW n U(R 4 ), where C|z|+|r| 
depends only on p. It follows similarly from Theorem 4.10, reminding that there is no 
cut-off function in A\, that 

||(^A 2 K® % ))(t)|| LP(t2 _ 4 < |x|2 < t2) (6.235) 
<qy|(l + t)- 1+1/p (||«i|| Djv+ ||« 2 || Djv++|y| +||« 1 || Djv++m ||a 2 || Djv+ ), 

for 1 < p < oo, t > 0, tt 2 G -E^, Y G IF, where C|y depends only on p. 

According to (6.227a) and (6.227b) let E+(u) = (f,f,a+(u)) for u = (/,/,«) G 
Ci,oo(+), where 

(a+(u)) A (k) = £ e MOO(A(+) - A ' iLv{k) >- sk)) P £ (k)a(k). (6.236) 

e=± 

To prove that £7+ is a C°° function from O 1)00 ( + ) to satisfying the inequality of 
statement i), it is sufficient to prove this for the function a + from 1)OO ( + ) to -Dqo. If 
/3(/c) = Y.e F e{ k ) P e{k)6t{k), then if follows using definition (1.5d) of TgJ. that 

= E ((-ew(fe) ^-F £ (k))P £ (k)a(k) + F e (k)P e (k)(T^ank)), (6.237a) 

and if F g (/c) = f(u(k), —ek) then 

-eu{k)-^F £ {k) = (t M J)(u>(k),-ek). (6.237b) 

A similar relation is valid for the rotations which gives that 
(T^ 1 /3) A (A;) (6.237c) 
= £((£x/)(w(*0> -zk)Pe{k)a{k) + /(a/(fc), -ek)P £ (k)(T° 1 a) A (fc), X G sZ(2, C). 

e 

Using the SL(2,C) covariance of the function -i? 00 it follows from (6.237c), with f(y) = 
d°°{H,y) that 

(T%P){k) = E Y E^ 00 (^(^(^) 5 -^))^(^)( T i ) y 2 «) A W 5 (6-238) 

Yl,Y 2 s 
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for Y G IT n U(sl(2, C)) and Z e W f] U(R 4 ), where 0(k) = £ e tf°°(#, (w(ife), -efc)) and 
if: IR + x I 3 -> I 4 is sufficiently smooth and decreasing. It follows from equalities (6.236) 
and (6.238) that {T^y ({D l a + )u; u±, . . . , u L ))) A (k) is a sum of terms 

C Yl ,...,Y i+liil ,...,i^ (6-238) 

Z eWf] U(R 4 ), 7 6 Il'n *7(sZ(2,C)), where if = - A, l £ (k) = (u(k), -ek), where 
o;(*j+i) ar e the derivatives of order zi, . . . respectively Zj+i at it, each 
depending respectively on ii, ■ ■ ■ , ij, distinct arguments among u 1? . . . , u t and where 

h + --> + i j+1 = /, i u ...,i j+1 > o, Y u ...,Y j+1 e n'n[/(s!(2,c)), 1^1 + ••• + \Y j+1 \ = 

|y|, |Yq| + z g > 1 for g < j. Since the function (t,x) h- > (H, (t, x)) is homogeneous 
of degree zero, we can use statement ii) of Lemma 3.1 to the function (u;(fc), — ek) \— > 
tf°°(i2", m" 1 (w(A;), -efc)) = tf°°(i2", (u;(fc), -efc)). This gives 

|^~(^fr«,(a;(fc),-efc))| (6.240) 

< 2m (ln(l + ^) + 7 i) sup {(l + t)(l + t-\x\r\(^H^)(t,x)\), r>0, 
m t >i 

\x\<t 

for Y" G ]TrW(sZ(2,C)), fceK 3 ,£ = i. Since t— |ar| < 4(l+t)- 1 , for t > 1, t 2 -|x| 2 < 2 and 
|x| < * it follows from inequalities (6.228), (6.229), (6.230), (6.232), (6.234) and (6.235), 
choosing r = 1 — p in (6.240) that 

- A«), (w(fc), -efc)) | (6.241) 

< C m+; In (1 + ^A) (74 + , m+/ K, ...,«,) + + • • • IKII^ + ), 

for / > 0, y G U'nU(sl(2,C)), k G K 3 , £ = ±, u G Oi l00 (+), Uj G where C|y| + j 

depends only on p and llttll pP . Reindexing for the moment the sequence u-,, . . . , u, we can 

JV_|_ 

suppose that H^; . . . ; ifw depend on the arguments u t , . . . ,u ii ; . . . ; it^ ■ ■ 

■u iiH |_^. respectively and that a^ +1 ' depends on +1 , . . . ,u t . Using the notation 

^•7V + ,AT + + |y|+z(' u ; w l) ••• 7 w z) = 'R-N + ,\Y\+l( u li •• -> u i)+ IMIs^ ll^llls?. '"IKHs^ 

jv _|_ -\- 1 y | -(- i -I- ~\~ 

using the fact that ln(l + u)(k)/m) < ui{k)/m and that 

'R-N + ,N + + \Y\+l( u i u li ■ ■ ■ > u /) ^ '^7V + +l,7V + +l+|Y|+2-l(' u ; u l; • • • > 

it follows from Corollary 2.6 and inequality (6.241) that the expression (6.239) is majorized 
by 

C \y\+i^n + +i,n + +i+\z\+\y\+i( u: > u n ■ ■ • > (6.242) 
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Here we have also used the fact that 
\W-id) 3 Tgy. +1 « (b+l) || D < C\ Z \+\ Y . +1 \ +j n% 3 ^ +MZ \ MY]+A+lj+1 {u;u l _ l]+1+1 ,...,u l ) 

and that |Y 9 |+z g > 1 for q < j. Since the expression (6.242) is independent of permutations 
of u 1 ,...,u l , this expression majorizes all the expressions (6.239). This proves, after 
redefinition of N +: that E + : O l oo ( + ) — > is C°° and that statement i) of the proposition 
is true. 

We shall next study the asymptotic behavior of e^^'ip^) in statement iii) of the 
proposition for u + = (/+,/+,«+) = E + (u), u = (/,/,«) G C?i,oo(+) and v = tt[ + \u). It 
follows from (4.47) of Corollary 4.2 that 

||(^+) 2 K ® u 2 ))(t)\\L"(\x\*<t*-4) (6-243) 
^(l + ^-^^qyidlaill^JI^H^^ + ||«i||^ ++|y| ||a 2 || Djv+ ), 

for 1 < p < oo, t > 0, Uj . = tfj,fj,aj) G E%, j = 0, 1, Y G <r*, i = 0,1, where iV + 
and C|y| are independent of p, t, Uj, Y. Let x 1 (t, x) = x ((^ 2 — |a^| 2 )/t 2K ) for t > 1 and 
X 1 (t, x) = elsewhere for £ > 0. Since Xi(t, x) = for t 2 — \x\ 2 < 4t 2K , it follows that 
t 2 — \x\ 2 > 4t 2K > 16 in the support of <p. Here we have used the fact that 1/2 < k < 1. 
Inequalities (6.234) and (6.243) then give for Fell' and for (t,x) G supp Xi : 

\Z Y #(AW 2 ( Ul ®u 2 ),(t,x))\ (6.244) 

< (l+t)- i+K 'C|y|(||ai|| Djv+ ||a 2 || Djv+ + |y| + \M\ DN++m \\a 2 \\ DN+ ), 

for t > 0, x G R 3 , y G er l , i = 0, 1, where «' > can be made arbitrary small by choosing 
k G]l/2, 1[ sufficiently close to 1 and where C\y\ depends only on k. According to the 
definition of Xi we obtain that 

\£ Y Xi\(t,x) < C\ Y \(l + t)-« 2K -V forY ecr\ie N. (6.245) 

Hence, redefining k' and identifying the second order part of the map cp with a bilinear 
symmetric map </? 2 , it follows from inequality (6.244) that 

|£y¥> 2 (Mi®u 2 )|(*,a;) (6.246) 
<(l+t)- l+K 'qy|(||ai|| Djv+ ||a 2 || Djv+ + |y| + ||ai|| Dw++m ||a 2 || Dw+ ), 

for t > 0, x G K 3 , F G it', i G {0,1}, ^ = {f 3 ,f 3 ,a 3 ) G where can be made 

arbitrary small by choosing kg]1/2,1[ sufficiently close to 1 and where C\y\ depends only 
on k. Let (£, x) G supp (1 — Xi) and |x| < t. Then < t — \x\ < 16t 2K_1 , which shows that 
(1 + Xi(t))(x) > C(l + t) 2 ( 1_K ) for such t and x. Hence by the definition of Ai, it follows 
that (1 +t + |^|)2(i—^) < C(l + Ai, (t))(x) for G supp (1 - Xi) and t > 0, where C is 
independent of t and x. This gives together with Theorem 6.10 and Lemma 4.4 that 

||(1 + A^))-^ 1 -^^ - Xi) *(^ (0 - 4°)) (OIL- (6-247) 

+ H(*(*)) 2 - p fe(i-xi)^ (0 -4 ))(*)iiL- 

< C L {R N L {u^ . . . ,u t ) + \\u\\ e p ||wi|| s p '"IKIIe^ )> 
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for t > 0, t > 0, Y G IT, Z G a 1 , u, G ££o, max(|Y|, |Z|) + / < L, where A« - 

= (£)'(A — Aq))(u; u\, . . . , Ui) and where Cl depends only on r, p, k and llttll „ P 

It follows from inequalities (6.228), (6.229), (6.230) and (6.232) that if = (D l (A^ - 
A))(u; u 1 , . . . , Ui) then 

\t¥H®\(t,x) < {l + t)-* +2p -^ p - 1 W{l + {\ 1 {t)){x)) 1 - p+j{p - l/2) (6.248a) 

C \Y\,l{ nl N + ,\Y\+l(Ul, ■■■,U l ) + \W\\e? n+ + iyi+1 \Wi\\e? n+ ■ ■ ■ 

for t 2 - \x\ 2 > 4, t > 0, I > 0, Y G a\ j G {0,1}, u G lj0o{+) , u 1} ...,u, G where 
C|k|,j depends only on p and • It follows from Theorem 6.10 and inequality (6.234) 

N + 

that 

\^ Y H^\(t,x)<C lzl + lYl+l J2 (l + r 1+|Zhn (6.248b) 

0<n<\Z\ 



{ n N + ,n+\Y\+l(. U lT--i U l) + W U \\E P N++n+lYl+l \\"l\\E P N+ ■ ■ ■ \\"l\\E^ + 

for t 2 - \x\ 2 < 4, t > 0, I > 0, Z G II' n £/(R 4 ), F G n' n Ef(sZ(2,C)), u G 1)Oo(+) , 
u 1; . . . , u L G -E 1 ^, where C\z\ + \y\+i depends only on p and ||w|| b p • If (t, x),t > 0, is inside 

iV + 

the light cone then it follows from inequality (6.248a) and (6.248b) that the line integral 
d°°(£¥H®,(t,x)) converges absolutely for Y G IT n U(sl(2,C)). The function (t,x) i-> 
i}°°(^y H^ l \ (t,x)) from the interior of the forward light cone into R is homogeneous of 
degree zero and ^°°(H^) = tf°°(^#«) for y G II' n £/(s/(2,C)). Expressing the 
derivatives <9 M as linear functions of £ Mq . and the dilatation operator as in equality (5.67), 
it follows from inequality (6.248a) with Y G II' n U(sl(2,C)), inequality (6.248b) with 
Z = I and by using t 2 — |x| 2 > 4t 2/i , t > 0, in the support of X\i that 

(1 + ln(l + t/(t - \x\)))-^ 2K -^ z ^ ZY ^(H^)\(t, x), 

Z eWn t/(R 4 ), Y G IT n £/(st(2, C)) is uniformly bounded in (£, x) on the support of Xi- 
According to inequality (6.245) and using the bounds in inequalities (6.248a) and (6.248b) 
we obtain that 

\a zYXl #°°(HV)\(t,x) (6.249) 
< (l + ln(l + */(*- \x\)))(l + t)-^ 2K -^ 

C\ZY\+l{^ l N+ ,\Z\ + \Y\+l •••,«!) + \\ u \\e p n+ + izi + iyi + 1 W U i\\e p n+ ■■■\\ U l\\ E p N+ )i 

for (t,x) G supp (xi), / > 0, Z G n'n£/(R 4 ), Y G n'rW(sZ(2, C)), u G Oi )00 (+),«i, •••»«! e 
E^p, where C\ Z y\+i depends only on p and • Similarly as we obtained (6.246) from 

N + 

inequality (6.244), it follows from inequalities (6.248a) and (6.248b) and from 1 + Xi(sy) < 
C(l + Xi(y)) for y inside the light cone and for < s < 1, that 

\t YXl #(H {l) )\(t,x) (6.250) 

< (l + t)- 2 <- 1 -ri(l + Xtfax)) 1 ' 2 

C \Y\+l(fc N+ ,\Y\+l( u H + W U \\e p n+ + iyi+1 \\ U i\\e p n+ 
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for t > 0, x G IR 3 , Y G cr 1 , it G Ci,oo(+)) u i; • • -i u i £ -E'oo) where k is chosen sufficiently 
close to one and where C\y\+i depends only on p and ||w|| s p • Since <p — $(A) = 

N + 

X^{A^ - A) + (I - Xi)$( A o ~ A ), ^ follows from inequalities (6.247) and (6.250) that 

\\(5(t)) 2 ^\l + Xm-^driD 1 ^ - $(A))(u- % , . . . , Ul ))(t)\\L~ (6-251) 
< C|y| +I (72. JV+> |y| +I (u 1 ,...,u I ) + \\u\\e p n++iyi+1 \\ u i\\e p n+ • ' ' \\ u i\\e p n+ )i 

for t > 0, Y G cr 1 , -u G Ci,oo(+)) u i>---) u j G £'^ > , where C\ Y \ + i depends only on p and 

||it|| pP . It also follows from inequality (6.247), with r/ (2(1 — k)) replaced by r, and from 

N + 

inequalities (6.248a) and (6.248b), that 

||(1 + \i(t))~ T (£ Y (D l ((p - $(A)))(u; % , • • • , «,))(t)|| L co (6.252) 

< C \Y\+l{K l N lY{+l (u 1 ,...,U l ) + \\u\\ EP ^ lvl \\ U l\\E p ■■■\\ u i\\e? )> 

iVi + 1 Y I +i iV_|_ iV^(_ 

for t > 0, Y G IT n £/(sZ(2,C)), u G 1>oo(+) , u l5 ..., u, G r > 0, where 

depends only on r, p and \\u\\ EP . Let V'ol*) = ^ejp{tp ) a - Using Theorem 6.10, Corollary 

2.6, inequalities (6.251) and (6.252), with r = 1/2 and redefining N + we obtain, with the 
notation 

4\t) = (^(D'(e^-^)(e^V-^)))(«;%,...,^))(t), (6.253) 

that 

(1 -K^) 2 < 1 -^>||(1 -K AiC^))^/ 2 ^^^)!!^ -K IK^C^)) 3 / 2 ^ 2 ^ 1 -^^! -K AiC^))^/ 2 ^^^)!!^^ (6.254) 

< C\ Y \+l+k('R>N + ,\Y\+l+k(. u li---i u l) + W U \\e p n+ + iyi+1 + J\ U i\\e p n+ ••'II u iIIb^ + )> 

for t > 0, / G N, k G N, Y G IT', u G C , i, 00 (+), u 1 ,...,u l G E%g, where C\ Y \+i+k depends 
only on p and ||w|| b p • Similarly, if 

N + 

r%(t) = {^z(D l (e i{ ^ iA)) ^o)) - $ {D l {e^'^ $ ^))){t), (6.255) 

then 

(1 + tf^\\(l + \m k/2 4] z {t)\\D + \\(S(t)) 3/2+2{1 - p) (l + Mt)) k/2 4] z (t)\\ Laa (6.256) 

< \z\c lYl+lzl+ i +k (n l N+jlYl+lzl+l+k ( Ul , . . . , Ul ) + IMIi^ ++|y|+|z|+!+ JKIIi^ + •••IKIIb^ + ). 

for t > 0, I G N, k G N, Y G U'DU(sl{2, C)), Z G II'n*7(R 4 ), u G 1>oo(+) , u 1} . . . , u, G E%, 
where C\y\+\z\+i+k depends only on p and ||it|| B P • Development of the expression 

N + 

#((i?V ( *~* (A)) £z «!,•••, «»)), ^n'n u(si(2, c)), 
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shows that it is a sum of expressions 

O-, >;,.::;, (d Yl (<P (h) - $(A^))) ■ • • - t(A™))) (6.257) 

e i( *-* (A)) (# J+1 z4* i+l) )» *i . . . , en'n I7(*i(2, C)), 

where the coefficients and the dependence of the arguments are as in expression (6.239). 
According to Theorem A.l there exists two functions P^Ax e C loo (]R + x R 3 — {0}), e = ±, 
given by formula (A.l), homogeneous of degree —3/2 and with support in the forward light 
cone such that, if 

(^ l) (0)(^) = e^ (ta - |!B|a)1/a ^ l) (t,x), 
then there exists N E N such that 

for t > 0, k G N, X G IT, where Ck is independent of t and X. This gives together with 
inequality (6.252), taking < r < 1/2 and after redefining N + by max(A^ + + 1, N) that, if 

Q J (Y 1 ,...,Y J ;i 1 ,..., i f , (t, x)) (6.258a) 
= (v? (ll) - • • • (Cr, (^ } - $(A^))))(t, x), 

then 

|| (1 + \,{t)) k/2 Qi (V, V,:/, (f , ■)) (P e (-tf)(tf i+1 z 4 ii+l) )(t) ~ 4e)vLz^) Wd 

<t~ 1 C\Y\ + \z\+k+i^N + ,N + +\Y\+\z\+k+i( u '^ u i^-^ u i)^ t> 0, (6.258b) 
where Yi, . . . , ii, . . . , ij+i are as in expression (6.239), where we have used the no- 

tation 7?} ^ as in expression (6.242) and where we have used that \Y q \ + i q > 1 for q < j. 
Here C\y\ + \z\+k+i depends only on p and for r g]0, 1/2] fixed. Similarly it follows, 



+ 

using Theorem A.l with L°°-norms, that 

|| (5(t)) 3/2+2(i-p) (1 + Ai {t)) k/2 Q . ( V, V,:/, (t, •)) (6.258c) 

(^(-^)(^ +lZ 4 lj+i) )w-<^Uw)ii^ 

< t~( 2p ~^C\ Y \ + \Z\+k+lftN + ,N + + \Y\ + \Z\+k+l( u 'i u li ■ ■ ■ > u l)i t > 0. 

Since 

/oo 
y»H«\sy)ds, 

for y^y^ > 0, y > 0, since £ y Xi is uniformly bounded in the half space t > for Y G IT' 
and since (1 + Ai (£))(#) < C(l + t/(t — \x\)) inside the forward light cone, it follows, using 
the s/(2, C) covariance of t? and and using inequality (6.248a) with j = 0, that 

K^XiW^ )-^ 00 ^ )))^^)! (6.259) 

< (i + t )- 1+ ^(i + t/(t - \x\)yc lYl+l n ( £ + , N++lYl+l (u; «!,..., «,), 
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for (t, x) e supp xi, I e Y e n' n u(s/(2, C)),o<r<i-p,«e liOo(+ ), u 1 ,...,u l e 

E^p, where C\y\+i depends only on ||w|| s p and p. It follows from inequality (6.247), from 

N + 

the fact that i}°°(H^) is homogeneous of degree zero inside the forward light cone and 
from inequality (6.249) that 

| (Ml - (t, x) | + | (£ y (1 - Xi )<^ (,) - 4°)) (* , *) | (6.260) 

< (1 + */(* - k|)) r q r | +z ^ ) +)Ar+ + | y | + ;(w;-u 1 , . ..,«,), 

for G supp (1 - x x ) n > and t > \x\}, Y G IT n L/(sZ(2,C)), / G N, 

w G Ci,oo(+)) u i> •••> u j e ^oo> r > 0, where C|y| + ; depends only on r, p and . 

N + 

Since, inside the forward light cone 

(D l (<p - i9(A) - 0°°(A<+) - A))) ( u; Ul , ■ ■ ■ , «,) (6.261) 
= Xl (0(ff<'>) - #°°(H®)) + (1 - Xl )(r°(U«) + ^(4° - A®)) 

it follows from inequalities (6.259) and (6.260) that if e is the characteristic function of the 
support of Xi an d e the characteristic function of supp (1 — Xi) H {(A ^)|^ > 0, |x| < t}, 
then inequalities (6.259) and (6.260) give that 

| (Z Y (p\<p - &(A) - 0~(i4< + > -A)))(u; Ul ,..., u,)) (f , x) | (6.262) 
< (e(t, x)(l + t)- 1+p ~ r i (1 + t/(t - |x|)) T i + e(£, x)(l + t/(t - \x\)) T *) 

C\Y\+l'^ < N + ,N + + \Y\+l( u: > u l> • • - ) u !)i 

for < \x\ < t, t > 0, / G N, Y G IT n U(sl(2, C)), u G 1)0o(+) , G 
< t x < 1 — p, r 2 > 0, where C\y\+i depends only on r 2 , p and ||m|| b p • Let 

N + 

Q j ^(Y 1 ,...,Yyi 1 ,..., iy (t, x)) = {(t Yi #°°(H^)) ■ ■ • (£ y /°°(ff< 4 '>))) (f , a:), (6.263) 

where Y\,...,Yj, are as in expression (6.239). Let a q (resp. 6 ) be the g th 

factor in the product defining Qj(Yi, . . . , Yy, ii, . . . , ij) (resp. Qj°(Yi, . . . , Yy i±, . . . , ij)) in 
expression (6.258a) (resp. (6.263)). Then 

(Qj QjnY Yyi: /,) < Cj £ \a q -b q \M q , 

i<q<j 

where M q is a monomial of degree j — 1 given by 

M q = ^ c 1 - • • c q _ 1 c q+1 • • ■ c q , 

where the domain of summation is defined by c p G {\a p \, \b p \} for p G {1, . . . , q — 1} U 
{q + 1, . . . We estimate M q (t, x) for t > 0, \x\ < t by using inequality (6.252), with 
< t < 1/2, and by using inequality (6.249), with Z = I, together with the fact that 
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^Y^^iH^) is homogeneous of degree zero. We estimate \a q — b q \(t, x), for t > 0, |x| < i, 
by using inequality (6.262) with t x = 1 — p and < r 2 < 1/2 and by observing that 
£2(i-«) < 4t/(t — in the support of e and that 

e(t, x)(l + t)" 2(1 - p) (l + t/(t - Ixl)) 1 -? + e(t, x)(l + t/(t - \x\)) T i 
< C(l + t)- 2 ^- p) (l + t/(t- \x\)) T * +{1 - p)/{1 - K \ 

for t > 0, |x| < t, where C is independent of (t,x). Since £/(£ — \x\) < 2t 2 /(t 2 — \x\ 2 ) for 
t > 0, |x| < t, it then follows from Theorem A.l, after redefinition of iV_|_, that 

|| (1 + \i{t)) k, \Qj ~ QTWu ■ ■ ■ > Yj; h, . . . , if, (t, -))tfj$ +lZ (t) \\ D (6.264a) 

< t~ 2 ^~ p) C\Y\ + \Z\+k+l^N + ,N + +\Y\ + \Z\+k+l( u 'i ■ ■ ■ , W J 

and that 

||(1 + \i(t)) k / 2 (Qj - Qf){Y u ....V,:/, i i; (f , -))^&£ lZ (*) IL- (6.264b) 

< * _2(1_p)_3/2 C|y|+|z|+fe+/ ^Sv + ,7v + +|Y|+|zj+fc+;( w ;' u i, ••-,«/) 

t > 0, where Yi, . . . , Yj+i; ii, . . . , ij+i are as in expression (6.239), where C\y\ + \z\+k+i 
depends only on p and ||w|| e p for r and r 2 fixed and where we have used that \Y q \ +i q > 1 

N + 

for q < j. f£ z ((Dfyo +) )( u ; «i, • • • , ^^'n Ef(sZ(2, C)), Z G n' n U(R 4 ) is a solution 
of the Dirac equation with initial condition Ty Z ((D ot+)(u; u 1 , . . . , u t )). Since we have 
already proved statement i) of the proposition we can apply Theorem A.l to this solution. 
Hence there exists two functions (3^ l) z G C°°(R+ x R 3 - {0}), e = ±, given by formula 
(A.l), homogeneous of degree —3/2 and with support contained in the forward light cone 
such that, if 

ttW(" = (D'a + )(«; 
then there exists iVGN such that 

11(1 + AUt)) fc / 2 (P £ (-za)^ (tPo) T#|aW(0 - || D 
^t-^HT^aWWll^, 

for t > 0, G N, where is independent of £. Theorem A.l also gives a similar statement 
for the L°°-norm. Hence according to statement i) of this proposition 

t||(l + AxCt))^ 2 ^^-^)^^^^^)^) -^^(t))!^ (6.265) 
+ t- 1 + 2 l(5(t)) 3 / 2 +^ 

< C\Y\ + \Z\+k+l'^ ( N + ,N + + \Y\ + \Z\+l+k( u: > u li ■ ■ ■ , 
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for t > 1, e = ±, Y G IT n U(sl(2,C)), Z G IT n £/(K 4 ), fc G N, / G N, w G Ci,oo(+), 
itj G E 1 ^, where C|y| + |z|+A;+z depends only on p and IHI^p . We have here 

N + 

suitably redefined JV+. It follows from (A.la) that p$£ 0) = e^°° {A{+) fif^. The 
construction (A.la)-(A.3) is sl(2, C) covariant, which shows that 

Since £ X A = for A(t, x) = a/^ 2 - |x| 2 , t > 0, |x| < t, X G fraksl(2,C), it follows that 
E e 0(5yz is the sum of the expressions (6.257) with ^ -<&{A^) replaced by 0°° 
and ^Yj+xZ^o replaced by ^^y-^z - Hence, inequality (6.256), development (6.257) 
and inequalities (6.258b), (6.258c), (6.264a), (6.264b) and (6.265) give that 

(1 + ^^-^IKl + A 1 (t)) fc / 2 (^((^(e^-^ A ))^o - ^o +) ))(^^i, • • • , ^)))(*)lli. (6-266) 
+ \\(d(t)) 3/2+2{1 - p \l + Xi(t)) k / 2 (^((D l (e^-^ ~ ^ +) ))(«;%, • • • ,Ui)))(t)\\ L - 

< C\Y\+k+l^N + ,N + + \Y\+k+l( u: > u l7 ■ • 

for t > 0, Y G IF, fc, / G N, w G 0i )OO (+)) u±, . . . ,u l G E 1 ^, where C|y|_|_ fc _|_ z depends only 

on p and • Since 

N + 

- 4 +) = e *(*-*<*» {e^ A H - V>o) + e^~^^ - 4 + \ 
inequalities (6.254) and (6.266) and theorem 6.10 for A give that 

\\(D l (A - 4 + \e**4, - ^)IIU e , L (6-267) 

< C L+ inN +:N++L+ i(u;u l7 . . . 7 u L ), 

for L, I G N, 1/2 < p' < 1, £(0) > 0, e(l) > p, u G 0i,oo(+), G 
where Cl+z depends only on p', e, p and ||w|| b p , where u + = (/+,/+, aq.) = E + (u), 

N + 

(A^\A^\ ipo +) )(t) = U^ xp{tPo) u + and where (A AVO = M w ) is the solution of the M-D 

equations given by theorem 6.15 with v = Qi~\u). 

To prove that E + : Oi )00 (+) — > E^ has a differentiable inverse E+ 1 : Coo(+) — > @i,oo(+)i 
where Coo(+) is an open neighbourhood of zero in E 1 ^, we shall use the implicit function 
theorem for Frechet spaces. We therefore have to prove that the linear continuous operator 
DE + (u) G L(E^p,E^) has a right inverse w(u) G L(E%g,E%), i.e. (DE+)(u; w(u)V+) = 

V+ for u G Oi )0 o(+) an d V+ G E 1 ^. Since 

oo(+) ~~ * ^oo(o) is a diffeormor- 
phism and if V'(u) is a tangent vector of W^o) at the point (u) satisfying the 
equation (DG)(u;V'(u)) = V+ for V+ G Eg, where G = E + o then it follows 

by the chain rule that V(u) = (Dfo^) -1 (Q^\u); V'(u)) is a solution of the equation 
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(DE + )(u;V(u)) = V+. Let h(ft[ +) (u)) = (A AVO be the solution of the M-D equations, 
with initial condition (u) = (A(0), A(0), tp(0)) at t = 0, given by Theorem 6.15. If 
V(u) G E%p and (D(h o oJ +) ))(w; V(u)) = (a, a,*), then (a, a, *) is the solution of the 
equations given by the derivative of the M-D equations, i.e. 

j t (a(t),a(t),V(t)) = (DTp )((A(t),A(t),m);(a(t),a(t),y(t))), (6-268a) 
with initial data at t = given by 

(a(0),d(0),*(0)) = V'{u) = (Dtt[ +) )(u;V(u)). (6.268b) 

Let h(u) = (A,A,e i<p ip),^ = e^tf; and (Dh)(u;V(u)) = (a,d,*). Since = for 
< t < 2 it follows from (6.268a) and (6.268b) that 

(z 7 ^ + m - 7 M (^ - dptp))* = Y (a M - ^(^(u; (6.269a) 

= +707^ + V^ + 7o7^, (6.269b) 

and 

(a(0), d(0), *(0)) = V'(u). (6.269c) 

Moreover defining V+(u) = (DG)(u; V'(u)) then V+(u) = (DE+(u; V(u)) by the definition 
of G and so it follows from inequality (6.267) that 

\\(a(t),a(t),V(t)) - U^ p{tPo) V+(u)\\ D -> 0, (6.269d) 

when t — > oo. Therefore, if for fixed V + G E^ equations (6.269a) and (6.269b) have, 
for each u G Ci 5<x >(+)) a solution (a,d, ^), in a suitable space, satisfying the asymp- 
totic condition (6.269d), then V'(u) defined by (6.269c) is a solution of the equation 
(DG)(u;V'(u)) = V+. Let V+ = (g + ,g+,p+) G E%, cf>'(t) = e«*-*( A »U™ {tPb) /3+, 

tj}' = e^Wip, ^' = e i ^ ( - A ^-^(^-Ugl (tPo) (3 + ) and let & M = d^((D(p)(u; V(u))). Equations 
(6.269a) and (6.269b) give that 

(iy*^ + m - >y»(Ar - d^A)))*' = Y K " h M' + " <^)0', (6.270a) 

□a„ = + ^) + 7o7m^ + (</>') + 7o7^' + </>') (6.270b) 

and the asymptotic condition (6.269d) gives that 

WMWd + \\Wt),a(t)) ~ U!£ itPb) (g + ,g + )\\ MS - 0, (6.270c) 

when t — > oo. Denoting for the moment by a i— > J^^a) the function defined in (1.21). 
Since ct(/c) = c(/c)a + (/c), where c(fc) G C and |c(fc)| = 1, it follows that j( + )(a) = j( + )(a + ). 
According to the definition of cp, we therefore obtain that 

b lt = d lt ((D<p)( U+ ;V+)), (6.271) 
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where u + = E + (u). We shall prove that system (6.270a)-(6.270b) have a solution (a, W) 
with finite norms \\(a-a , *')lllp',r,L for L G N, 1/2 < p' < 1 and r = (r(0), r(l)), r(0) > 0, 
r(l) > p- This is done by using Theorem 5.14 with to = oo and by using inequalities 
(6.176) and (6.177). Since the proof is standard at this point, though tedious, we only 
state the result, which after taking N + sufficiently large and 0i )O o(+) sufficiently small, 
reads: 

j(D l (a - a , «i, • • • >^)lllp V ,L < CL+in ( ^ N++L+l (u- u l7 . . . ,u u V+), (6.273) 

for L, I G N, 1/2 < p' < 1, r = (r(0), r(l)), r(0) > 0, r(l) >ft«£ 1>oo(+) , Ul , G 
E°g, where Cl+i depends only on p', r, p and ||w|| p p and where (ao(t), do(t)) = 

U^p( tPo ^(g, g). It then follows using Lemma 2.19 that, if V'(u) is defined by (6.269), 
then 

\\(D l V')(u; «!,..., u,)^ < C„+i^:^ ++n+i («; « x , . . . , u„ V+), (6.274) 

for 7i, Z G N, V + G -E 1 ^, it G Oi,oo(+)) u 1 ^...^u l G E%£, where C n+ i depends only on 

p and ||u|L„ . Defining V(u) = (Z? ) _1 ) (f2$ +) (it) ; V'(u)), Theorem 6.13 gives, after 

N + 

redefining N + , that 

\\(D l V)(u; u,) || Dii < C n+ ^^^ ++z+n (w; u x , . . . , i/j, F+), (6.275) 

for n, I G N, y + G -E 1 ^, it G C?i j00 (+), u 1 ,...,u l G -E^, where C n +; depends only on p 
and |H| e p • It follows from inequality (6.275) that iu(it), defined by V{u) = w(u)V + , is 

N + 

a right inverse of DE + (u), i.e. (DE + )(u; V(u)) = V+, satisfying the hypotheses of the 
implicit function theorem in Frechet spaces (Theorem 4.1.1. of [17]), so there exists an 
integer M + , an open neighbourhood Om + (+) of zero in E op and a C°° map H: C?oo(+) = 
Cm + (+) — > C?i j0O (+) such that E + (H(u)) = u for it G (9oo(+). A similar discussion as 
in the end of the proof of Theorem 6.13 shows that C 00 ( + ) and Oi j00 (+) can be chosen such 
that -E_|_: (9i j00 (+) — > C<x>(+) is a diffeomorphism and such that the inequality of statement 
ii) of the proposition is satisfied. This proves statement ii). 

Statement iii) follows from statement ii) and inequality (6.267). Statement iv) is a 
particular case of statement iii). This proves the proposition. 

We could, of course, have defined a map E- which satisfies the suitably modified 
statements in Proposition 6.16, when t — > — oo. We can therefore define two new wave 
operators Q^: 0oo(e) — > Wx^o), where 

fi(+) = oS +) oE" 1 , = oEZ 1 . (6.276) 

We shall extend the diffeomorphisms Q^: Ooo( e ) — > Wx^o), e = ±, to a diffeomorphism 

f2 e :Ooo^ — > Woo, where Wx^o) C Woo (resp. Ooo(e) C O^) is an open neighbourhood of 
zero in (resp. E%£), such that the nonlinear representation X \— > Tx of the Poincare 
Lie algebra is integrable to a nonlinear representation g U g of the Poincare group Vq 
on Woo and such that Q £ , e = ±, are modified wave operators. We shall do this in two 
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steps. First we construct, using the explicit covariance of the M-D equations, an invariant 
set S of solutions of the M-D equations and prove that each solution in S has an initial 
condition at t = in the manifold V£, and satisfies asymptotic conditions analog to those 
in statement iv) of Proposition 6.16 when et — > oo,e = ±. Second U g is defined by the 

action of Vo on S, the extension fi e is defined by considering U g o fi( £ ) o Ug £ \ and fi e is 
proved to be a diffeomorphism by using the implicit function theorem in Frechet spaces. 
With suitably chosen finite-dimensional matrix representations A i— > V(A), A i— > V'(A) of 
SL{2, C), solutions (A, ip) of the M-D equations transform under g = (a, A) G Vq as 

i4 ff (y) = K(A)i4(y(A)- 1 (j/ - a)) (6.277a) 

and 

^(y) = V'{K)^{V{K)-\y - a)), y G R 4 . (6.277b) 
For d G ^00(0) and /i(w) = (A, A, ■?/>) as in Theorem 6.15, we introduce the notation, 

S = {h e (v)\veU oo{0) }, S = {h g (v)\veU oo{0) ,geVo}, (6.277c) 

Woo = {(h g (v))(t, .)\h g (v) G S,£ = 0}, (6.277d) 

where e is the identity element in Vq. It follows from Theorem 6.15 and the definitions of 
S and Woo that S d C°° (R 4 , R 4 © R 4 © C 4 ) and C C°° (R 3 , R 4 © R 4 © C 4 ) respectively. 

Lemma 6.17. Let T g (A^) = (A g ,ipg) be defined by (6.277a) and (6.277b). In the 
situation of statement Hi) of proposition 6.16 fort — > oo and its analog for t — > — oo, there 
exists N + such that 

\lT g ((D l (A - 4 + \e^ - 4 +) ))(« + ; . . . , « + ,)) 1° >r>L 

< CL+j(^-iV + ,I,+j( u +l> •••,«+«) + ll w +ll^ +i+ JI U +lH^ '"W U +i\\e p n )> 

/or L, / G N, 1/2 < p' < 1, r = (r(0),r(l)), r(0) > 0, r(l) > p, u + G O^), 
it +1 , . . . ,u +t G E^p, where Cl + i depends only on p' , r, p and ||w + || BP and where 

N + 

K a >*)C,r,L= E E ^(( 1 + t) P '- 1/2 mYa,^ Ya)(t)\\ MP ' 

ie{0,l} Yea-' *-° 

fc+|y|<L 

+ (i+t) 2(1 -^ii(i + A 1 (t)) fe / 2 (e^)(t)ii i3o 

+ ||(*(0) 1+i - r(i) (eyo)(*)llL"- 

+ ||(5(t)) 3 / 2+2 ( 1 -^(l + A 1 (t)) fc / 2 (^$)(t)|| Loo ). 

Proof. For a moment we write Xi(y) (resp. 5(y)) instead of (Xi(t))(x) (resp. (5(t))(x)) 
for y = (t, x) G R 4 . It follows from the definition of Ai and 5 that there exists a constant 
C g > such that if g = (a, A) G Vo then 

C-^l + Ai(y)) < 1 + Ai(A _1 (y - a)) < C g (l + X 1 (y)) (6.278a) 

and 
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C-H{y) < 8{A-\y - a)) < C g 8(y), (6.278b) 
for each y E R 4 . It follows from these two inequalities that, if 

A£« = V*V - • • • » «+i)> ^ e II', (6.279a) 



then 



sup ((<5(v)) 3/2+2(1 - p) (l + \ 1 (y)) k / 2 \V'(A)A° {l \v(A)- 1 (y - a))\) (6.279b) 
<C 9 ( sup ((5(y)f/ 2+2 ^\l + X 1 (y)) k / 2 \A^ l \y)\) 



+ sup ((%)) 3 / 2+2 ( 1 -^(l + A 1 ( 2/ )) fc / 2 |A^ ) (y)|)), geVo, 
yeH 2 7 

where #i = {y E R 4 \y > and V(A)y + a E R+ x R 3 } and H 2 = {y E R 4 |y < and 
F(A)y + a G R + xR 3 }. Since H 2 n{y G M 4 |y /i ?/ At > 0} is a bounded region of R 4 , it follows 
that S(y) < C g (l + Ai(y)) for y E H 2 . Hence the second term on the right-hand side is, 
according to the analog of Proposition 6.16 for t — > —00 and Theorem 5.7 applied to a free 
field, majorized by 



C 9 sup ((5(y)) 3 / 2 (l + A 1 ( 2 /)) fc/2+2(1 ^ ) |A? (0 (?/)|) 



yeH 2 

< C g,\Y\+k+l{K l N+ ^ Y \+k+l( u +lT ■ ■ i u +l) + W U +\\E p N+ + lYl + k+l W U +l\\E p N+ ••■\\ u +l\\Er f+ )i 

where N + has been suitably chosen. Application of Theorem 6.16 to the first term on the 
right-hand side of inequality (6.279b) then gives that 

sup ((S(y)) 3 / 2 + 2 ^\l + \ 1 (y)) k / 2 \V'(A)A° {l \v(A)- 1 (y - a))\) (6.280) 

y eR+ xR 3 

< Cg,\Y\+k+l(jt l N+ ,\Y\+k+l( u +lT ■ ■ i u +l) + W U +\\E p N+ + lYl + k+l W U +l\\E p N+ " ' W U +i\\e p n+ )i 

where C„ \y\+k+i depends only on p and pP . Let 

11 N + 

= &{{D l (A - «+!,•••, • (6.281a) 

Then it follows from inequalities (6.278a) and (6.278b) that 

sup ((S(y)) 1+ ^\V(A)A^ 1 \V(A)- I (y - a))\) (6.281b) 

<C 3 (sup ((*(y)) 1+i - r «|A{f«(y)|)+ sup {(S(y)) 1+i -^\A^%)\)\ 
x yeH 1 y eH 2 ' 

where Y E a\ % E {0,1}. Let F(£) = A { +) (t) - A { ~\t), t E R, where A { +) is given 
by Proposition 6.16 and Aq ^ by the analog of Proposition 6.16 for t — > —00. By the 
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definition of A { Q S \ DA^ = for e = ±, so D£y F = for Y G IT. Since (f^F)(0) = 

- A))(0) - (fy - A))(0), it follows from Proposition 6.16 and its analog 

for t -> -oo that ((^F«)(0), (^ y F«)(0)) = Tf n ((F«(0), F«(0)) G M P ' for F G n', 

1/2 < p' < 1, where F^(0) = (£^FW)(0) and is the I th derivative of F. Hence, by the 

definition of the spaces M?' , n > 0, (F®(0), F^(0)) G Mf[ for n > and 1/2 < p' < 1. 
Proposition 2.15 then gives that 

(1 + |t| + |x|) 3 / 2 - p '|(^F«)(t,x)| + (1 + |t| + |x|)(l + \\t\ - \x\\f' 2 -P'\{^ Y F^)^x)\ 
<C ]YUp ,\\(FV\0),F( l \0))\\ , , 

\Y\+2 

forY G IT, < n < 3 and 1/2 < p' < 1. Since %) < C ff (H-||y |-|y||) for y = (y ,y) e #2 
it follows, using the bounds in Proposition 6.16 and its analog when t — > — oo that 

sup {(S(y)) 1+i - r ^\(^F^)(y)\) (6.282) 
yeH 2 

< C 9,\Y\+l(fc N+ ,\Y\+l( u +li ■ ■ -i u +l) + \\ u +\\e p n+ + }y]+1 \\ U +i\\e p n+ ■ ■ ■ \\ u +i\\e p n+ )i 

where Y G cr\ i G {0, 1}. The definition of F gives that A - A { +) = A - A { ~ } - F. 
Inequality (6.282) and the analog of Proposition 6.16 for t — > — oo give that 

sup ((S(y)) 1+i - r ^\AY il \y)\) (6.283a) 
yeH 2 

< C g ,\ Y \ + i{K l N+m+l (u +1 , . . . ,u +l ) + \\u + \\ e p n +]Y]+l h+i\\ E p N+ ■■■\\ u +i\\e p n+ )' 

where Y G cr l , i G {0, 1}. This inequality and Proposition 6.16 or the first term on the 
right-hand side of inequality (6.181b) give that 

sup ((d(y)) 1 +^\V(A)A^ {l \v(A)- 1 (y - a))\) (6.283b) 

1+xR 3 

< c g ^ Y \+i{K l N+tl Y\+i( u +i, ■ ■ ■ > u +i) + II u +IIb^ +|v|+i II u +iIIb^ ' " U +l\\E p N+ )i 

for Y G (T l , i G {0, 1}, I G N, where C g ^ Y \+i depends only on r, p and ||it + || S P • 

N + 

We now go back to the usual notations (Ai (£))(#) and (S(t))(x) for (t,x) G K x M 3 . 
Since (Ai(t))(x) > |x| for |x| > it follows from inequality (6.280) that 

(1 + t) 2(1 - p) ||(l + A 1 (t)) fc /V(A)A? W (F(A)- 1 ((t, •) - a))|| A) (6.284) 

< C gj \ Y \+k+l{fc l N+ ,\Y\+k+l( U +lT ■ -i u +l) + W U +\\E P N+ + lYl+k+l W U +l\\E p N+ ■ ' ■ W U +i\\e p n+ )' 

for Y G IF, fc, / G N, where C ffj |v|+fe+j depends only on p and ||w + || £ , P and where we 

N + 

have redefined N + . By the invariance of the current under local phase transformations, it 
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follows that DA M = (e^ip^^o^^e^ip. Inequality (2.67), then gives that 
||(y(A)A? ( V(A)-^(V)-a)),nA)A^ 

E IK^(A)(^ 1 (e^))(nA)- 1 ((^-)-a))) + 

^V\A)(^ 2 (e^mV(A)-\(s^)-a))\\ LP ds, 
where p = 6/(5 - 2p), < v < 3, F G IT, / G N. The inequality 

< li/li^li 9 il^-''' ,/3 iblii 1 i v,/3 , 

inequalities (6.281b) and (6.284), the use of Theorem 5.5 and Theorem 5.7 for the free field 
-i/>Q + ' ) show together with the above inequality that 

\\(V(A)A Y I «\v(A)-\(t,.)-a)),V(A)A™} Y ) (V(A)^ (6.285) 

<c p ,, lYl+l (i + t)->>' +1 / 2 

{' R < l N+ ^ Y \ +l {u Jrl , ...,u +l ) + llu+H^P +|m Jl w +ill£;p + ■ ' ■ ll w +Js^ + )' 
for Y G IT', / G N, 1/2 < p' < 1, where C p > } \y\+i depends only on p and ||n + || s p • 

N + 

Inequalities (6.280), (6.283b), (6.284) and (6.285) together with the fact that natural 
action of Vo on U(p) leaves invariant the ideal spanned by cr 1 , prove the lemma. 

Proposition 6.18. Let the group action V, the set S and the setU^ be defined by (6.277a) 
and (6.277b), (6.277c) and (6.277d). Then C Vg, the group action T:V x S -> S 
defines a group action U : Vo x — > and U:Vo x U^q) — > is C°°. One can 

choose Coo( + ) snc/i £/ia£ i/n + G 0oo(+) 9 £ Vo are such that Ug + \u+) G (9 00 ( + ), t/ien 

[/ s (OW(u + )) = 0(+)(£/i +) (n+))- Moreover i/iere exists N G N snc/i t/iat t/F: Vg -> £^ 
is as in Theorem 6.11 then 

\\(D\FoU g oF- 1 )){u-u l ,...,u l )\\ EPn 

<C g , n+ i(jZ l N +l {u 1 ,...,U l ) J r\\u\\ EP Iklll^P ' ' ' )' 

-"0+"+' -™o N o 

for g G Po? n, / G N, n G FiU^o)), u \i • • ■ i u i £ where C gjn+ i depends only on p and 

Proof. The proof that C Vg which is based on Lemma 6.17 is so similar to the proof 
of Theorem 6.12 based on Theorem 6.10, that we omit it. 

It follows by the definition of V that if t t— > s(t) is an element of S and a G R, then 
1 1— > s(£ — a ) is also an element of S 1 . Hence s(— a ) G Woo C Vg. Moreover (d/dt) n s(t) = 
T P n(s(t)) G according to statement i) of Corollary 2.21, so s G C°°(R, V£). The 
uniqueness of the local solutions in a larger topological space than Vg, given by [10] then 
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proves that the map p: s i— > s(0) of £ onto Woo is a bijection. Since U g = p o F g o it 
follows that U:Vo x Woo — > Woo is a group action. The fact that U:Vo * Woa(o) Uoo is 
C°° and the inequality of the proposition follow from Lemma 2.19 and Lemma 6.17. We 
omit the details. 

To prove that intertwines U g and U g + \ let u + = (f,f,a) G O^+y Let (A, ip) 
be the solution in S with initial condition Q( + \u + ) = u, let (A g ,ip g ) = T g (A,ip) be the 
transformed solution in S 1 and let A(t) = 4rA(t), A g (t) = 4zA g {t) and (((p g (u + ))(t))(x) = 
((<p(u + ))(y ))(y), where (yo, ?/) = 2/ = ^(A) _1 ((£, x) -a),g= (a, A) and where <p is given 
by statement hi) of Proposition 6.16. Lemma 6.17 then gives that 

\\(A g ,A g ,e^ u + ^ g )(t) - U^ pitPo) U^u + \\ E ^ -> 0, (6.286) 
when t — > oo. Let us study the limit of 

r/>\ _ |U-i(<^ g (u + ))(t)i-/-Dl rrl>l„ W77.DI ^11 

Y(tj_||e ^exp^Po)' 7 ^ a-e v / u exp (tP ) a g\\Di 

when t -> oo. Let 6 g (t,x) = {(<p g (u + ) - <p(U^ +) («+)))(*)) (x). Since P^-id^^a G L>oo 
(resp. P s (—id)a g G -Doo) we can apply Theorem A.l to e teuj (- td ) t p e (— id)U g D1 a (resp. 
e i^{-id) p e [-id)a g ) and let /3 e (resp. /^)g C°°(M + x M 3 - {0}) be the corresponding 
function homogeneous of degree —3/2 defined by (A.l) to (A. 3). This gives that 

/oo = lim 1(f) = , lim •) - e"'<*'->#(f, -)IId- 

e=± 

The variable transformation a; i— > p e {t,x) gives, since x/t = —ep e (t,x)/u}(p e (t,x)) and 
since the support of /5 e and (3' £ is contained in the forward light cone: 

/oo = J2 lim H P ^ -e-^ (t ' t ^ ) P £ (C/f 1 «) A || i? , (6.287) 

e 

where K e (k) = —sk/oj(k), k G IR 3 . It follows from the definition of Xi an d <£> in statement 
iii) of Proposition 6.16, from the definition of A^ in (1.22a) (with xo = 1) and from the 
fact that the function a i— > /(+)(«) defined in (1.21) satisfies J( + ) (U^^a) = j( + \a) that 
/oo = 0. It then follows from (6.286) that 

|| (A g (t),A g (t), Ut)) ~ (I © I © e-^^K).*))^^^^ (« + ) || K - 0, (6.288) 

when t — > oo. We now choose C*oo(+) such that if -u + G 0oo(+) an d (it + ) G 0oo(+) 
then there is a product of one parameter subgroups g^s) such that U^ + ( K(u + ) G C*oo(+) f° r 
< s < 1 and g = 11^(1), where the product is finite. Replacing g by <7j(s) in (6.288), it 
follows from statement iv) of Proposition 6.16 that U g t s \(Q^ + \u + )) = Q( + \Uq + )s(u + )), 
for < s < 1 since U g ( s )(0^ + ^(w + )) G Woa(o) for s sufficiently small by continuity. This 
shows that U g (Q^(u + )) = Q^+\U^ +) (u + )), which proves the proposition. 
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We shall now extend 0^:0 

no(+) ~ ^oo(o) to a Poincare invariant domain. Let 



Ooc) = U 3 £-p ?7g + ' ) ((9 oo (_|_)). is an open neighbourhood of zero in E^g, since this is 

the case for 0oo(+) and since £7g + ' ) = (U^l) -1 and it h- > ET^li(it) is continuous on E£g. If 
u G C ) io~' ) , then there exists g such that U^\(u) G C*oo(+) and we define 

n + (u)=U 9 {rt + \U ( g t\(u))), (6.289) 

which is an element of Woo since U^j^u) G O co ( + ). Next theorem shows that fi + is a map 
from to Woo. 

Theorem 6.19. If u + G C>£\ g t , g 2 G P , e Coo(+) and ^^(u.) G Coo(+), 

toen ?7 5 (0(+)(t/ ( ^(-u + ))) = E/g (ft(+)(i/ ( tj(u + ))). TTie set W<x, is an open neighbourhood 

of zero in V^, (9 00 ~' ) — > Woo «s a diffeomorphism, the nonlinear group representation 
U: VqxUoo^ Woo is C°°, 0+ o =^ofi + for each g e V and 



\u& m) (n + (u))-u£ m) (fJ)\\ M s 
+ ||^£p ( tfb)(n+(«)) - E ei4+)(u '*'" ia) ^(-^)^(tP 0) «L - °' 

e=± 

)(+) c (+) 



iw/ien i — > oo, /or it = (/, /, a) G Ooo , where s ( e ' is defined by formula (1.18). 
Proof. Since U_l(u + ) G 0oo(+) for i G {0, 1}, it follows from Proposition 6.18 that 

9 i 

u 9i (n(+\u£l( u+ ))) = ^i^-i^-^^^^lj^K))))) 

= t/ 32 (0(+)(^+ ) (n + ))) 

and it follows that Q^(U i+ l(u + )) G W^o). This proves that cio" ) -> Woo is a map. 

If w + G Oto , then there exists h G "Po such that E/^(n + ) G 0oo(+) so 
C/ ( ( 9 + ) ) _ 1 (^ +) (n+)) e Coo(o) also. Definition (6.289) then gives that 

tt (+) (<V)) = M^<^(^ +) K)))) 

= ^(%(nW(t^t!(u + )))) = c^(n + (« + )), 



which proves the intertwining property. If u G Uoo{o)-, then u + = 1 (u) G (9oo(+) and 



U g {u) = Q + (Ug + \u + )), which shows that U 36 p L r £ ,(W o(o)) is a subset of the image of fi_ 



Hence according to the definition Woo, the map 0+ is onto. If u G Woo and u = Q + (u + ) 
£i } («+))), where t£ 



C^(n (+) (^i ) («+))), where G 0^+), then u + = ((n^)-\U g -i («))) is 
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independent of the choice of g and shows, since fi( + ); 0oo(+) — > Woo(o) is a bijection, that 



is one-to-one. Hence 0+: (9 



oo 

— > Lioo is a bijection. 

It follows from Theorem 3.12, Theorem 6.12, statement ii) of Proposition 6.16 and 
Proposition 6.18 that fi + : 06© — > Woo is C°° and that there exists an integer N + such that 

||(^0 + )( W;% ,...,^)|| e p (6.290) 
<C n+ i(K l N+jn+l {u 1 ,...,u l ) + \\u\\ E p ^ ^11^ •■■\\u l \\ E P r ), 



u 



11 



N + +n + l 

,u t G E^p, n, fc e N, where C n+ z depends only on p and 



Let 



for«G0L +) , 

H G Oio"' ) . Since C -E^ is an open set there exists a open neighbourhood O of zero 
in E^p such that u + O C O^. The function F:u ^ n + (u + v) from to Woo satisfies 
estimate (6.290) with u + v instead of u and with C n+ i depending only on v, for fixed u. 
To prove that F has a C°° local inverse it is therefore sufficient to prove that DF(v) has 
a right inverse, for v in a neighbourhood of zero, satisfying the hypotheses of the implicit 
function theorem in Frechet spaces. The existence of such a right inverse is proved using 
Lemma 6.17 and following the proof of Theorem 6.13. We leave out the details since 
the proofs are so similar. Since fi + is a bijection this proves that Oq^ — > Woo is a 
diffeomorphism and that Woo is open. 

Since fi + is a diffeomorphism and U g = + o Ug o it follows that U: Vq x Woo — > 
Woo is C°°. 

To prove the statement concerning the limit let u + = (f,f,a) G 0£>\ let g E Vq 
be such that U_((u + ) G Ooo(+) 5 let (A t ip) be the solution in S with initial condition 
0_i_(w_i_) and let (A',ip f ) be the solution in S with initial condition U g -i(Cl+(u + )). Accord- 
ing to the already proved intertwining property and the definition of it follows that 
U g -i(Q+(u + )) = n(+\U ( +l(u + )) G Woo(o). Defining T g (A>^>) = (A' g ,ij>' g ) it follows from 
the definition of U g that (A' g ,ip' g ) = (A,ip). Therefore applying (6.288) with (A' g , A' g ,ip g ) 
instead of (A g , A g , ip g ) and U g tl(u + ) instead of u + , we obtain that 

\\(A(t),A(tU(t)) -(I® I® e-^ u ^)Ul v{tPo) u + \\ D 
when t — > oo. This shows that we only have to prove that 

\\e-^ + ^U°l (tPo) a - e^ ( " + ' t '- l9) J P £ (-^)^ (tPo) a|| D 



0, 



(6.291) 



e=± 



when t — > oo. Using that 



u(k)-^-h(t,tk/cv(k)) = h Moi (t,tk/u(k)) - {ki/u{k))h D {t,tk/u{k)), 



where 



and 



^M »(*) x ) = Xi(d/dt)h(t, x) + t(d/dxi)h(t, x) 
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h D (t,x) = t(d/dt)h(t,x) + E Xi(d/dxi)h(t,x), 

l<i<3 

using Lemma 4.4 and Corollary 4.2 and using formula (1.20b) it follows that there exists 
N eN such that 

On, 

\-^—d%s s (u + ,t, k)\ < C\ a \ +n uj(k)~^(l +t) p ~ 1/2 (l + \\u + \\ e p )\\u + \\ e p , (6.292) 

OX N N+\a\+n 

for some constants C\ a \ +n depending only on p. Let B(r), r > 0, be the open ball of radius 
r in M 3 . If < R < R', then it follows from inequality (6.292), formula (A.2) and from 
the inverse function theorem in M 3 there exists T > such that the equation 

e q ( e{t ( \ X \, + t- 1 F e ( U+ , t, q £ (t, x)) + j = 0, (6.293) 
u{q e {t,x)) t 

where F e {u + ,t,k) = VfcS e (fx + , t, k), has a unique solution q s (t, x) G B(mR') for (t,x) G 
{(s,y)\s > T,y/s < R(l + R 2 ) 1 / 2 } = Q(T,R). The function q £ G C°°(Q(T, R),R S ) and 
the inverse y £ (t, ■) of x i— > q e (t,x) is an element of C°°(]T, oo [xB (mR'), M. 3 ). Moreover if 
p s (t, x) is given by formula (A.2) then 

\q s (t, x) - p £ (t, x)\ < C(l + t)~ 3 / 2+p , (t, x) G Q(T, R), (6.294) 

where C is independent of (t, x). Since \(<p(u , , t))(x) + t}(A^ + \ (t,x))\ converges to zero 
uniformly inside every conic neighbourhood which is included in the interior of the forward 
light cone when t — > oo, it follows from (6.294) and Theorem 7.7.5 of [11] that if supp a.\ C 
B(mR), then 

|| e -^(« + .*)C^( tPb )«i - E ei8e{U+ ^~ id)p e{-^Z(tP )^\\D - 0. (6.295) 

e=± 

Let a G and v > 0. Then there exists i? > and cti G such that supp a\ C B(mR) 
and || ct — cti|| D < z//4. According to inequality (6.294) there exists Tq > such that for 
this a.\ the norm in (6.295) is majorized by u/2 for t > Tq. The norm in expression (6.291) 
is therefore majorized by v for t > T . This proves the theorem. 
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Appendix 

We shall prove here auxiliary L 2 - and L°°-estimates for approximate solutions of the 
linear homogeneous Klein-Gordon equation. This can be done by a direct application of 
the method of stationary phase. However here we shall combine it with Theorem 5.5 for 
G = 0, Theorem 5.7 and with the method of symbolic calculus developed in [12] which is 
easier and leads to the same result. 

For / G -Doo (— .S^IR^C 4 )) and e = ±1, we introduce the sequence g l G 
C°°((M + x W 3 ) - {0}) defined by g t (t, x) = for < t < \x\, and 

g (t, x) = e i3s ^ 4 (D(t, x))- 1 / 2 !^ x)), a = ±, (A.la) 

(i.e. g = e( 2l£m ) p ^go as formal power series in the invariable m _1 ), for < \x\ < t, 
where 

p(t, x) = (t 2 - |x| 2 ) 1/2 , p e (t, x) = -emx/p(t, x), (A.2) 

and 

D(t, x) = m 2 (u(p e (t, x)))~ 5 = (t/m) 3 (p(t, x)/tf (A.3) 

is the Jacobian of the transformation x \— > p e {t, x) for fixed t. The support of g l is contained 
in the set {y G M. 4 \y^y^ > 0, y° > 0} and g L is homogeneous of degree —3/2 — /. 
We introduce the representation X i— > £ x of the Poincare Lie algebra p by: 

d_ 

at' 



£p 



d d 



We recall that IT is an ordered basis of p and that IT' is the corresponding standard basis of 
the enveloping algebra U(p) of p. Given an ordering on the basis Q = {M^ u |0 < /j < v < 3} 
of so(3, 1), let Q' be the corresponding standard basis of the enveloping algebra £/"(so(3, 1)) 
ofso(3,l). 

To state the results on decrease properties of the Klein-Gordon equation, we introduce 

<p n = <p - e ism »V 9i(t), n>l, 

0<l<n-l 

and if X i— > a x is a map from IT' to -D^, then we introduce 

E ( f\a)= ( m IKIL*> + Yl \\ a P»Yhv)i 
Yen' o<At<3 

\Y\<j 
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for j G N and 1 < p < oo. We also introduce A(£) and o~(t) for t > by 

(A(t))(x) = + * - |x|) for < \x\ < t, 
(X(t))(x) = \x\ for < t < \x\, 
(S(t))(x) = l + t+\x\. 

If [i: R + — > D, we define 

(^))r = M(f),yen',tGR + 



Theorem A.l. There exist positive numbers Ci G M. + , i > 0, such that 

l<i<3 

/orj',A;GN ; t > 0, / G -Doo? 

^ 2) ((l + A(t)) fc/ Vn+iW) < C j+k+n t-^WfWo^^, (A.4) 
forj,k,ne N, t > 1, / G foo, 

^(^(l + A^))^^)) <C i+fc (||/|| Di+fc+8 + £ IWHiw). 

l<i<3 

/or j, G N, f > 0, / G Doo and 

^ (0O) (5(t) 3 / 2 (l + A(t)) fc /Vn+lW) < Ci+fc+n ^"-'II/IId,^,^, (A.5) 

for j,k,n G N, t > 1, f G Ax,. Moreover supp g^t) C {x G < t} /or t > 0, 

and 

for t > 0, j, I G N, X G n' n t/(R 4 ) and Y~ G Q'. 

This theorem will be proved at the end of the appendix. 

The development in Theorem A.l can be inverted. Given a homogeneous function 
g G C°°((K + x R 3 ) - {0}) of degree -3/2 such that supp g(l, •) C {x G M. 3 \\x\ < 1}, we 
construct by iteration fo,. . . , f n G -Doo^ 

fi{k) = e-^/ 4 (m 2 /^(fc) 5 ) 1/2 ^, (l, -ek/oo(k)), g , = g, < I < n, (A.8a) 

0i,o(*> x ) = ~ £ tj 9i-j,j(^ x ^ 1 <l<n, (A.8b) 
i<i<* 

<7^ = ^ — a 9lJ _ v 1 < j < n - I. (A.8c) 
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By this construction g l ■ G C°°((IR + x IR 3 ) — {0}) is homogenous of degree —3/2 — j with 
support in the forward light cone. 

Theorem A. 2. Let g G C°°((IR + x M 3 ) — {0}) be a homogeneous function of degree 
—3/2 with supp g(l,-) C {x E M 3 ||;r| < 1}. If fo, . . . , f n is given by the construction 
(A.8a)-(A.8c) and 

u n (t) = e i£m ^g(t)- £ t- l e l£uj{ - td)t f h 

0<l<n 



then 



EY\{\ + \{t)) k ' 2 u n {t)) (A.9) 

<C j+k+n \\{m/p{l,-)Y{i Y g){l,-)\\ L2 t—\ t>l, 

YeQ' 

q+\Y\<3{j+k+n)+A 

and 

E^\8{tf'\l + \{t)) k ' 2 u n {t)) (A.10) 

<C j+k+n Yl \\{m/ P {l,-)) q ^ Y g){l,-)\\ L ,t- n -\ t>l, 

YeQ' 

q+\Y\<3(j+k+n)+28 

for j,k,n E N. Moreover 

\\fi\\ Dj <Ci +j Yl ll(Wp(l,-)) 9+i (e^)(l,-)l| L2 , jJeN. (A.ll) 

YeQ' 
q+\Y\<j+2i 

Proof. Since the proofs of the statements are so similar for the L 2 case and the L°° case, 
we only prove the I? case. 

Application of Theorem A.l to the functions f t , < I < n, with a development up to 
order n - I gives, if v n (t) = e«»v(*) (g(t) - £ <^ n Eo<j<n-l 9lM : 

Ef> ((1 + \(t)) k / 2 u n (t)) < Ef> ((1 + \(t)) k / 2 v n (t)) (A.12) 

< C j+k+n t" n_1 Y Wfi\\D 3(j+k+n _ l)+4 , t > 1, 

0<l<n 

where g l ■ is given by (A.l) with f x instead of / i.e.: 

g lj0 (t,x) = e^/^D^x))- 1 / 2 ^^^)), < / < n, (A.13a) 

9ij = 7^— n^-i, l<j<n-l. (A.13b) 
,J 2iejm ,J 

According to definition (A. 8) and formulas (A. 13a), (A. 13b) we have g = g and 

0<j<r 
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which proves that 

E E * _ W*)= E l ~ r E ,, •'/• (a- 14 ) 

0<i<«0<j<ii-I 0<r<n 0<j'<r 

so v n = 0. By (A. 12) we get 

((i + A(t))*/ 2 fi B (t))<c i+fc+B r»- 1 E H/«lliW +f ._ I)+ <> ^ L (A. 15) 

0<l<n 

Inequality (A. 9) follows from (A. 15) and inequality (A. 11), which we now prove. 
Introduce the linear representation X i— > 1] X of the Poincare Lie algebra p by 

(Vp h)(k) = -eiu(k)h(k), (rj P .h)(k) = ikjh(k), j = 1,2,3, (A.16a) 

(v Mij h)(k) = -(h^ ~ k 3-^)Kk), 1 < i < 3 < 3, (A.16b) 

faj^X*) = 1 < j < 3, (A.16c) 

where /i G -Doo and £ = 1 or e = — 1. 
The norms of /: 



^ ll/lb., ( E H^/ll| 2 ) 1/2 , (A.17) 



Yen' 
|y|< a 

are then equivalent. Let X i— > £ x be the representation of the Lorentz Lie algebra so(3, 1) 
on functions on R given by 

{^ Mi .h){t,x) = -{x i — -x j —)h{t,x), 1 < * < j < 3, (A.18a) 

(£m ^)M = (^J^ + ^W*'*)' !<*< 3 - ( A - 18b ) 
Since <fy is homogeneous of degree —3/2 it follows from (A. 8a) that 

fl(k) = e^/\m/u(k))g lfi (u,(k), -ek). (A.19) 
Since (Vxfi)(k) = l A (m/u(k))(i x g lfi )(uj(k), -ek) for X G so(3, 1), we get 

(Vvfi)(k) = e-^f\m/u{k)){t Y g lfi ){u{k),-ek), 

for Y G U(so(3, 1)), the enveloping algebra of so(3, 1). £ Y 9i o an< ^ o have the same degree 
of homogeneity, so 

(Vvfi)(k) = e-^\m/Mk))V 2 )(t Y g, )(l, -ek/u(k)), Y G U(so(S, 1)). (A.20) 
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Choosing an ordering on IT such that 

P <Pi<P 2 <P3< M„ v , < /I < u < 3, 

we obtain, because of the equivalence of the norms in (A. 17) and because of the explicit 
expression (A. 16a) of r] P , that 

\\f\\ Ds <C s ( £ II^WllL) 172 , (A.21) 

q+\Z\<sZEQ' 

where Q' is a basis of U(so(3 : 1)). Since m(u(k))~ 5 / 2 is the Jacobian of the transformation 
k i— > —ek/u(k), it follows from formula (A. 20) that 

II<Az/iIIl>» = •)) 9 (e^,o)(l, OIL". Z e ^(«(3, 1)), (A.22) 
and then from (A.21) that 

ll/*lk<^ ^ E II(Wp(i,-)) 9 (^,o)(i,-)IIl 2 , (A.23) 

q+\Z\<s zeQ' 

where < / < n, s > 0. 

It follows from definition (A. 8c) of g l ., 1 < j < n — I, that 

9lJ = (jl^iemyr^pnyg^. (A.24) 
Since X G so(3, 1), commutes with □ and with the multiplication by p, we get 

i z g l4 = {j\{2iemy)-\pnyi z g lfi , Z e («o(3, 1)). (A.25) 
Using that inside the light cone 

□ = p- 2 (L 2 + 2L- ^m m ,m-), (A.26) 

0<M<^<3 

where L = t-§- t + £)J =1 x ^ and M ° l = ~ M oi, 1 < i < 3, and M ij = M ih 1 < i < j < 3, 
we obtain for h being a homogeneous function of degree x on M 4 : 

□/i = p" 2 ((x + l) 2 -l- E ^m m ,m-), (A.27) 

0<At<^<3 

which is homogeneous of degree % — 2. It follows from (A.24) and (A.27) that 

Z z9lJ = (memyr'p-^fl {(q - 1/2) 2 - 1 - £ £m m „m-))^,o, (A.28) 
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Z e U (so(3, 1)), 1 < j < n — I, < I < n, since i z 9i o * s homogeneous of degree —3/2 and 
since £ x , X e so(3, 1), commutes with the multiplication by p. We get from (A. 28) that 
for Z e L/(so(3,l)): 

\\(m/p(l,-)m z9lJ )(l,-)\\ L2 (A.29) 
<Q £ ||(m/p(l,.))^(e y e z ^ >0 )(l,.)|| La , l<j<n-Z. 

l*1<2j 

Definition (A. 8b) shows that 

II(Wp(i,-)) 9 (^/,o)(i,-)IIl 2 (A.30) 

< E E nwp(i,-)) 9 (e^-^)(i,-)iiL 2 , ^GQM</<n, 

l<i<Z yeQ' 
\Y\<\Z\ 

since |£ M t| — * inside the light cone. Let 1 < / < n, it then follows from (A.29) and 
(A.30) that 

IIWp(i,-)) 9 (^, )(i,-)IIl 2 (A.31) 

<c\z\,i E E E ii(Wp(i,-)) ff+j '(e^ l - i ,o)(i,-)iL»- 

reQ' i<o<i YeQ' 

\Y\<\Z\ \X\<2j 

Using that Cx^y = £xy an d inequality (A.31) we get 

||(m/p(l,.))«(e z ^ >0 )(l,.)|| La (A.32) 

< c \zn E E IKWp(i, •)) ,+i (^«-i,o)(i, OIL", i > i- 

i<j<i YeQ' 

0<\Y\<\Z\+2j 

Inequality (A.32) shows that, (the case / = being trivial): 

\\(m/p(l r )y^ z g lfi )(l r )\\ L2 (A.33) 

<C W IIWp(1,-)) 9+ '(^o,o)(1 5 ')IIl 25 0</<n. 

YeQ' 

\Y\<\Z\+2l 

Since g = g we obtain according to inequalities (A. 23) and (A.33) 

\\fl\\ Ds <Cl s E IIWp(1,-))^(^)(1,-)IL 2 , 0</<n. (A.34) 

<?+l^l<s+2^ 

This proves the theorem. 
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Theorem A. 3. If F e C°°((R + — {0}) x IR 3 ) is homogeneous of degree and if f G D^, 
then there exists a unique sequence of functions g l G D^, I > 0, such that for every n > 0, 
j > and L > 

\\(j t Y {e-^-^Fity^-^f - J2 (A.35) 

0<l<n 

< c n+L+j t- n -^ ( £ ||(^(*)ILc-cr3)+ E OIIloo^II/II^, 

xen'nt/(R 4 ) reQ' 

|X|<L+j | v| <iV 

t > 1, where B is the unit ball in R 3 , N depends on n,j and L. Moreover 

g (k) = F(l,-ek/u(k))f(k) (A.36) 
and g l is a bilinear function of F and f satisfying 



\9i 



\ Di <Ci,i E 11(^(1, OIIl-wII/IId^, i,*>0, (A.37) 



|y|<M 



where M is an integer depending on I and i. 

Before proving the theorem we remark that formula (A.36) can be generalized to give 
explicit expressions for g n , n > 0. As a matter of fact 



9n(k) = ^J2dk----dk- (( ^ ' ■ ' ^ F)(1 ' -^A^))/»)- (A.38) 



Since we shall not use this result for n > 1, we shall only prove the particular case n = 
in (A.36). 

Proof. To prove the the uniqueness of the sequence g v I > 0, let g[, I > be another 
sequence satisfying (A.35) and let n G N be such that g l = g[ for < I < n — 1. Then 



0<Z<n 

< t n (\\e- ieuj{ - id)t F{t)e ieuj{ - id)t f - t ~ l 9i\\D L 

0<l<n 

+ \\ e -ieu>(-id)t F (fi e ie U (-id)tf_ t- l g[\\ DL ^ 

0<l<n 

<t- 1 2C Af , L (||F(l,.)|| Loo(M 3 ) + E 

YeD(N) 

Taking the limit t — > oo now proves that g n = g' n , n > 0. Hence by induction g ; = g[ for 
/>0. 
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To construct the sequence g n , n > 0, we define r G C°°((IR + — {0}) xK 3 ), homogeneous 
of degree —3/2 by formula (A. la), 

r (t,x) =e l3£7z/4 (m/t) 3/2 (t/p(t,x)) 5/2 f(-emx/p(t,x)), (A.39a) 

we define the sequence r n G C°°((M. + — {0}) x M 3 ), n > 0, of homogeneous functions of 
degree — n — 3/2 by formula (A. lb), i.e. 

r » = J£j r °' n ^°- <A - 39b) 

It now follows from Theorem A.l and Leibniz rule that if X G II' n £/"(IR 4 ), then 

||(l + A(t)) fc / 2 e Jf (F(t)e fe ^- <a )*/-e <mep( ' ) F(t) E r,(f))|| La (A.40) 

0<Z<K 

<qx, E IK^^W^^^V-e 1 ^ E »•»(*)) Ik" 

|Xi| + |X 3 | = |X| ' 0<1<K 

<c K ,\x\,k( E liex^WILoc)!!/!!^,^- 1 , *>i, 



where Xi, X 2 G IT' fl £/"(IR 4 ) in the summation domains, where N' depends on K, X, k and 
where 

\\p{t)-^ X ri{t)\\ L , < C imj \\f\\ DNl t-«+\ x \+t\ t > 0. (A.41) 

The support of r L is contained in the light cone. Since the function (t, x) \— > F(t, x)r t (t, x) 
is homogeneous of degree — / — 3/2, we can apply Theorem A. 2 to the function (t,x) i— > 
t l F(t, x)r t (t, x) = q^tjx), which shows that there are functions g l • G -Doo, Z > 0, j > 0, 
given by the construction (A. 8) satisfying 

\\(l + Ht)) k /\ x {e-^ qi (t,x)- E tSe^Vg^Wv 

0<j<L 

<C L , m ,k E \\(™/p(l,-))'(tY9i)(l,-)\\v>t- L -\ t>l, 



YeQ' 

s + \Y\<\Z\<N' 



and 



\\9i,M<c 3 , E II(Wp(i,-)) s+j (^)(i, 



YeQ' 

s+\Y\<i+2j 



These two inequalities, the definition of q L and inequality (A.41) give 

\\(l + X(t)) k ^ x {e-^F(t) ri (t)- E t-'-^-VKg^Wv (A.42a) 



0<j<L 



<c L , ]XUk E OIIlo-^II/IId^*-^ 1 "', *>o, 



y|<jv" 
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and 

hljD^Cl^i \\^Y F )^-)\\L^B)\\f\\D M , (A-42b) 

YeQ' 

\Y\<M 

where N" depends on L, \X\, k and M on /, j, i. We have used repeatedly here that 

= {t,M, v F){t, x)t l ri (t, x) + F(t, x)[^ M ^t l } ri (t, x) + F(t, x)t l i M ^r(t, x) 

and that the commutator of a monomial of degree / in (t, x) with £ M is a monomial of 
degree /. 

We now define 

9n = E 9i,p n > 0, (A.43) 

l+j=n 

which, according to (A. 42b), proves the inequality (A. 37) and which, together with (A. 40), 
(A. 42a) and (A. 42b) gives, choosing L and K sufficiently large, 

\\(l + X(t)) k ^ x [F(t)e is ^- id ^f- £ f-'e few <-*>*<&)|| La (A.44) 

0<l<n 

<Cn,\x\, k ( E II^i^(*)IIlo-cr3)+ E OIIl-^))!!/!!^*-"- 1 . 

x 1 en'n[/(M 4 ) reQ' 
|Xi|<|X| ' |r|<iv 

t > 1, where N depends on n, \X\, k. If 

h n (t) = e -^(-id)t F( j.ysoj(-id)t _ J- t~ l gi , 

0<l<n 

then 

\\(j t ) l K(t)\\ DL < E h"d«(±) l h n (t)\\ L2 , 

\a\<L 
\P\<L 

according to Theorem 2.9. Since (iexju(-id) — tdj)e~ %su) ^~ %d ^ t = e~ lsu( -~ l&)t x ^ it follows 
that 

ii(|)X(*)ii^ <c Ltl e nJr{±)U^-»*h n {t)\\». 

s+\f3\<L 
j+\a\<L+l 

This shows together with (A.44) that 
\\(j t ) l h n (t)\\ DL (A.45) 



<C n , L ,z( E II^(*)IIl-CR»)+ E \\(tYF)(l,-)\\L~(B))\\f\\Dj- 



n-l+L 



xen'nu(R 4 ) YeQ' 

\X\<L+l \Y\<N 
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t > 1, n > L, where N is redefined. Let n' = n + I + L. Then, it follows from (A. 37) and 
(A.45) that 

\\(^) l K(t)\\n L (A-46) 



<ll(|)V(*)ll^ + a E t- (n - 1+l+J) \\9n +1+J \\ Dl 



0<j<L-l 



<c n ,L,i{ E ll^(i)ILoo(R.)+ E ll(^)(V)IL~ (B) ) 11/11^" 



-n-l-Z 



X6n'nc/(K 4 ) YeQ' 

|X|<L+Z |V|<JV 

t > 1, L, Z > 0, where we have redefined N. This proves (A. 35). 

To prove (A. 36) we note that g Q = g Q Q according to (A. 43) and that (70,0 is obtained 
from q by formula (A. 8a) 

go,o(k) = / 4 (m 2 /^(fc) 5 ) 1/2 %(l, -ek/u>(k)). 
Since q (t, x) = F{t, x)r (t, x) formula (A. 39a) now gives 

g (k) = F(l,-ek/u(k))f(k), 

which proves the theorem. 

Proof of Theorem A.l We recall that 

<p (t) = e ie ^- id ^f, (A.47a) 

and 

<Pn{t) = Mt) ~ j £mp{t) E 9i(t), n>l. (A.47b) 

0<l<n-l 

The construction of g l by (A. la) and (A. lb) then gives that 

(□ + m 2 )v? = 0, (n + m 2 )<p n+1 = -e l£mp ng n , n > 0. (A.48) 

Let T A , A e {1, . . . , 16} be the matrices I, 7^, < \l < 3, 7^7", < \i < v < 3, 7 M 7^7 T , 
0< / u<z/<r<3, 7°7 1 7 2 7 3 , in a given order. The set {r A |l < A < 16} is then a basis 
of the complex vector space of 4 x 4 complex matrices, and T A is invertible for 1 < A < 16. 
If a M E C for < n < 3 and b E C, and if 

M = a I- E S-tV +^T , (A.49a) 

1<J<3 

then there exist complex numbers c^(A) and d(A), < \i < 3, 1 < A < 16, independent 
of a M and 6, such that 

a,i = i^Y. c M)^ A r lMvA > ( A - 49b ) 
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(where there is no summation over p on the right-hand side) and 

bI = 1 QS ^d{A)(T A y 1 MT A . (A.49c) 

A 

As a matter of fact, conjugation of M with 'y 1 ^ 2 ^ 3 (resp. 7°7 1 7 2 7 3 , 7°7 l 7"') corre- 
sponds to replace (a 1 ,a 2 , a 3 ,b) (resp. b, a k ) by (— a 1 , — a 2 , — a 3 , — 6) (resp. — 6, — a fc ), in 
(A. 49a), where (i, j, k) is a permutation of (1, 2, 3). Let 

^ A) = (| + ^)rV, (A-50a) 
where V is as in equation (1.2b), and let 

r { Q A) = 0, = -i7°r A e iemp D^ n _ 1 , n > 1. (A.50b) 
Using that □ = (d/d* - V)(d/dt + T>), it then follows from (A.48) that 

(27^ + m)/i^ 4) = n > 0, 1 < A < 16. (A.51) 
The representation £ of the Poincare Lie algebra p satisfies 

3 



£ Po = tp" 2 (L - YXxj/t)Z Moj ) (A.52a) 

3 

£p = t -1 ^ - ^/9" 2 (l - ^(^A)£ Mhj ), 1 < i < 3, (A.52b) 
where p 2 = t 2 — \x\ 2 ^ 0, 

L = 4t + t^- (A. 52c) 

Let if G C°°((M + x IR 3 ) — {0}) be a homogeneous function of degree x G IR and let 
supp H C {y G M+ x R 3 |?/^ > 0}. It follows from (A.52a)-(A.52c) that 

\(^H)(t,x)\<(2 + \ X \)tp- 2 \(t Y H)(t,x)l t-\x\>0. 

YeQ' 

\Y\<1 

Using that M 4 is an ideal of p, we obtain by induction that 

\(t Y H)(t,x)\<C lYUxl (tp-^ Y \ J2 \(tzH)(t,*)l (A-53) 



zeQ' 

\Z\<\Y\ 



where Y G II' n U(R 4 ) and t - \x\ > 0. 
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The operator □ and the multiplication by p commute with £ z when Z G Q' . Since 
(pOy £ x g , X G Q' , is homogeneous of degree —j — 3/2, it follows from (A. 53) that 

\(t YX ( P nyg )(t,x)\<C lYlj+3/2 (tp- 2 )^ \((P^)^zx9o)(t,x)\, (A.54) 

zeQ' 

\Z\<\Y\ 

where j > 0, X G Q' , Y G IT n U(R 4 ), t - \x\ > 0. Using, as in (A.28), expression (A.27) 
for the operator □, we obtain from (A.54) that 

\(tYx(pH) S 9o)(t,x)\ <C lYUj (tp-y Y \p-i \(Zzx9o)(t,x)\, (A.55a) 

zeQ' 

\Z\<\Y\+2j 

where j > 0, X G Q', Y G II' n Z7(IR 4 ) , £ — \x\ > and where C\y\j is a new constant. 
Similarly it follows that 

\(t YX n(pny go )(t,x)\ < C md {tp~ 2 )\ Y \p-^ \(tzx9o)(t,*)\, (A.55b) 

|Z|<|y|+2j+2 

where j > 0, X G Q' , Y G IT n ?7(K 4 ), t - \x\ > 0. Formulas (A.55a) and (A.55b), and 
definition (A. lb) of g L give that 

\{t,Yx9i){t,x)\<C\ Y \,i{tp- 2 )\ Y \p- 1 \(tzx9o)(t,x)\ (A.56a) 

ZeQ' 
|Z|<|Y|+2Z 

and 

|(£raQ/,)(f,s)| <qy,, z (tp- 2 ) |y| p- Z - 2 ^ \(tizx9 )(t,x)\, (A.56b) 

zeQ' 

|Z|<|Y|+2;+2 

where i G N, I 6 Q', 7 G Il'fl ?7(M 4 ), t - |x| > 0. Similarly as we obtained equality 
(A. 20), it follows from definition (A. la) of g that 

(Vzf)(k) = e-^^m^(k))-" 2 t' /2 (iz9,)(t, -tek/u,(k)), (A.57) 

where t > 0, G M 3 and Z G £7(30(3, 1)). After multiplication with u^/c)- 7 and integration, 
we obtain using the variable substitution (A. 2) that 

W^VzfWh = \\(mt/p(t)y^ z g )(t)\\l„ (A.58) 

where t > and Z G U(so(S, 1)). Inequalities (A. 56a) and (A. 56b), and inequality (A.58) 
give that 

\\p{t)- j {ZxY9i){t)\\L* < C\x\ +J+ i t-i- l ~\ x \ Yl \\^ Xl+l+J VzYf\\^ (A-59a) 

ZeQ' 

\Z\<\X\+2l 



MAXWELL - DIRAC EQUATIONS 



303 



and 

\\ P (t)- j ^ XY n gi )(t)\\ L , (A.59b) 

< c w+j+l *-'-h*m Yl \\^ x]+l+j+2 vzYf\\^ 

zeQ' 

\Z\<\X\+2l+2 

where t>0, I,j'6N,Ie lTrW(K 4 ) and Y G Q'. The equivalence of the norms in (A.17) 
and inequalities (A. 59a) and (A. 59b) give 

\\p(t)- j (tixY9i)(t)\\Li < C\ X \ +J+ i t- J - l - ]Xl \\f\\D 3]x]+3l+lY]+J (A.60a) 

and 

\\p(t)- J ^xY0 9l )(t)\\ L2 < C m+j+l t-*- l -W-^f\\ Daw+u+lYi+J ^ (A.60b) 

where t > 0, l,j e N, X e W n U(R 4 ) and Y G Q'. Inequality (A. 60a) proves inequality 
(A. 6) of the theorem. It follows from inequality (A. 56a) and equality (A. 57) that 

\\p(t)- j (txY9i)(t)\\L- (A.61) 

< c m+j+l t-w-ws- 1 £ ||^/ 2+2 '^ + W/IIl~, 

Z6Q' 
jZ|<|X|+2i 

where t > 0, Z,j G N, X G n' n U(R 4 ) and Y~ G Q'. If h G S(M 3 ,C 4 ), then \\h\\ Loo < 
\\h\\ L i < C\\h\\ D < C'\\h\\ D , so it follows from (A.61) and from the equivalence of norms 
in (A.17) that 

\\p(t)-i(S XY9l )(t)\\L~ < C lxl+j+ i *- 3/2 - |JC| - , '- i |l/llD, |JC|+ , l+|y|+i+B> (A-62) 

where t > 0, /, j G N, X G IT n U(R 4 ) and Y G Q'. This proves inequality (A.7) of the 
theorem. 

It follows by induction that there exist polynomials RjPy °^ degree k such that 

e -iem^ xe iem P = ^ + ^ £ P~* ^ WpKy, (A.63) 

yen'nc/(R 4 ) o<i<|x|-|y|-i 

|y|<|x|-i 

for I 6 Il'n t/(M 4 ), y G M+ x M 3 , > 0. This equality and inequalities (A.60a) and 

(A.60b) give that 

mtr^xye^g^t)^ < C\x\ +J+ i *" i "'(l + *" |Jf| )ll/llDs |x|+3I+|y|+i , (A64a) 

and 

W(p(t)- j txYe imp n gi )(t)\\L* < C lxl+J+ i ^-^ 2 (l + ^ |X| )ll/llD 3 |xi + 3 i+ ,.| +J+4 ' (A64b) 
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where t > 0, /, j G N, X G IT n t/(M 4 ) and F G Q' . 

Since ||(^/i)(t)|| D < IKCx^WIId + C x \\h(t)\\ D , for X G p, it follows that 

tf{h{t))<c n ( II(^)(*)IId) 1/2 (A.65) 

Yen' 

\Y\<n 

<C n p°(h(t)), n>0, 

for some constants C n and C' n . If Ai is defined as in Theorem 5.5, then (\i(t))(x) = 
(1 + t)(l + t - for < \x\ < t, so (Ai(t))(x) < Ct 2 p" 2 for < \x\ < t. Therefore it 

follows from (A.50b), (A.64b) and (A.65) that 

pf ((1 + Xi(t)) k/2 r ( n A) (t)) <nC j+k+n t—'il+t-nWfWD^^ (A.66) 

for t > 0, j, fc, ra G N. 

Let y G i7(p). It then follows from definition (A. 47b) of ip n and from theorem 1 of [12] 
(and [13] for the details) that there exists an integer N > 1 such that ||5(t) 2 (^y(/? Ar )(t) \\ Loo 
< C for t > 1, where C G M + is independent of t and where (8(t)(x) = 1 + t + \x\. 
Therefore lim^^ ||(£y<£jv)(£)|| L 2 = °- It; tnen fo uows f rom (A.47b) and (A.64a) with 
j = that Hindoo IKC^nX^lli, 2 = for Y G t/(p) and n > 1. Definition (A.50a) and 
inequality (A.65) now give that 

lim pf = for j > 0, n > 1. (A.67) 

It follows from equality (A. 51), inequality (A.66) with k = and limit (A.67) that 

pf(h { n A \t)) < C j+n t- n \\f\\ D3j+3n+1 , t > l,j > 0,n > 1. (A.68a) 
We also note that, since r = 0, definition (A. 50a) give that 

pf(h ( A \t)) = \\h ( o A \0)\\n 3 < c(\\f\\ Dj + WWd,), J > 0- (A.68b) 

l<i<3 

Theorem 5.5, with G = 0, g = 0, and inequality (A. 68b) give that 

pf ((l + X 1 (t)) k / 2 h (A \t)) < C j+k (\\f\\ Dj+k + W\\D J+h ), (A-69) 

l<i<3 

fot t > and j, k G N. Since (1 + Ai(t))(z) < C(l + t) in the support of r {A \ it follows 
from Theorem 5.5, with G = 0, that 

<C J+k (pf +k (hi A \t))+t Yl ^((l + AiW)^- 1 -^)^))), *>0, 

0<i<fc-l 
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Inequalities (A. 66) and (A. 68a) then give that 

pf{{l + X 1 {t)) k ' 2 hi A \t)) < C J+k+n t- n \\f\\ Dau+k+n)+i , (A.70) 

for t > 1, j, k G N, n > 1. 

Applying the operator Y - G IT', on both sides of equation (A. 51), it follows from 
Theorem 5.7 and inequality (A. 68b) that 

||(5(t)) 3 / 2 (l + A 1 (t)) fc / 2 (^^ ) )(t)|| Loo <c(||/|| D|y|+fe+8 + W\\D m+h »), (A.71) 

l<i<3 

for t > 0, G N and Y G IT'. Similarly, it follows from Theorem 5.7 and inequalities (A. 66) 
and (A. 68a) that 

\\m) 3/ \l + Mt)) k/ \t?h^)(t)\\ L ~ < C k+]Y]+n t- n \\f\\ D3(k+lYl+n)+25 , (A.72) 

for t > 1, k, n G N, n > 1 and Y G IT. 

According to equalities (A. 49b), (A. 49c) and (A. 50a), <9 M </? n , < \i < 3, and my?„ are 

linear combinations of hn , 1 < A < 16. This fact and inequalities (A.70) and (A.72), 
prove inequalities (A. 4) and (A. 5). This proves the theorem. 
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